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Abstract

The mathematical formalism of direct methods is here applied to the SIRAS case.
Specifically, the joint probability distribution of three structure factors, which plays
the central role in the probabilistic theory of the two-phase structure invariants (dou-
blets), is derived. This distribution leads directly to the conditional probability dis-
tribution of the two-phase structure invariants, given the values of selected sets of
magnitudes. Furthermore, a probabilistic formula for estimating individual phases of
the derivative structure is derived, provided that the heavy-atom substructure is as-
sumed to be known. The formulas were tested for experimental SIRAS data and results

are reported.
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Appendix A.
Preliminary formulas

For convenient reference a number of frequently used formulas are listed here. First,

from elementary trigonometry,

zn:Ai cos(p + ;) = X cos(p + &), (1)
i=1
where
Xcos§ = ZH:AZ- Cos oy, (2)
i=1
Xsing¢ = ZH:AZ- sin oy, (3)

i=1
X? = ZZAiAjcos(ai—aj), (4)

j=1i=1
so that X and & are independent of (.

Next, for b >0

e8] n 2
_p2y iy @ @
/pO I, (ap)exp(—bp™)p" " dp (2byr i 6%'17(41))7 (5)

where [, is the modified Bessel function of degree n. In particular, when n = 0,

Iy(ap) = % /027; exp [ap cos(0 — a)] de. (6)

Substitute (6) into (5). We have the final formula

0o 27 9 T a2
/ 0/9 . pexp [—bp —apcos(d — a)] dpdf = Eexp<4—b>. (7)
p: =

Appendix B. B
Derivation of ¢;(c, p, p,7,0,0) and [I}_, ¢;(0, p, p,,0,0)

Denote by Ps = P(R,S,S;p,1,1) the joint probability distribution of the three

magnitudes R, S, S and the three phases ¢, 1, 1 of the normalized structure factors
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En, Gg, Gg. Then the joint probability distribution is given by the sixfold integral
_ _ 1 -~ [e%e) 2
Py = P(R.S,Si00,0) = 55 5BSS [~ [ appoxp{ i Rocos(y — )
(2) 0,p,5=0 J,0,6=0

N
+8peos(t 1)+ Speos(® ~ )| } x T 4)(0:0.5.7.0.0) dodpdpiratad, (5)
j=1

where

03(0.p, 5 7,0,0) — <exp{z’<fjm;/2>acos<2wﬂ-rj—v>+z'<|ng|ﬂH”2>

{pcos(éjH +2rH -r; —0) + pcos(djg — 2rH -1 — 9)] }> 9)

r;
Using the approximation

1
exp(z) ~ 14z + —2?,

2
we have
N0 P P75 Y, day 4By 2(04H5H)1/2 JH
—MUECOS(&H—v—é) lgjul® =L ppcos(20;5 — 0 (1))
2(anPu)'/? ’ 208u ’
Since
logg; = =1+ gj,
then
N N
qu = exp(loquJ) —exp<Zloqu) Nexp<2(—1+qj')>
j=1 j=1 J=1 J=1
L 5 2 | =2 1 f]H|g]H|
exp{ A0+ 20P]Z: (o Ba) 12 cos(0;m +v —0)
1 & fiulgjnl o1 K giul?
——0p s cos(dig —v—0) — =pp J cos(26; 0 — }
5 pj; (anp)z m =7 =0) 30 2 oy (20,5 — 6 — @)})
Define
1 N
Cop = ————— flgig|™ cos(nd;ig), 12
(agﬁlrs)lmj; ]H| jH| (ndjm) (12)
1
Son = ————— Il gim|™ sin(nd;g), 13
(agﬁ%)lﬂjzl JH| jH| (ndjm) (13)

IUCr macros version 2.038: 2002/01/09



and
an COs gmn = Cmna (14)
an sin gmn = _Smn- (15)

Substitute (12)-(15) into (11). We have

N

- 1 1
H Qj(a, P /5,%‘9"9) ~ exp{_Z(O-Q + p2 + /32) - §UPX11 COS(H -7 + 511)
j=1

1 = 1 _
—§UﬁX11 cos(0 + v+ &11) — §pﬁX02 cos(6 + 6 + fog)}. (16)

Appendix C.
Evaluation of the sixfold integral

Substitute (16) into (8). We have

P, L RSS/OO /% 7 [ 1(2+ 2+2)]
~ _— o ex ——\O
’ (2m)° ,0,p=0J~,0,6=0 PR pe

exp{—i [Ra cos(y — ) + Spcos(d — ) + Spcos(d — ¢)} - %O‘,OXH cos(0 — v +&n)

1 - 1 _ _
—§UﬁX11 cos(0 +v+ &) — §pﬁX02 cos(6 + 60 + fog)} dodpdpdydfds, (17)

C.1. The (0,7) integration
Collect all terms in the second exponent of (17) involving o and ~:

. 1 1 _
—iRo cos(y — ¢) — §JpX11 cos(y— 0 —&11) — §JpX11 cos(y+ 0 +&11)

. i i _
= —io|Rcos(y— ) — §pX11 cos(y — 0 —&11) — —pXi1cos(y + 0 + &11)

2
= —ioU cos(y — a) (18)
where
Ucosa = Rcosp— %pXH cos(0 + &11) — %ﬁXll cos(f + &11), (19)
Usina = Rsinp— %lel sin(0 + &11) + %an sin(0 + &11). (20)
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It follows, in view of (4), that

1 .
U2 — R2_ Z)(121(/)2 + /32) — iRpX11 cos(0 — o + &11)

_ 1 _
—iRpXy1cos(d + ¢+ &11) — §pﬁX121 cos(0 + 0 + 2&11). (21)

The twofold integral of (o,7), in view of (7), becomes

/ / o exp {——02 —ioU cos(y — )] dody = 41 exp(—U?). (22)

Substitute (21) and (22) into (17). We have

P6%

( ) /p 0/0 peXp{__(l_Xn)(P +p )}

exp{—i [S,o cos(0 — 1) + Spcos(d — ) — RpXy1cos(0 — o+ &11) — RpXq1 cos(0 + ¢ + £11)

1 - 1 - -
_5,0[3)(02 cos(0 + 6 + &p2) + §pﬁX121 cos(0 + 6 + 2511)} dpdpdfdo. (23)

C.2. The (p,0) integration

Collect all terms in the second exponent of (23) involving p and 6:

1 - 1 _
—iSpcos(0 — ) +iRpXq1 cos(0 — o + &11) — §pﬁX02 cos(0 + 0 + &p2) + §PﬁX121 cos(6 + 0 + 2&11)

= —ip|Scos(@ —1) — RX;i1cos(0 — o+ &i1) — %pXOQ cos(6 + 0 + &o2) + %ﬁXfl cos(f + 0 + 2£11)

= —ipV cos(f — B) (24)

where

Vcos 3

Vsin g

= Scost — RXy;cos(p —&11) — zﬁXog cos(0 + &p2) + zﬁXfl cos(0 + 2&25)
2 2

= Ssiny — RX11 sin(ap — 511) + %ﬁXOQ sin(é + 502) — %p_Xlzl sin(é + 251&26)

It follows, in view of (4) again, that

V? o=

1
S? + R*X{) — 2SRX 11 cos(¢ — ¢ + &11) — 152 {Xﬁ + X8y — 2X7 Xoz cos(€o2 — 211)

+ip|SX? cos(ih + 0 + 2611) — SXg cos(v + 0 + En2)

+RX11 X0 COS((p + 0 — 11 + 502) RXH COS((p + 0 + 511)] . (27)
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The twofold integral of (p,0), in view of (7) again, becomes

4 V2
(1= X3)p* - 0 — B)|dpd = ——— exp(— (2
/ /9 pexp{ 1)p° —ipV cos(0 — B) |dp e exp(—1— Xlgl) (28)

C.8. The (p,0) integration

Substitute (27) and (28) into (23). We have

(4)? G { 1 [ 2, @2 } }
P (1 = X%)RSSeXp . X121 R*+ S5 —2RSXy; cos(vp — ¢ + &11)
/ / P eXp [—— (1—2Z2)p* —ipW cos(d — u)] dpdf
=
(47T) o { 1 [ 2 2 }}
_ ] _ _9RSX -
e _Xfl)RSSexp = X7, R4+ S RS X1 cos(v) — ¢+ &11)
41 w2
e (- ) 29
where
72 Xt + X — 2X7) Xop cos(8o2 — 2611) (30)
1- X3 ’
_ _ RX RX11X
Weospy = Scosty— 112 cos(p + &11) + #cos(ap—gn + &02)
SX% 02
+1o X7, cos(¢ + 2&11) — X7, cos(¥ + &o2), (31)
. . RX; . RX11Xpo .
Wsinpy = Ssing + - sin(p + €11) =~ sin(p — &1 + &on)
1—-X7 1- X7
2 SXo2 .
- X121 sin(y) + 26n) + 7 )0(2121 sin (¢ + £o2).- (32)

It follows from (31) and (32) that

c , [°XH + RPX} X + S2XY) + 5%Xd,

W S (- X5
_21]?94))((%11008(804-1#4—511) 2]%13_—)(12102 cos(p + ¥ — 11 + €o2)
35_57121 cos(¢) + 1 + 2€11) — ?S_SX% cos(¥) + 9 + £o2)
- (Rz(j_sjf);j)%éX02 cos(2811 — &o2) — 2RS)((111_()§(12%1; X5») cos(p — 1 — 1)
2RSX 11 Xoz 2RS X3, Xoo

+W COS(QO — Y +& — 502) + m COS((p — ¢ — 3611 + {@923)
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C.4. The joint probability distribution

Substitute (33) into (29). We have

RSS (1—X&)R? + (1 — X3)(S?+ 5?)
Py 3 5 exp|— 5
Q (1_X11)(1_Z2) (1_X11)(1_Z2)
exp| Wi RS cos(o — 1+ \) + WiRS cos(¢ + 1 — \) + WaSS cos(¢yp + 1 + (ﬁ)é])
where
42 _ Ch+ St + C8 + S8, — 2071 Con + 257, Con — 4C11 811502 (35)
1-Cf -S4 ’
2U
M=y (3)
2V
a7y (37
and
Ucos\ = Cll — 011002 — 511502, (38)
UsinA = 511+ S11Co2 — C11502, (39)
Veosp = Coo—Ch+ S5, (40)
VSiIl,U, = 2011511 — 502. (41)
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