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A New Method of Calculating the Scale Factor in Structure Analysis
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A new method is suggested for obtaining the absolute structure factors from a set of relative in-
tensities. It differs from the method of Wilson in that it does not depend on any statistical result.
Formulae are obtained relating the sum of the intensities of all the reflexions with certain integrals
involving the electron-density distribution in the atoms. The method is applicable both to two- and
three-dimensional data, but in practice it is more useful in the former case. The method makes
use of the available structure-factor tables, and has been verified to be valid in a number of cases
where the scale factor is known. For the purpose of applying the method to unknown cases, tables of
the required integrals are given for some of the commoner atoms which occur in organic crystals.

1. Introduction

In crystal-structure analysis, the observed intensities
of the various reflexions (h%l), after the necessary cor-
rections, yield a set of numbers I, which are pro-
portional to |Fy,l2, the constant of proportionality,
the scale factor ¢, being given by the equation

Ly = [Fpyl?. (1)

The only direct method of obtaining the scale factor,
without having to measure the absolute intensities of
some of the reflexions or comparing them with those
of a standard crystal, is that due to Wilson (1942).
The method is based on the statistical result that in
a small range of sin /1 the mean of |F,y? is equal
to the sum of the mean squares of the atomic scattering
factors of the atoms in the unit cell for the same range.
In many crystals, the number of reflexions in a suit-
able chosen range may be quite small (of the order of
10-20), so that statistical methods cannot be strictly
applied to them.

The present paper describes a method which makes
use of an exact relationship between the sum of the
squared structure amplitudes of all reflexions and a
certain integral involving the electron-density distribu-
tion of the atoms in the unit cell, a relationship which
does not assume any statistical results. However, it
requires a knowledge of the approximate temperature
factor, but, if this is known, the method is much
simpler to apply than Wilson’s method and yields
more accurate results. The method has been tested
in a number of known cases and the results obtained
are very satisfactory in every case.

2. The fundamental equation

The electron density o(r) at a point r inside the unit
cell may be represented by the Fourier series

ACe

1
o(r) = 7 5 Fg exp [27i(By.1)], (2)

where Xy denotes summation with respect to the
triplet of integers &, k,1; and By is the vector
ha*+-kb*+Iic* in the reciprocal space. V is the
volume of the unit cell.

By squaring (2) and integrating over the unit cell
we have

1 .
Syg2(r)dV -~ 73S S Fuln Syexp [2ni(By, . 0)]dV .
Since the integral on the right-hand side is equal to
Vég, _g, we have
S AV =L S F,F . 3)
14 Ve

By the application of Friedel’s Law, F_g = F¥, this
reduces to

1 1 x
S QdV =Z SFuFt == S35 |Fult, (4)
v VH V h k1

a result which has been given earlier by Hettich (1935).
Thus we get the following equation for the scale
factor, c:

Cc = VS gde/ZE‘ZI;,u- (5)
4 h k1

Similarly, in the two-dimensional projection along
the c-axis we have

0=AS 02dA/ZZIhko: (6)
4 h ok

where ¢ is the projected electron density on the side
of the unit cell of area A.
Now, if we assume that the electron density in the
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unit cell is obtained by the superposition of the
electron-density distributions of individual atoms, and
that there is very little overlap of the distributions of
different atoms, then we may write

N
S ) dV = X Se%dv, (7)
14 S=14dv

where N is the number of atoms in the unit cell. The
corresponding equation

SAoz(r)dA = g‘ Sao%da 8)

S=1

holds if the atoms are all well resolved in the projec-
tion. In three dimensions, the error introduced by this
assumption is practically negligible.

Now, it is possible to represent the two integrals
5 0%dv and S o%da in terms of certain integrals of the

atomic structure factors. If g4(r) is the electron den-
sity of an atom s at distance r from its centre, and
fs(€) is its atomic scattering factor for a value of
& = 4 sin 0/A = 27|b| = 27b, then by Fourier in-
version theorem we have

osr) =\ 15(6) exp [2mi(b.x)]dv*

Hence

| asman
-{{ Sv’fs@l)fs(sz) exp [2i {(by 4+ by) . ] dvdot dof

Since f is & symmetric function and

S S exp [277i {(by+by). )] dvdv* = 3(by+by),

we finally obtain
SQS r)dv—S 72(8) d*
- 4nS f2(6)bedb (9)
0

= (5) |, Eti@r0e.

In a very similar manner we may obtain the expression

gaa?g(r)da = (%) S:oé'fg({:)df

for the two-dimensional case.

(10)

3. Application of the method

In determining the scale factor, using equations (5)
and (6), one could either use directly the electron-
density integrals of the individual atoms, or obtain
them, using (9) and (10), from their tabulated scat-

tering factors. The contribution to the total integral
by different atoms could be calculated separately for
each atom and for different temperature factors.

Although the electron-density distributions of a
large number of atoms have been calculated on the
basis of modern wave mechanical theory (Hartree,
1928) these are not to be had in explicit algebraic forms
suitable for integration analytically. Instead, em-
pirical formulae have been proposed to represent the
distribution. Thus, it has been suggested (see Booth,
1945) that charge distributions obtained by Fourier
syntheses could be very closely represented by ex-
pressions of the form

os(r) = Agexp [-Pgr?], (11)
and this form, with P = 4-689, has been widely used
by Booth (1945) in many studies. Obviously the value
of the exponent as well as the form of the function
would depend on the temperature factor, and it is not
clear how the effect of these could be simply incor-
porated in the above expression. Further, an atom
with a Gaussian distribution would give an atomic
scattering factor curve which is also Gaussian. The
author’s examination of a series of atomic scattering
factor curves with different temperature factors showed
that the fall of scattering factor with sin 6/4 was
much larger, for small values of sin /4, and much
smaller, for large values of sin 6/4, than what would
be represented by a Gaussian form. In fact, the
scattering-factor values given by Robertson (1935) for
hydrocarbons at room temperature were found to be
represented with remarkable accuracy by an analyt-
ical expression not of the Gaussian form but of the
form R exp [—b&]. In view of these difficulties this
direct method was not pursued further.

However, the atomic integrals [S o%dv and S oﬁ,da]

can be readily calculated from equations (9) and (10),
using the tabulated values of the atomic scattering
factors and the known value of the temperature factor.
In equations (5) and (6), the I,y’s in the denominator
would refer to the experimental values obtained with-
out applying the temperature correction, so that the
integrals in the numerator should also refer to the
same temperature. The effect of temperature can
readily be incorporated in equations (9) and (10), for
we know that it changes f(&) to f(&) exp [—B(§/4m)],
which we shall denote by fp(£). Now the value of
f(§) for various values of £ are available from standard

tables for different atoms, and therefore a table of
integrals on the right-hand side of (9) and (10) can
be prepared for a number of atoms and for various
temperature factors, B. Since the scale factor would in
general have to be determined only for reflexions in

a zone, the values of S o%da calculated as described

above are given in Table 1 for the atoms C, H, O,
N, S, C, Ni and Cu for various temperature factors.

In applying the method, the following procedure is
to be followed:
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Table 1. Values of (§—> S EfE(E)dE for some atoms
7T/ Jo
2B 0-5 1-0 1-5 2:0 2-5 30 3-5 4-0 4-5 5-0 55 6-0 6-5 7-0 10-0
H 0-37 0-37 0-35 0-35 0-34 0-34 0-33 0-33 0-32 0-31 0-31 0-30 0-30 0-29 0-27
C 38-8 32:3 265 23-5 21-3 19-7 184 17-3 16-3 15-6 14-9 144 13-8 13-4 11-3
N 56-1 454 39-5 35-5 32-7 30-6 28-9 275 26-2 25-2 24-3 234 22-7 220 189
(6] 82-4 68-3 60-6 55-4 51-6 48-6 46-1 44-1 42-4 40-8 39-4 38-2 37-1 36-1 31-3
Na 197 167 150 137 127 119 112 107 101 97 93 89 86 83 69
S 486 396 342 303 274 251 232 217 203 192 182 173 165 158 127
Cl 561 454 388 343 309 283 261 243 228 215 204 194 185 177 143
Ni 1780 1401 1194 1058 958 881 818 765 721 682 648 618 590 566 457
Cu 2033 1617 1387 1234 1121 1032 960 899 847 802 762 727 695 666 538
Table 2. Results of application of the structure-factor method to some known cases
Crystal Authort  FTOlee goy 43 LU 0 mip L zFpp D Men
¥ tion =1 27 50 B ¢ ZF e 0 ZIF2 ratio
=D
Sodium sesqui
carbonate 3 b 90-0 654 x 103 648 % 108 1-01 684 x 108 0-96 0-98
Hexamethylene
diamine
dihydrochloride 1 a 90-8 689 x 102 615 x 103 1-12 641 x 103 1-07 1-09
Aniline
hydrochloride 2 b 90-0 191 x 108 195 x 10° 0-98 179 x 108 1-07 1-02
o« Methionine 4 b 90-0 285 x 108 279 x 10° 1-02 314 x 10 0-91 0-97
B Methionine 4 b 90-0 1140 x 103 1122 x 103 1.02 1105 x 103 1-03 1.03
Copper proline
dihydrate 5 a 108-0 424 x 108 377 x 103 1-13 379x 108 112 1-12

* 1: Binnie & Robertson (1949); 2: Brown (1949); 3: Brown, Peiser & Turner-Jones (1949); 4: Mathieson (1952);

5: Mathieson & Welsh (1952).

ém
+ Note that the finite integral S
0

The temperature factor B may be approximately
obtained from a knowledge of the melting point or
from the value of sin 6/2 at which the average inten-
sity of the reflexions reduces to, say, 1/1000 of the
maximum value. That the exact value of B, provided
it is not very small, is not very important is found
from the value given in Table 1. The value of the
02 or ¢? integrals are then obtained from the table.
Next find

222]}1]4 (OI' ZZIhkO etc.)
Bk 1 h ok

from the observed values of intensities by finding the
sum of all the observed intensities, the respective multi-
plicities being taken into account. The ratio of the two
gives the required scale factor. However, it must be
remembered that I, is not directly observed. Conse-
quently, the corresponding quantity in the atomic
integral, namely |Fyql2, should be omitted. Ob-
viously |Fyel2 = Z2, where Z is the total number of
electrons in the unit cell. Hence the scale factor in the
two-dimensional case is given by equations of the form
¥
o= 4|2 )22 200, 02
P

8=1

is used here to allow for unrecorded reflexions.

where I, is omitted in summing the intensity values.
The finiteness of the series 27 could be allowed for

&
directly by calculating the finite integrals Smwhere
0
&, is the maximum value of 4 sin §/4 up to which

the reflexions have been observed. We are justified
in doing this because the reflexion density is very
large for large values of & so that in these regions the
mean intensity could be assumed to be the sum of the
squares of the scattering factors of the various atoms
in the unit cell. Further, any error due to this assump-
tion is very small since 27 for values of & larger than
&, will usually be very small for most light atoms
present in organic crystals provided the maximum
value of &, obtainable by Cu K« radiation is used.

4. Test of the validity of the method
in known cases

To show the extent to which the assumptions of this
method are justified, the method has been applied to
a number of crystal projections where [F;| values
have been given on an absolute scale so that ¢ =1
in these cases. The results are given in Table 2; both
F, and F, values are used in obtaining the sum XI.
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It is seen that the agreement is satisfactory, the
values being correct to within 10%. This could be
regarded as appreciably better than Wilson’s method,
where the value of ¢ was found to vary within the
limit 0-8-1-5 whereas the correct value was expected
to be unity. It is of interest to note that even though
we have assumed that the plane of projection is per-
pendicular to the direction of projection in evaluating
the ¢%integral, the agreement is good even in case
of monoclinic crystals projected along axes other than
the b axis. This has been so in the case of hexamethyl-
enediamine dihydrochloride and copper proline di-
hydrate, where the plane of projection made angles
90-8° and 108° respectively with the direction of
projection. It is easily seen that the actual o®-integral
in the case of such projections will be less than the
value in the case of normal projections, and hence
¢ values obtained by the above method are liable to
be larger than the true value as the angle § differs
more and more from the value 90°.

In the case of unknown crystals, even if tables of
the integrals

Em ¢m
SO £2f5(E)dE or S EF2(8)dE

are not available they can be readily calculated from the
tables of atomic scattering factors. An extended table
of these factors for the lighter atoms, given by Vier-
voll & Ogrim (1949), has been used by the author in
preparing the Table 1.

5. The advantages of the present method

The equation

IsSsr |2=§(L)S°°§2f2(5>ds (13)
V%% bl 21 \272/ )y ’ )

—00
and the counterpart in two dimensions, which form
the basis of the method of calculating the scale factor
proposed in this paper, are exact relations. Therefore,
when the temperature factor is known, this provides
an accurate method of determining the scale factor.
Now, it can be shown* (Sayre, 1951) that

1 A o _ i ) .
(2—712) So &2f3(£)dE = V%_§% fE(hkl)

00

so that we get the relabionship

o] o) N
23| Fpl* = ZZZ{ng(th)} . (14)
B kI Bk 1 \8=1

Equation (14) is an exact result which holds for atoms
whose electron density falls to zero in a comparatively

* The author is grateful to Dr Cochran for pointing this out.

short distance. Obviously, however, this form is not
suitable for computational purposes since, for each
crystal, the sum on the right-hand side will have to
be evaluated and the number of terms occurring is very
large (approximately N x H x K x L). In (13), however,
only a small number (equal to ¥, the number of atoms
in the unit cell) of integrals have to be added, once the
preliminary tables of integrals have been prepared.
The same tables could be used for all crystals.

If, however, we confine our attention to a small
range of sin 0/4, then (14) leads to the statistical result
of Wilson as a special case, namely

N _
{FpaDav. = 2 f5 -
5=1

The only advantage of the statistical method over the
exact method appears to be that it can be used to
determine both the scale factor and the temperature
factor. However, as can be seen from Table 1, the
exact method is not very sensitive to variations of
the temperature factor. On the other hand, it has the
advantage that it does not depend on any statistical
result which may not lead to accurate results. Further,
the present method has the advantage that once the
tables of the atomic integrals are prepared, the cal-
culation of the scale factor-is much simpler than in
Wilson’s method. On the other hand, the present
method, as it stands now, could be used directly only
for determination of scale factor of zero-level photo-

graphs by using equations of the form 4 S o2d4 =

22| Friol?, whereas Wilson’s method could be used
for any layer photographs since his averaging results
hold for any large number of reflexions, provided the
choice of reflexions is absolutely random.

The author wishes to express his thanks to Prof.
R. 8. Krishnan for his kind interest and to Dr G. N.
Ramachandran for valuable guidance and help.
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