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Abstract

A framework analogous to that used for the analysis
of data in the method of isomorphous replacement is
applied to the analysis of multi-wavelength
anomalous-diffraction (MAD) data. The present
method is advantageous in that refinement of param-
eters describing the anomalously scattering atoms in
the structure can be carried out using nearly all the
data, and in that phase information can be readily
combined. The procedure described here involves an
approximation in which it is assumed that the magni-
tude of the structure factor corresponding to anoma-
lously scattering atoms in the unit cell is small
compared to that corresponding to all other atoms in
the structure. A model calculation is applied to a
protein crystal with 682 non-H atoms in the asym-
metric unit and two Se atoms as the anomalous
scatterers. It is shown using this model calculation
that the approximation used in this analysis does not
substantially affect the accuracy of phase calcula-
tions for this MAD data. The method is demon-
strated by application to MAD data collected on
gene V protein.

Introduction

The multi-wavelength anomalous-diffraction (MAD)
technique has now found widespread application to
macromolecular structure determination (Karle,
1980; Hendrickson, 1991). In the MAD technique,
Bijvoet pairs of structure factors are measured at
several X-ray wavelengths, near to and distant from
an absorption edge for an atom present at a small
number of sites in the asymmetric unit of the crystal.
In the method developed by Hendrickson (1991),
these structure factors, and the anomalous and dis-
persive differences between them, are then used in
several steps to estimate the structure factors corre-
sponding to all atoms in the structure (F,). In the
first step, structure-factor amplitudes (F,) corre-
sponding to anomalously scattering atoms in the
asymmetric unit are estimated by a least-squares
method and are used in a Patterson synthesis to

identify the locations of these atoms. The magnitudes
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of the structure factors corresponding to all atoms in
the asymmetric unit (F,), and the phase differences
(4¢) between F, and F, are also estimated. Next,
this step is followed by refinement of parameters
describing these atoms against values of F,, the
estimated structure-factor amplitudes. Finally, the
anomalously scattering atom model is used to calcu-
late structure factors for this partial structure. These
are used to obtain improved estimates of 4¢ and F,
which lead to the desired structure factors F (Pihler,
Smith & Hendrickson, 1990). One drawback of this
method is the need to use a selected subset of values
of F, for refinement of the parameters describing the
anomalously scattering atoms (Hendrickson, 1991).
In this work, an alternate approach for the analysis
of MAD data is developed in which a straightfor-
ward approximation is used to convert the data to a
form identical to that used in the method of isomor-
phous replacement. The formulation lends itself to
refinement of parameters describing the anomalously
scattering partial structure and to calculation of
structure factors for the entire structure using pre-
viously developed methods.

Methods

The information obtained from a MAD experiment
ordinarily consists of measurements of structure-
factor amplitudes for Bijvoet pairs of reflections,
F*(A)), F~(A)), at several X-ray wavelengths, A, As
errors in the elements of a Bijvoet pair are often
correlated, and as errors in their differences are not
likely to be correlated with their average values, it is
convenient to use the average structure-factor ampli-
tude, F(A;), and the Bijvoet differences, Aano(A;), in
this analysis. These can be defined as follows,

F(A) =3[F*(A) + F~(4)] (M

AANO(/\/') = F+(Aj) - F—(Aj . (2

The ultimate goal of the analysis is to obtain the
average structure-factor amplitude, F(A,), and its
phase for each reflection at some X-ray wavelength,

A,. In this approach, however, there will be an
intermediate goal of separating the contribution of
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the anomalously scattering atoms to F(A;) from that
of all other atoms so as to make it compatible with
the method of isomorphous replacement. Let the
structure factor from anomalously scattering atoms
at X-ray wavelength A; be Fy(A)), and the structure
factor from all other atoms, independent of X-ray
wavelength, be F,. Then, as in the method of isomor-
phous replacement, it can be written that

F(A) = |F, + Fy(A)), 3)

where F, and F(A)) correspond to Fp and F, respec-
tively, in the method of isomorphous replacement
(Blundell & Johnson, 1976). The immediate aim of
this approach will be to obtain estimates of F,, F(A,),
and d,no(A,) at a standard wavelength, A,, that can
then be analyzed using conventional isomorphous
replacement techniques.

A central element in the MAD approach is that, at
varying X-ray wavelengths, the structure factor cor-
responding to anomalously scattering atoms in the
unit cell changes in magnitude, but not in phase. In
this case,

_ fo +fl(’\j)

Fu(A) FH(/\,,)fo Q) )
where A; is any X-ray wavelength and A, is an X-ray
wavelength arbitrarily defined as a standard. The
real part of the scattering factor for the anomalously
scattering atoms at wavelength A; is f, + f'(A). Note
that (4) is only valid for cases in which all the
anomalously scattering atoms in the unit cell have
identical scattering factors. Based on (4), it can also
be written that, to a good approximation (Terwilliger
& Eisenberg, 1987), the anomalous differences at
various wavelengths are also related in a simple
fashion:

1)
Ty 5
) )

where f7'(A)) is the imaginary part of the scattering
factor for the anomalously scattering atoms at wave-
length A,

A simple approximation is now used to estimate
F,, F(A,) and Asno(A,) from experimental MAD
data. If most of the scattering power in the unit cell
is from non-anomalously scattering atoms, then (3)
can be rewritten in an approximate form in which,

F(A) = F, + Fy(A) cos (a). (6)

Here a is the phase difference between the structure
factors corresponding to non-anomalously and
anomalously scattering atoms in the unit cell, F, and
Fu(A)), respectively, at this X-ray wavelength. It is
assumed further that this phase difference, a, is
essentially independent of X-ray wavelength. The
effect of these rather crude approximations will be
examined below.

AANO(A/') = Aano(A,)

Using (5) and (6), it is straightforward to convert
MAD data into isomorphous replacement data, as
highlighted earlier by Hendrickson (1991) and as
carried out by Ramakrishnan, Finch, Graziano, Lee
& Sweet (1993). First, (5) can be used directly to
estimate anomalous differences at the standard
wavelength using measurements at any other wave-
length. Next, estimates of F, and F(A,) can be
obtained from average structure-factor amplitudes
(1) at any pair of wavelengths A; and A; as follows.
Using (4) and (6), the component of Fy(A,) along F,,
which we term 4,50(A,), can be estimated as,

AISO(A()) = FH(/\()) cos (a)
F(A) — F(»)
=[L+/ Ay D
et PO 0 =74
Then this estimate can be used along with the experi-
mental data to obtain the quantities of interest:

o ot ')
E=FW) - 4sod)f rs  ®

and
F(Au) = F:’I + AISO(/‘O)- (9)

As a set of MAD data ordinarily contains several
observations of each Bijvoet pair, (5)+9) will usually
yield more than one independent estimate of the
quantities of interest for a particular reflection. These
independent estimates can simply be averaged using
weighting factors based on the experimental
uncertainties and on (5)}—9).

Results and discussion
Effects of approximations

The approach described here for conversion of
MAD data to a form similar to that used in
the method of isomorphous replacement with
anomalous-scattering information relies on a fairly
crude approximation. It is assumed that the
structure-factor amplitude corresponding to anoma-
lously scattering atoms in the unit cell is small com-
pared to that from all other atoms. The effects of this
approximation on the estimates of F, and F(A,), the
quantities most affected by this assumption are
examined here.

In the accompanying paper on application of a
Bayesian approach to analyze MAD data, an idea-
lized set of MAD data and 15 sets of MAD data
derived from the ideal set with ‘experimental’ errors
of 1-15% were constructed (Terwilliger, 1993). Each
of these sets of data contained MAD data at three
X-ray wavelengths for each of 1763 reflections in a
system containing a total of 862 C, N and O atoms
along with two Se atoms as the anomalously scat-
tering atoms. In the ideal data set, the mean
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structure-factor amplitude corresponding to the Se
atoms was 78, and that corresponding to all other
atoms was 280. In this section, these data sets are
used to evaluate the effects of the approximations
employed in this work on the accuracy of the results.

Fig. 1 illustrates the effects of our approximations
on estimates of F, the structure-factor amplitude
corresponding to non-anomalously scattering atoms
in the unit cell, made using (7) and (8). In this figure,
Fp is the actual value of this structure-factor ampli-
tude in the ‘ideal’ model and F, is the estimate
obtained using our approach with data containing
negligible (0.01%) errors. The vast majority of esti-
mates of F, are close to the ideal values, but for small
values of Fp, some of the estimates of F, are much
too small, and some are even negative. This means
that even under the best of circumstances, it will not
be possible to obtain phase information for every
reflection using this approach, but most estimates of
F, are accurate.

The quantity that is most seriously affected by the
approximations used in (5)(9) is the estimate of the
dispersive difference, F(A,) — F,, given by (7) as,
A1s0(A,) = Fp(A,)cos(a). Fig. 2(a) illustrates the rela-
tionship between the true values of this dispersive
difference, F(A,) — F,, and those obtained using (7)
from data with negligible (0.01%) errors, A;50(A,).
Once again, the overwhelming majority of estimates
of the dispersive difference were close to their ideal
values, while a small fraction of the estimates were
considerably in error. The distribution of values of
Aiso(A,) is skewed in Figs. 1 and 2(a) because the
geometry of the approximation used in (6)—(9)
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Fig. 1. Effects of approximations on estimates of F,. F, is the
actual value of the structure-factor amplitude corresponding to
non-anomalously scattering atoms in the ‘ideal’ model and F, is

the estimate obtained using (5)«9) with data containing 0.01%
errors (see text).

always yields diso(A,) > F(A,) — F, if the data are
exact.

The magnitude of the errors introduced into esti-
mates of F(A,) — F,, by the approximations used in
(5)-9) can be put into perspective by comparing
them with the errors in this quantity introduced by
errors in the experimental data itself. In Fig. 2(), the
estimates of F(A,) — F, obtained from data contain-
ing 4% experimental errors are shown as a functions
of their ideal values. By comparison of Figs. 2(a) and
2(b), it may be seen that the typical errors introduced
from the use of the approximations in (5)—(9) are
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Fig. 2. Effects of approximations on estimates of F(A,) — F,. (a)
Dispersive differences obtained using (7) from data with 0.01%
errors, 4;s0(A,), as a function of their true values in the ideal
model, F(A,) — F, (see text). (b) Dispersive differences as in (a),
but obtained from data with errors of 4%.
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considerably smaller than those introduced by the
experimental error of 4%.

Evaluation of accuracy of refinement of parameters
describing anomalously scattering atoms using model
data

The model MAD data sets with 1-15% error were
used to evaluate the overall utility of this approach.
The MAD data were converted to a form corre-
sponding to that used in the method of isomorphous
replacement using (5)—~(9). The resulting estimates of
F,, F(A,) and A,no(A,) were used in the program
HEAVY (Terwilliger & Eisenberg, 1983, 1987) to
refine positional and thermal parameters and to cal-
culate phases for structure factors corresponding to
the remainder of the atoms in the model. Both
anomalous differences and dispersive differences
were included in the refinement and phasing.

Figs. 3(a) and 3(b) illustrate the accuracy of the
refinement as a function of the error in the raw
MAD data. The occupancies of each of the two Se
atoms in the ideal model were each 1.0, and the
thermal factors were each 20 A2, For model data
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Fig. 3. (a) Refined estimates of occupancies of the two Se atoms in
the model structure as a function of error in the raw MAD data
(see text). (b) Refined estimates of thermal factors for the two Se
atoms in the model.

with errors of up to about 10%, the refined values of
both occupancies and thermal factors were close to
the ideal wvalues. This indicates that accurate
refinement of parameters describing the anomalously
scattering atoms can indeed be carried out after
conversion of MAD data to a form similar to that
used in the method of isomorphous replacement. As
discussed above, a small fraction of reflections could
not be analyzed using this technique, as estimates of
F, were zero or negative for these reflections. This
fraction was fairly independent of errors in the
experimental data and ranged from 1.8 to 2.2% of
the data over the range of errors of 1-10%.

Combination of MAD data with data from isomor-
phous structures

A very useful feature of the formulation of MAD
data presented in (5), (8) and (9) is that, within the
limitations imposed by our approximations, the
isomorphous and anomalous differences, 4;50(A,)
and 4,no(A,), depend only on the structure factors
corresponding to anomalously scattering atoms and
their phase angle relative to the structure factors
from all other atoms. Furthermore, they depend only
weakly on this phase angle, varying as the cosine and
sine of this angle, respectively. This means that if two
similar structures with the same arrangement of
anomalously scattering atoms were considered, the
values of Aigo(A,) and AsnofA,) for the two struc-
tures would be nearly identical even if the structures
were not completely isomorphous.

This is useful in several ways. Suppose a very
reliable set of structure-factor amplitudes has been
measured at a single wavelength on the structure that
is of interest. This might be a crystal form isomor-
phous to the one used for MAD analysis but that
does not contain anomalously scattering atoms, for
example. Then a pseudo-MIR-with-anomalous-
scattering data set could be constructed using meas-
ured values of Fp instead of F, in (9), and with
measured values of Adiso(A,) and Asno(A,). This
mock data set corresponds to the data that would
have been obtained had the anomalous scatterers
been present in the isomorphous crystal form and
had F, values been estimated very accurately. Conse-
quently, using phases and F, structure-factor ampli-
tudes from this mock data set is likely to yield a
more accurate electron-density map for the structure
of interest than one calculated from the MAD data
alone. Note that the ‘isomorphous’ differences
between the MAD and single-wavelength structures
are not used in this method. If the structures were
very closely isomorphous, then these measured
differences could be used as an independent estimate
of Aiso(A,), but these estimates are likely to generally
be less accurate than those from the MAD data
which do not suffer from lack of isomorphism.
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A second way to use the ‘transportability’ of the
isomorphous and anomalous differences, A;50(A,)
and Axno(A,), is in constructing a MIR data set from
several MAD data sets on isomorphous structures
differing in the locations of anomalously scattering
atoms. In the MIR method, a single value of the
‘native’ structure-factor amplitude, Fp, is compared
with a number of structure-factor amplitudes corre-
sponding to ‘derivatives’, Fpy. If several MAD data
sets are collected from different crystals that differ
principally in the locations of anomalously scattering
atoms, then each data set will have a separate esti-
mate of F,. These estimates will ordinarily differ, and
even their ‘true’ values could differ as a result of
non-isomorphism among the remainder of the struc-
tures. The same approach as described for combining
native structure-factor amplitudes with MAD
difference data can be applied in this case. An aver-
aged value of F, can be obtained, or a value from
single-wavelength data could be used. Then this
value can be used in (9) to generate mock values of
Fpy for each ‘derivative’ structure. These quantities
could then be used in exactly the manner that con-
ventional MIR data is analyzed (Terwilliger & Eisen-
berg, 1987). As in the previous example, the
isomorphous differences between the structures are
not used in this analysis.

Note that the structure factors obtained in this
analysis are those corresponding to all atoms except
the anomalously scattering atoms, in contrast to the
method developed by Hendrickson (1985). The struc-
ture factors corresponding to the anomalously scat-
tering atoms can simply be added to those obtained
here to obtain a Fourier synthesis for all atoms in the
unit cell, if necessary.

Application to actual MAD data collected on gene V
protein

The methods described here were used in the
recent structure determination of selenomethionine-
containing gene V protein (Skinner er al., 1993).
Three X-ray diffraction data sets were used in this
structure determination, as discussed in the accom-
panying paper (Terwilliger, 1993). These were a
single-wavelength data set on the wild-type protein
(not containing selenium), a very good MAD data
set on a ‘wild-type’ protein containing two selenome-
thionine residues, and a relatively weak and incom-
plete MAD data set on a mutant protein with three
selenomethionine residues. A pseudo-MIR data set
was constructed from these three data sets, using
measured values of F, from the single-wavelength
data set in place of F, (9). The determination of
locations of anomalously scattering atoms is
described in the accompanying paper (Terwilliger,
1993), and the parameters describing these atoms in

the two MAD structures were refined with HEAVY
(Terwilliger & Eisenberg, 1987) using origin-removed
Patterson refinement.

Both anomalous differences and isomorphous
differences were used in the refinement of the MAD
data. The occupancies of each site refined to values
near 0.7, rather than the value of 1.0 expected,
despite the fact that the data had been placed on an
approximately absolute scale. The origin of this
incomplete occupancy is not clear, as amino-acid
analyses of the proteins indicated essentially com-
plete replacement of methionine by selenomethio-
nine. It is possible that this discrepancy is as a result
of overestimation of the values of f” and /", as the
values were measured at their extrema, while some
variation in wavelength occurred during the course
of the X-ray diffraction experiments. In any event,
native phases were calculated using the refined
parameters for the Se atoms and the pseudo-MIR
data, and were used in a Fourier synthesis that was
found to be readily interpretable.

As the structure of gene V protein has now been
refined to an R value of 19.2% at a resolution of
1.8 A, we were able to evaluate the utility of includ-
ing single-wavelength measurements of F, and of
combining phase information from more than one
MAD data set on the final accuracy of phases and on
the correlation of electron density in the Fourier
syntheses with the final model. The results of this
comparison are listed in Table 1. Phases calculated
using the very weak and incomplete data set on the
mutant gene V protein (I47M) containing three sele-
nomethionine residues in the asymmetric unit, for
example, had a mean phase difference from that of
the refined model of 67°, and the average electron
density in a Fourier synthesis was only 0.59 times the
r.m.s. in the map at positions of protein atoms in the
refined model. Using single-wavelength measure-
ments of Fp in (9) improved the phasing and electron
density only very slightly (Table 1). The much more
complete data set on the ‘wild-type’ sele-
nomethionine-containing protein had a lower phase
difference relative to that of the refined model (62°)
and much higher electron density at the positions of
protein atoms in the model (1.22 times the r.m.s. of
the map). Combining the two sets of MAD data and
using F, values from the ‘wild-type’ MAD data set
gave a substantial improvement in phase accuracy
(56.2° difference from the model) and electron den-
sity (1.29 times the r.m.s. of the map at positions of
protein atoms). Finally, using single-wavelength esti-
mates of F, made little difference in the phase
accuracy or electron density. Overall, we conclude
that combination of multiple MAD data sets can be
very helpful, while including single-wavelength meas-
urements of Fp, makes only a small difference in
phasing accuracy.
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Table 1. Comparison of phases and electron density

Jrom combinations of gene V protein MAD and single-

wavelength data sets with values based on the refined
gene V protein model

Phases and structure-factor amplitudes for the non-anomalously
scattering atoms in the unit cell were calculated as described in the
text using combinations of MAD data collected on the ‘wild-type’
and ‘147M’ mutant gene V proteins, both containing selenome-
thione, and using single-wavelength X-ray data (F,) on a non-
selenium-containing wild-type gene V protein. The combinations
used were: (4) [47M MAD data alone; (B) 147M MAD data but
using F, instead of F, in (9); (C) ‘wild-type’ MAD data alone; (D)
‘wild-type’ MAD data with F, instead of F, in (9); (E) I47M and
‘wild-type’ MAD data; and (F) I147M and ‘wild-type’ MAD data
with F, instead of F, in (9). Each set of phases is compared with
phases calculated from the refined model of gene V protein
(Skinner et al., 1993). Each corresponding electron-density map is
compared with this refined model by calculating the average value
of the electron density at the positions of protein atoms in the
model, normalized to the r.m.s. value of the electron density in the
unit cell.

Mean density at
position of atoms in

Data used No. of reflections  (|4¢]) (') model/o
A 147TM 1964 67.2 0.59
BI14TM + F, 1950 66.4 0.65
C "Wild type’ 2602 623 1.22
D *Wild type’ + F, 2562 61.7 1.22
E 14TM + ‘wild type’ 2610 56.2 1.29
F147TM + ‘wild type’ + F, 2859 56.7 1.33

Comparison with other methods of M AD data analysis

The most frequently used method of refining
parameters describing the occupancies, positions and
thermal factors of anomalously scattering atoms in
the MAD technique has been to refine them directly
against a selected set of F, values obtained from
MADLSQ (Hendrickson, 1991). That method has
the advantage of using exact expressions to evaluate
F, so that in cases with little experimental error or
with large structure factors for anomalously scat-
tering atoms the estimates of F, can be very accurate.
It has the disadvantage that in cases with substantial
errors in measurement, estimates of F, can be much
too large and these F, values must be removed from
the data set before refinement, leaving only a subset
of the data. Once a model for the anomalously
scattering atoms has been refined, either the values of
A¢ from MADLSQ (Hendrickson, 1985) can be used
to calculate phases directly for the entire structure,
or the model can be used to calculate phase probabil-
ity distributions based on lack-of-closure errors
(Pahler et al., 1990).

Kahn et al. (1985) and Ramakrishnan et al. (1993)
have described structure determinations in which
they converted MAD data to a form compatible with
MIR analysis by using data at one wavelength as
‘native’ data and data at other wavelengths as
‘derivative’ data. In effect, the ‘heavy atoms’ of the
MIR method consist of the dispersive and anoma-
lous components of the anomalously scattering

atoms. The approach of Ramakrishnan et al. (1993)
is quite similar to that described here, except that the
‘native’ structure factors evidently contain the non-
dispersive part of the structure factors of the anoma-
loulsy scattering atoms. This means that the ‘native’
phases are not independent of the ‘heavy-atom’
phases, and a phase probability distribution slightly
modified from that usually used in MIR phasing
would be appropriate.

It is important to recognize that the approxi-
mations used in the approach described here are not
valid when the structure factors corresponding to
anomalously scattering atoms are comparable in
magnitude to those corresponding to the remainder
of the structure. In cases of this type, where the total
scattering power of anomalously scattering atoms is
similar to that of the other atoms in the unit cell, a
treatment of the MAD data with fewer approxi-
mations is necessary. The method of Ramakrishnan
et al. (1993) is somewhat improved over our method
in these cases because, though a similar approxi-
mation is made, the approximation only involves the
dispersive component of the structure factor corre-
sponding to anomalously scattering atoms, rather
than the entire structure factor as in our method.
The method of Hendrickson (1985) is likely to be the
most accurate in these cases, however, as it does not
involve any approximations of this type at all. It is
somewhat ironic that in the cases with a strong
signal, the method without approximations is likely
to be the most accurate, while in cases with a weaker
signal methods involving more severe approximation
may be more useful.

Concluding remarks

The simple procedure described here is likely to be of
considerable utility in the analysis of MAD data in
structures where scattering from anomalously scat-
tering atoms is small compared to that from other
atoms in the structure. As the data are cast in a form
that is similar to that used in the method of isomor-
phous replacement, MAD data from several experi-
mental setups or from related crystals can readily be
combined with each other or with other forms of
phase information. Such an ability to combine phase
information has been shown to be useful with MAD
data previously (Pahler er al., 1990).

Based on the approach developed here and on that
described in the accompanying paper (Terwilliger,
1993), the following procedure is suggested for
analysis of macromolecular MAD data with a rela-
tively weak anomalous signal. First, the data is
carefully scaled to minimize both dispersive and
anomalous differences, as in other methods, and is
converted to estimates of average structure-factor
amplitudes and anomalous differences at each X-ray
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wavelength using (1) and (2). Next, the procedure
described in the accompanying paper (Terwilliger,
1993) that incorporates a Bayesian analysis
(FABEST) is used to estimate values of F,, and these
values are used in a Patterson synthesis to identify
the locations of anomalous scattering atoms. Addi-
tional Patterson syntheses based simply on anoma-
lous differences or on dispersive differences can also
be calculated at this point. Finally, the data are
converted to a form similar to that used in the
method of isomorphous replacement as outlined here
using the program MADMRG. Parameters describ-
ing the anomalously scattering atoms are refined by
correlation of origin-removed Patterson functions
and phases for the non-anomalously scattering part
of the structure are calculated in a fashion developed
for the analysis of isomorphous replacement data
using the program HEAVY (Terwilliger & Eisenberg,
1987). If a Fourier synthesis for all atoms is desired,
the structure factors for non-anomalously scattering
atoms may simply be added to those correspond-
ing to the anomalously scattering atoms in the
structure.

This work was supported by generous grants from
the NIH and from the Laboratory Directed Research
and Development Program of Los Alamos National
Laboratory, USA.
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