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The dynamical local lattice distortion in the CuO2 plane of the
cuprate high-temperature superconductors is investigated with the
numerical diagonalization study for finite clusters oft-J model. It
is found that the in-plane vibrations of the oxygens play an impor-
tant role in the formation of some static orders like CDW and SDW
through the polaronic self localization effect. The 1/8 problem is
also discussed based on the present result.
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1. Introduction
The x-ray spectroscopy is one of the most useful method to detect
some static charge orderings and lattice distortions in the strongly
correlated electron systems. In fact the CuK-edge x-ray absorp-
tion has also used to investigate local distortions in the CuO2 plane
of the La1:85Sr0:15CuO4. (Sainiet al., 1997) The 1/8 problem has
attracted much current interest, since the charge stripe order was
observed in some high-Tc cuprates near the special value of the
hole concentrationx = 1=8. (Tranquadaet al., 1995) The x-ray
diffraction (Kakinumaet al., 1999) revealed that the stripe order is
not related with the structural phase transition between the tetrag-
onal high-temperature phase and the orthorhonbic midtemperature
one. However, thedynamicallattice distortion can still contribute
to the charge ordering. Then it would be interesting to investigate
the interplay of the electron-phonon interaction and the charge den-
sity wave (CDW) and spin density wave (SDW) correlations in the
strongly correlated electron systems.

The finite-cluster calculation study on the 2D Hubbard andt-J
model in nearly half-filled case with on-site electron-phonon cou-
pling in the static limit indicated an evidence of the polaronic self-
localization effect. (Zhong & Sch¨uttler, 1992) At quarter filling,
the adiabatict-J-Holstein model leads to ordering of polarons into
a commensurate CDW (R¨oderet al., 1994), proposed as an expla-
nation of the observed superlattice in La2�xSrxNiO4+y. (Chenet al.,
1993) The 20-site cluster study on the planert-J model including a
few coherent modes of the dynamical displacements of the in-plane
oxygens revealed that a sufficiently large electron-phonon coupling
yields the self-localization of the holes and the enhancement of the
SDW and CDW instabilities at nearly half filling. (Poilblancet al.,
1996) On the other hand, there is experimental evidence that those
phonon modes have a small dispersion in the Brillouin zone for
the cuprates. (Weberet al., 1988) In other words, the oxygen vi-
brational modes are very localized and can be considered indepen-
dent. In this paper, we consider a generalizedt-J-Holstein model
for which every local breathing vibration of the in-plane oxygen
is taken into account as an independent phonon mode. Using the
exact diagonalization of finite clusters of the CuO2 plane, we in-
vestigate the role of the dynamical local lattice distortion in the
high-Tc cuprates. Out-of-plane buckling vibrations are neglected,

because they were revealed to have almost no effect on the static
ordering. (Sakaiet al., 1997)

2. Model and Method
The Hamiltonian is a generalization of thet-J-Holstein Hamilto-
nian,
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where c̃yi;� is the usual hole creation operator,ni and nh
i are the

electron and hole local densities respectively, m is the oxygen ion
mass,Ω is the phonon frequency andÆ = x; y differentiates the
bonds along the x- and y-direction respectively. Throughout, ener-
gies are measured in unit of the hopping integral t. The electron-
phonon g-term involves the coupling of each copper hole with the
in-plane breathing displacements of the four neighboring oxygens
ui;Æ andui�Æ;Æ in the CuO2 plane. Note that the displacementsui;Æ

are considered throughout asindependentvariables. We rewrite
the electron-phonon interaction in the boson representation of the
phonons,
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1
2mΩ . Since the phononic Hilbert space has an in-

finite dimension, we truncate it to a finite number of bosonic states
i.e.byi;Æbi;Æ � nph at each oxygen site. To test the validity of the ap-
proximation, the one-hole GS energy of the 2� 2 (Cu4O8) cluster
for J = 0:3 andΩ = 0:2 is plotted versus lattice withnph up to 5,
in Fig. 1. The converging behavior fornph � 2 suggests that even
the one-phonon calculation is a good approximation in the weak-
coupling region (� � 0:3 ). Thus we will also show the result of
the

p
8�

p
8 (Cu8O16) cluster withnph = 1 in the following anal-

yses. This is the largest system size available for the present com-
puter systems. Throughout the paper we fix the phonon frequency
asΩ = 0:2.
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Figure 1
One-hole ground state energy vs truncated phonon numbernph at each
oxygen site on 2� 2 cluster.
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3. Polaronic Self-Localization
The breathing lattice deformations around the hole lower the poten-
tial at the hole site, while they raise that at the nearest neighbor Cu
sites. Thus it is expected that they make the effective mass of the
hole larger and the effect can lead to self-localization of the hole.
The absolute value of the kinetic energy in the one-hole ground
state

Ekin =


� t

X
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of the 4-site cluster (the hole concentration isx = 1=4) for nph � 5
andJ = 0:3 is shown in Fig. 2.jEkinj decreases significantly with
increasing�0, which indicates an evidence of the self-trapping of
the hole. Largernph approximations make such a mass renormal-
ization clearer and specify a crossover point as�0c � 0:3. jEkinj
in the one-hole ground state of the 8-site cluster (x=1/8) with the
one-phonon approximation forJ =0.3, 0.4 and 0.5 is also shown in
Fig. 3. Although the crossover point of the self-localization is not
so clear as the larger-phonon approximations, it indicates that the
polaron effect occurs even for much smaller�0 (� 0:1) than the
case ofx = 1=4.
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Figure 2
Absolute value of kinetic energyjEkinj in the one-hole ground state of

the 2� 2 cluster (x=1/4) plotted vs the electron-phonon coupling�0 for
various truncated phonon numbersnph. (J = 0:3).
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Figure 3
Absolute value of kinetic energyjEkinj in the one-hole ground state of

the 8-site cluster Cu8O16 (x=1/8) plotted vs the electron-phonon cou-
pling �0 for J =0.3, 0.4 and 0.5.

4. SDW and CDW Instabilities

In order to investigate the enhancement of the SDW and CDW in-
stabilities, we consider the(�;�) component of the spin and charge
structure factors defined as
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respectively. We calculate them in the ground state for several hole
concentrations. The spin structure factor of the 4-site cluster with
one hole (x=1/4) for various truncated phonon numbers (J = 0:3)
is shown in Fig. 4. It suggests that the enhancement of the SDW in-
stability begins to occur around the same crossover point�0c � 0:3
as the self-localization in Fig. 2.Ss(�;�) of 8-site cluster with one
hole (x=1/8) in Fig. 5 also indicates an evidence of the growth
of the antiferromagnetic correlation accompanied with the mass
renormalization in Fig. 3 for�0 � 0:1.
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Figure 4
Spin structure factorSs(�;�) of Cu4O8 with a single hole (x=1/4) for

various truncated phonon numbersnph. (J = 0:3).
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Figure 5
Spin structure factorSs(�;�) of Cu8O16 with a single hole (x=1/8).
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Although the charge structure factorSc(�;�) is meaningless for
the one-hole system on such finite lattices, the bulk system is ex-
pected to exhibit the enhancement of the CDW instability due to
the polaron ordering at the same crossover point as that of the self-
localization and SDW. In fact the charge structure factorSc(�;�)
of 4-site cluster with two holes (x=1/2 andJ = 0:3), shown in Fig.
6, indicates that the CDW instability begins to grow at�0 � 0:3.
Sc(�;�) of 8-site cluster with two holes (x=1/4) in Fig. 7 also ex-
hibits a significant increase for�0 � 0:4. (A gradual decrease of
Sc(�;�) for �0 � 0:4 in Fig. 7 is due to the finite size effect; the
spin and charge correlations with the momentum(�;�) compete
with each other on the 8-site cluster under the periodic bound-
ary condition.) The crossover point (�0c � 0:4) is a little larger
than that for the 4-site cluster with the same hole concentration
(x=1/4), obtained above. This is because the one-phonon approxi-
mation tends to overestimate the crossover point, as shown in Figs.
4 and 6.
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Figure 6
Charge structure factorSc(�;�) of Cu4O8 with two holes (x=1/2) for

various truncated phonon numbersnph. (J = 0:3).
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Figure 7
Charge structure factorSc(�;�) of Cu8O16 with two holes (x=1/4).

5. Concluding Remarks
The results in the previous sections lead to the conclusion that the
SDW and CDW instabilities increase significantly due to the po-
laroinc self-localization effect when the electron-phonon interac-
tion exceeds some critical value�0c. In order to consider the 1/8
problem, we list the crossover point�0c for Ω = 0:2 andJ = 0:3
together with the hole concentrations obtained in the present work:
�0c � 0:1 for x=1/8 (8 site with one hole),�0c � 0:3 for x=1/4
(4 site with one hole),�0c � 0:3 for x=1/2 (4 site with two holes).
In addition the two-coherent-phonon approximation for the 20-site
cluster with two holes with the same parameters (Ω = 0:2 and
J = 0:3) gave the result�0c � 0:4 for x=1/10. (Poilblancet
al., 1996) Those results indicate thatx=1/8 is a quite special case
when the SDW and CDW instabilities are enhanced by the pola-
ronic mass renomalization even for much smaller electron-phonon
coupling than other cases. It implies that the structure of possible
charge or spin orderings forx=1/8 is very sensitive to the local
breathing vibrations of the in-plane oxygen. Further study on the
system with some other values ofx near 1/8 would be desirable.
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