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A Fresnel-like X-ray lens can be constructed by a triangular array of identical

prisms whose base corresponds to the 2�-shift length. Each column of prisms is

progressively shifted from the optical axis by an arbitrary fraction of the prism

height. Similarly to the multi-prism lens, quasi-parabolic profiles are formed by a

superposition of straight-line segments. The resulting projected lens profile is

approximately linear with a Fresnel-lens pattern superimposed on it to provide

the focusing. This geometry exhibits a significantly larger effective aperture than

conventional parabolic refractive lenses. Prototype lenses were fabricated by

deep reactive ion etching of silicon. These one-dimensionally focusing lenses

were tested at a synchrotron beamline and provided focal line-widths down to

1.4 mm FWHM and an intensity gain of 39 at a photon energy of 13.4 keV.

Fabrication imperfections gave rise to unwanted interference effects resulting in

several intensity maxima in the focal plane. The presented design allows the

focal length to be shortened without decreasing the feature size of the lens.

Furthermore, this feature size does not limit the resolution as for real Fresnel

optics.
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1. Introduction

In an early theoretical treatise on Fresnel and refractive X-ray

lenses, the former were ruled more feasible owing to the

unfavorable ratio of phase shift to absorption at X-ray

wavelengths (Yang, 1993). Nevertheless, refractive X-ray

lenses were the first to see the light owing to their ease of

fabrication. The performance of this first generation of

compound refractive lenses (CRLs) was limited by spherical

aberration (Snigirev et al., 1996). Later X-ray lens designs,

such as one- or two-dimensionally focusing parabolic CRLs

(Lengeler et al., 1999) and one-dimensionally focusing multi-

prism lenses (MPLs) (Cederström et al., 2002), are spherical-

aberration-free. Apart from fabrication imperfections, their

aperture is restricted only by absorption in the lens. This

intrinsic limitation can be mitigated by a choice of a low-Z lens

material, such as lithium (Dufresne et al., 2001; Pereira et al.,

2004), beryllium (Schroer et al., 2002), plastics (Piestrup et al.,

2000) or diamond (Snigirev et al., 2002; Ribbing et al., 2003).

However, for fabrication reasons, for example, aluminium

(Lengeler et al., 2002) and silicon (Aristov et al., 1999) have

frequently been employed. Schroer et al. (2003) achieved a

focal spot size of 210 nm � 380 nm at 25 keV using crossed-

planar short-focus silicon lenses, and similar results have been

reported for planar SU-8 lenses at 14 keV (Snigirev et al.,

2003).

The natural solution to the absorption problem, to manu-

facture real Fresnel or Fresnel-like lenses, has only recently

been successful. Planar Fresnel-like lenses (also known as

kinoform lenses) were first etched in silicon (Aristov et al.,

2000) and later in diamond (Nöhammer et al., 2003). The

performance has so far not been able to match the best of the

conventional refractive lenses, and focal line widths of a few

micrometers (FWHM) are reported.

Recently, it was presented how a Fresnel-like lens can be

built up of a pyramid of identical small parabolic structures by

adding a parabolic correction to the Fresnel version of the

multi-prism lens (Jark et al., 2004). Lenses in SU-8 made by

deep X-ray lithography provided a 2.8 mm focal line width at

8 keV, which is 50% larger than expected from theory.

Imperfections of the lenses gave rise to several diffraction

orders and a limited effective aperture.

This paper presents a more general modification of the

multi-prism lens, which, while preserving the general structure,

transforms the projected lens profile into an approximately

linear shape on which a Fresnel-like pattern is superimposed.

The basic idea of removing chunks of material corresponding

to a phase shift of a multiple of 2� results in a structure shown

schematically in Fig. 1.

The lenses described in this paper differ from those

presented by Jark et al. (2004) in that the columnar shift along

the y-axis can be any fraction of the prism height. If this



fraction is sufficiently small, there is no need for a parabolic

correction since each Fresnel zone is approximated by several

straight-line segments. Furthermore, this makes the extension

of the concept to higher energies and shorter focal lengths

possible, while preserving the feature size of the prisms.

This comes at the expense of a smaller aperture owing to

absorption.

2. Theory

2.1. Projected lens profile

To analyze the lens in a physical optics perspective, we

make a thin-lens approximation and calculate the projected

lens profile, i.e. the integrated thickness of material at a certain

height above the optical axis. Some basic definitions and

geometrical relations are

tan � ¼ 2h=b; ya ¼ Mh; L ¼ Nb; ð1Þ

where M is the number of prisms in the first column and N is

the number of columns. The lens is comprised of approxi-

mately MN prisms. The phase condition is b = q�=� � qL2�,

where q is a positive integer, � is the wavelength and � is the

deviation from unity of the real part of the index of refraction;

n = 1� �þ i�.

The thickness of material in the first column at a lateral

position y can be written as

xðyÞ ¼ mod 2y= tan �; bð Þ; ð2Þ

where modð. . .Þ is the modulus function (remainder after

division). The ith column (starting at 0) is displaced a distance

id � ih=�, where the important lens parameter � is defined as

the ratio of prism height to displacement. The thickness of

material in the ith column is given by

xiðyÞ ¼ xðy� idÞ ¼ mod
2ðy� idÞ

tan �
; b

� �
; ð3Þ

and the total path length is

XðyÞ ¼
Xdivðy;dÞ

i¼ 0

xiðyÞ ¼
Xdivðy;dÞ

i¼ 0

mod
2ðy� idÞ

tan �
; b

� �
: ð4Þ

Let us write y = ð jþ tÞd, where j is an integer and 0 � t< 1.

Then

Xð j; tÞ ¼
Xj

i¼ 0

mod
2d

tan �
ð jþ t � iÞ; b

� �

¼
d

tan �
jð jþ 1Þ þ 2ð jþ 1Þt½ �

� b
Xj

i¼ 0

div
2d

tan �
ðiþ tÞ; b

� �
� X0ð j; tÞ � X 0ð j; tÞ: ð5Þ

Since the second term, X 0ð j; tÞ, in (5) cannot change the phase

of the wave (other than by a multiple of 2�), it will not have

any influence on the focusing, and we can disregard it for now.

2.2. Small-scale variation

The first term, X0ð j; tÞ, in (5) is the usual expression for the

multi-prism lens profile (Cederström, 2002). The deviation

from a parabola with apex in y = �d=2 is

n�Xð j; tÞ ¼ ðd= tan �Þ ð jþ t þ 1=2Þ2 � jð jþ 1Þ � 2ð jþ 1Þt
� �

¼ ðb=2�Þ 1=4þ tðt � 1Þ½ �: ð6Þ

To quantify the influence on the focusing efficiency, we follow

the standard approach for surface roughness (Aristov et al.,

1999), although this is only an approximation for non-Gaus-

sian errors. We subtract the average phase shift and calculate

the root-mean-square deviation (r.m.s.) over the segment,

h�XðtÞit ¼
b

2�

R1
0

ðt2 � t þ 1=6Þ2 dt

� �1=2

¼ L2�

q

2ð301=2Þ�
: ð7Þ

The r.m.s. deviation of the phase will be �’ = �q=ð301=2�Þ
and the intensity in the central peak will be reduced by

a factor (first-order diffraction efficiency) R = expð��2
’Þ ’

exp½�0:33ðq=�Þ2�. The ratio �=q shows how well we approx-

imate a Fresnel lens. As an example, �=q = 2 gives R = 0.92.

The parabolic approximation gives

X0ð jÞ ’
d

tan �
j 2
¼

y2

d tan �
’

y2

2R
; ð8Þ

and [cf. Jark et al. (2004) who derive this for the special case

� = 1]

F ¼ R=� ¼
d tan �

2�
¼

q� tan2 �

4��2
: ð9Þ

2.3. Large-scale profile

The second non-phase-shifting term in (5) can be approxi-

mated by

X 0ð j; tÞ ¼ b
Xj

i¼ 0

divðiþ t; �Þ ¼ b
Xjþ t

i¼ t

divði; �Þ

’
d

tan �
ð jþ tÞ

2
þ jþ t � �ð jþ tÞ

� �
: ð10Þ

Using this approximation, the total profile can be written
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Figure 1
Schematic of one of many possible configurations of the prism array lens
with the important parameters indicated.



Xð j; tÞ ¼ X0ð j; tÞ � X 0ð j; tÞ ¼
d

tan �
t � t2

þ ð jþ tÞ�
� �

: ð11Þ

Neglecting the small oscillating terms t and t2 we finally have

XðyÞ ’
�

tan �
y � Ky: ð12Þ

This shows that the large-scale profile is linear with the coef-

ficient

K ¼
b tan �

4�F
¼

q� tan �

4�2F
: ð13Þ

This approximation can actually be derived from a simple

geometric argument and by realising that half of the triangular

lens is filled with material. We then have K = ð1=2Þðb=dÞ =

�= tan �. For the special case � = 1, this equation is not a good

approximation [see Jark et al. (2004) for the correct expression

for this case]. Projected lens profiles calculated from the exact

expression in (5) and the approximation in (12) are shown in

Fig. 2.

2.4. Transmission, effective aperture and intensity gain

The intensity transmission through the lens is TðyÞ =

expð�kjyj=lÞ, where l is the attenuation length. The effective

aperture, defined as the width of a slit that would transmit an

equal amount of power, is then

DðyaÞ ¼
Rya

�ya

exp �kjyj=lð Þ dy ¼ D1 1� exp �2ya=D1ð Þ
� �

;

ð14Þ

where

D1 ¼ 2l=k ¼
8�2lF

q� tan �
: ð15Þ

As a practical rule of thumb, we could choose ya = D1, which

would give 86% of the transmitted power provided by an

infinitely large lens, while keeping a modest lens size.

Perfect imaging of a Gaussian source of width do at a

distance so from the lens will give a peak intensity gain of

G ¼ 0:94 so=si þ 1ð ÞD=do; ð16Þ

where the distance from the lens to the focal plane, si, is given

by Gauss’ lens formula, 1=F = 1=so þ 1=si. In most synchrotron

geometries we have so � F, in which case a good approx-

imation is G ’ soD=ðdoFÞ.

2.5. Comparison with parabolic refractive lenses

To see how much is to gain theoretically by this design, we

recall that the effective aperture for CRLs and MPLs is given

by DMPL = ð2�Þ1=2�abs, where �abs = ð�lFÞ1=2 is the r.m.s.-width

of the Gaussian aperture (Lengeler et al., 1999; Cederström et

al., 2002). We can form an aperture improvement factor (AIF)

given by

AIF ¼
D1

DMPL

¼ 3:2
�abs

qL2� tan �
: ð17Þ

Apart from the interesting dependence on material properties

and energy, we see that both q and tan � must be minimized in

order to gain as much as possible compared with ordinary

refractive lenses. Fabrication capabilities may, however,

constrain these variables.

2.6. Dependence on material and energy

To study the dependence on energy and lens material, we

use a semi-empirical expression for the cross section as a

function of energy and atomic number,

� ¼ 24:2 Z4:2E�3 þ 0:56Z; ð18Þ

where E is in keV and � is given in barns. The deviation

from published data (Berger et al., 2004) is less than 5% in

the energy range 10–60 keV and for atomic number in the

range 4–14.

Assuming low energy, the second term, corresponding to

Compton scattering, can be neglected,

D /
�2l

�
/
�2E�4��1Z�3:2E3

E�1
¼

�

Z3:2
: ð19Þ

Assuming high energy, the first term, corresponding to

photoabsorption, can be neglected,

D /
�2l

�
/
�2E�4��1

E�1
¼
�

E3
: ð20Þ

We can make a few interesting comparisons with ordinary

refractive lenses:

(i) The material density plays a role, unlike the case for the

MPL;

(ii) The dependence on atomic number is stronger than for

the MPL;

(iii) There is no optimal energy. The aperture (gain) reaches

a plateau for low energies.

2.7. Numerical example

As an example, we take a silicon lens with a focal length of

1 m. For silicon, L2� = 2.56 mm keV�1 E . The effective aper-

ture as a function of energy is shown in Fig. 3. Curves are given

for different values of the prism angle �, which should
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Figure 2
Projected lens profiles for different values of � calculated from equation
(5). Only a small part of the profiles is shown for clarity. The straight
dashed line is the approximation of equation (12).



obviously be kept as small as possible to optimize the

performance. Also included is the effective aperture for a

conventional refractive lens. The result would be significantly

better with a lens material with lower atomic number.

Diamond, for example, would have a 15 times larger effective

aperture than silicon at E = 20 keV and F = 1 m.

3. Manufacturing

Owing to its favorable fabrication capabilities, silicon was

chosen as the material for the first prototype lenses. Lenses

with various prism sizes and angles were fabricated by deep

reactive ion etching of silicon according to the so-called Bosch

process (Laerme et al., 1999). This is a plasma-based cyclic

process with alternating etching and passivation steps, which

can be used to attain microstructures with aspect ratios of up

to 40:1. The process can be tuned for optimization of side-wall

verticality and reduction of side-wall roughness. The proto-

type lenses described in this article were not fully optimized,

but exhibited some remaining surface roughness and under-

etch at prism corners (Fig. 4). The base of the prisms (b) is

40 mm and the height (h) is 10 mm. The etch depth is 70–

100 mm. The mask material, sputtered aluminium, was

patterned using standard UV lithographic techniques with

about 1 mm resolution. This introduced a certain amount of

figure error, as evident from the connected prisms.

Lenses with b = 25 mm and h = 5 mm were also fabricated. In

this case the process was unsuccessful and the columns were

not separated.

4. Measurements

The prototype silicon lenses were tested at the optics

evaluation beamline BM5 at the European Synchrotron

Radiation Facility (ESRF) in May 2003. The lenses were

focusing in the vertical direction and were placed 40 m from

the source with a vertical size of 80 mm FWHM. A FReLoN

X-ray CCD camera with a resolution of 1–2 mm was used for

most measurements, while edge scans using a piezo-controlled

tantalum knife-edge were used for high-resolution beam

profiles.

All measurements presented here are for the lens depicted

in Fig. 4 with design parameters b = 40 mm, h = 10 mm, � = 2,

M = 40, F = 63 cm at E = 15.7 keV. Using � = 1.96 � 10�6 and

l = 0.48 mm, equations (14) and (15) give D1 = 234 mm and

D = 206 mm for a vertical beam size of 0.5 mm. The intensity

gain should be G = 1.6 � 102.

Using the CCD camera, the narrowest focal line was found

for E = 14 keV at a distance of 59 cm from the lens. The lower

energy and shorter focal length are consistent with the

underetch and hence smaller prisms than designed, as can also

be seen in Fig. 4. The intensity map in the focal plane is shown

in Fig. 5. The focal line has a width of 2.8 mm and the peak

intensity gain is 18, i.e. substantially lower than expected from

theory. This can partly be explained by the insufficient reso-

lution of the CCD camera.

Several higher-order maxima appear in the focal plane and

about 40% of the power is in the central peak. The period of

the interference fringes is P = 10 mm or ’ = P=si = 18 mrad in
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Figure 4
SEM image showing a silicon lens made using deep reactive ion etching.
The aluminium etch mask is still present. Underetch and surface
roughness is evident. The parameters for this lens are b = 40 mm, h =
10 mm, � = 2.

Figure 5
Intensity in the focal plane imaged by an X-ray CCD camera. Gain = 18,
FWHM = 2.8 mm. The fraction of power in the central peak is 36%.

Figure 3
Effective aperture as a function of energy for a silicon prism-array lens
with a focal length of 1 m. Three different lens designs are shown. Some
values of � are indicated along the curves. For comparison, the effective
aperture of an ordinary refractive lens is also included.



angular units. This indicates a diffracting structure with peri-

odicity �=’ = 5 mm, which is exactly the columnar displace-

ment d = h=�. In fact, one can see in the SEM image a surplus

of material at the center of the prisms of about 1/6 of the prism

base b. However, in reality it is smaller owing to the underetch.

Nevertheless, this results in out-of-phase contributions from

the outer part of the lens, and only the innermost three to four

rows of prisms contribute positively to the focusing. This could

also be verified experimentally by reducing the beam verti-

cally. This removed the interference peaks without much loss

of central peak intensity.

For two-dimensional focusing using crossed lenses, it is

important that the focal line is straight and regular. In this

respect the results are very encouraging. We can define a line

by the center points of Gaussian distributions fitted to the

central peak for each CCD column independently. Across

60 mm the r.m.s. deviation from a straight line is only 0.04 mm,

which should give a negligible broadening of the focal point

for crossed focusing.

The result from an edge scan of the focal line is shown in

Fig. 6. With the improved resolution, the focal line width is

measured to 1.4 mm, which is close to the theoretical value of

1.1 mm. The peak intensity gain is 39 and the central peak

contains 41% of the power. Here, the energy was adjusted to

13.4 keV and the image was found 54 cm from the lens.

5. Conclusions

It has been shown how a Fresnel-like X-ray lens can be built

up of an array of identical prisms in a triangular arrangement.

If the displacement of prism columns is sufficiently small

compared with the prism height, no parabolic correction is

needed. This design also allows short focal lengths and high

X-ray energy while preserving the feature size of the lens. The

first batch of silicon lenses made by deep reactive ion etching

provided focal line widths down to 1.4 mm, which is only 30%

wider than expected. Fabrication imperfections caused

unwanted diffraction effects and higher-order maxima in the

focal plane, which limited the intensity gain to 39 for planar

focusing. This is likely to be improved with optimized lens

fabrication.
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Figure 6
Intensity in focal plane measured with knife-edge scan. E = 13.4 keV, F =
55 cm, intensity gain = 39, FWHM = 1.4 mm, the fraction of power in the
central peak is 41%.


