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In this paper spontaneous emission of radiation by relativistic electrons in a

gyro-klystron is studied. The scheme consists of two solenoid sections separated

by a dispersive section. In the dispersive section the electrons are made non-

resonant with the radiation. The dispersive section transforms a small change of

the velocity into changes of the phases of the electrons. This leads to enhanced

radiation due to klystron-type modulation as compared with a conventional

gyrotron-type device driven by cyclotron maser interaction. It is shown that the

klystron-modulated spectrum depends on the dispersive field strength, finite

perpendicular velocity component and length of the solenoids but is

independent of the axial magnetic field strength. A simple scheme to design a

gyro-klystron is discussed.

1. Introduction

There exists interest in free-electron lasers (FELs) (Margar-

itondo & Rebernick, 2011; McNeil & Thompson, 2010) and

cyclotron resonance masers (Du & Liu, 2014; Bertolotti, 2015;

Chu, 2004) as tunable light sources producing high-power

coherent radiation over a wide wavelength range. In a FEL

scheme, the relativistic electron beam travels through a

wiggler/undulator field and undergoes transverse oscillations.

The device operates both in amplifier and oscillator mode

either through co-propagating laser light or with mirror. On

the other hand, the relativistic electron beam with initial finite

transverse velocity component travels in an axial magnetic

field emitting coherent radiation via cyclotron resonance

maser interaction. A comparison of both mechanisms has

been discussed by many authors (Chu, 2004; Fruchtman, 1988;

Danly et al., 1992). The undulator is the key component of the

FEL (Couprie, 2014) and has undergone several important

improvements and modifications over the past decades and

finds increasing applications in FELs and inverse free-electron

lasers (IFELs). Studies on two-frequency undulators (Iracane

& Bamas, 1991; Ciocci et al., 1993), bi-harmonic undulators

(Dattoli et al., 2002, 2006; Kong et al., 2000; Gupta & Mishra,

2006), variable-period undulators (Vinokurov et al., 2011) and

RF undulators (Kuzikov et al., 2013) have been reported

extensively in a number of physical configurations to exploit

their novel properties for FEL and IFEL applications. In

recent years there has been increased interest in the optical

klystron undulator free-electron laser (OKFEL) for enhanced

laser gain (Jain & Mishra, 2014; Freund, 2013). The OKFEL

uses two sections of an undulator with a dispersive section in

between. In the first section of the undulator, i.e. the modu-

lator, the electron undergoes transverse oscillations and
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accelerations. The dispersive section is either a three- or four-

section chicane where the electrons experience modulation

without resonant interaction. Without resonant interaction in

the dispersive section, the small changes in the electron

velocity lead to phase modulation and this leads to enhanced

emission of radiation in the second section of the undulator,

called the radiator (Dattoli & Bucci, 2000a,b; Dattoli et al.,

1993; Gehlot & Mishra, 2010; Elleaume, 1986; Kong, 1996).

There have been several studies on the optical klystron

undulator that explain the modelling of the dispersive section

(Boscolo & Colson, 1985; Colson & Fredman, 1983; Gallardo

& Pellegrini, 1990a,b; Thomas et al., 2002; Elleaume, 1983;

Vinokurov & Skrinsky, 1977; Vinokurov, 1977; Artamonov et

al., 1980).

In this paper we reconsider the theory of the optical

klystron undulator to propose a gyro-klystron device where

the two sections of solenoids producing the axial magnetic

field are separated by a dispersive or drift section. The scheme

is similar to an optical klystron undulator where the two

undulator sections are replaced by solenoids. The two solenoid

sections, having equal lengths and equal number of turns, are

separated by a dispersive section. Fig. 1 illustrates the scheme.

The electrons undergo cyclotron resonance oscillations in the

modulator section, i.e. ! � s�c, where �c is the relativistic

cyclotron frequency. The dispersive section is considered as a

section of the solenoid having a higher number of turns in

order to have a large axial magnetic field. The large value of

the axial magnetic field offsets the cyclotron resonance and

allows the electrons to be phase modulated in correspondence

with a change in velocity. In x2 the Lienard–Wiechert potential

is solved and an analytical expression is derived for the gyro-

klystron radiation. The results are discussed in x3. The analysis

describes the spike pattern of the gyro-klystron radiation and

compares it with the optical klystron undulator radiation. In

an optical-klystron undulator the spikes depend on the

number of undulator parameters, the undulator period and the

undulator gap. In contrast, the spikes in the gyro-klystron

depend on the finite perpendicular velocity component, the

length of the solenoid and are independent of the solenoid

magnetic field strength. In both cases the spikes vanish in the

limit D! 0 (D is the dispersive field strength or the length

of the drift section) and spikes become closer with increasing

value of the dispersive field strength. Finally, a practical

scheme is proposed for fabrication of the gyro-klystron with a

discussion on optical klystron undulator radiation.

2. Gyro-klystron and optical klystron undulator
radiation

The brightness is the energy radiated per solid angle per unit

frequency and is evaluated from the Lienard-Wiechert

potential (Jackson, 1962; Brau, 2004; Bosch, 1997),

d2I

d� d!
¼

e2!2

4�2c

Z1

�1

n̂n� n̂n� ~��
� �h i

exp i! t �
n̂n � ~rr

c

� �� �
dt

������
������

2

;

ð1Þ

where e is the electron charge, c is the velocity of light in a

vacuum, ! is the radiation frequency, ~rr is the electron trajec-

tory and n̂n is an observation unit vector. In (1) the integral is

carried from 0 to T where the electrons experience an effec-

tive acceleration, i.e. T = L=c�z. n̂n is the observation unit

vector with components n̂n = ( cos ’, sin ’, 1�  2=2), where

 is the observation angle and ’ is the azimuthal angle. We

assume that the relativistic electron moves in a backward-

propagating circularly polarized electromagnetic wave

combined with an axial magnetic field described by

~BBu ¼ Bu cos kuzþ !utð Þ; sin kuzþ !utð Þ; 0
	 


;

~EEu ¼ ð!=ckuÞBu � sin kuzþ !utð Þ; cos kuzþ !utð Þ; 0
	 


;

~BB ¼ ẑzB0;

ð2Þ

where Bu is the amplitude of the wiggler magnetic field. !u; ku

are the frequency and the wavenumber of the electromagnetic

wave wiggler, and B0 is the axial field. It is assumed that the

axial field starts and ends abruptly on a length L = N�u; �u is

the period of the electromagnetic wave and N is the number of

periods of the wave. The trajectory is provided by the Lorentz

force equation,

d ~��

dt
¼

e

�mc
~��� ~BBu

� �
þ ~��� ẑzB0

� �h i
þ

e~EEu

�mc
: ð3Þ

From (3) we write the equations of motion in transverse and

longitudinal components,

d�x

dt
¼
�eBu!u

�mckuc
sin kuzþ !utð Þ

�
eBu

�mc
�z sin kuzþ !utð Þ þ �y�c;

d�y

dt
¼

eBu�z

�mckuc
cos kuzþ !utð Þ

þ
eBu

�mc

!u

kuc
cos kuzþ !utð Þ � �x�c;

d�z

dt
¼

eBu�x

�mckuc
sin kuzþ !utð Þ

�
eBu�y

�mc
cos kuzþ !utð Þ;

ð4Þ

where �c = eB0=�mc is the relativistic cyclotron frequency.

The transverse equations in (4) can be now analytically solved

from the initial condition that d�z=dt = 0. The electron
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Figure 1
Conceptual design of a three-section gyro-klystron device.



transverse velocities from (4) are solved with a set of

prescribed initial condition as

�x ¼
Kc

�
cosð�tÞ þ �x 0ð Þ �

Kc

�

� �
cosð�ctÞ;

�y ¼
Kc

�
sinð�tÞ � �y 0ð Þ �

Kc

�

� �
sinð�ctÞ:

ð5Þ

The modified undulator parameter is defined as

Kc ¼
eBu

mc2ku

1

1þ b

� �
; b ¼

�c

�

� �
; � ¼ !u þ kuvz;

where vz is the electron longitudinal velocity, we assume

�x 0ð Þ = �yð0Þ = �?, and rewrite the transverse velocity

components as

�x ¼
Kc

�
cosð�tÞ þ A cosð�ctÞ;

�y ¼
Kc

�
sinð�tÞ � A sinð�ctÞ;

�z ¼ �
� þ

KcA

�
cos ð�þ�cÞt
	 


;

ð6Þ

where A = �? � Kc=�, �� = 1� ð1=2�2Þð1þ K2
c þ �

2A2Þ. A

further integration of (6) provides the electron trajectories as

x ¼
Kc

��
sin �tð Þ þ

A

�c

sin �ctð Þ;

y ¼
�Kc

��
cos �tð Þ þ

A

�c

cos �ctð Þ

z ¼ ��ct þ
cKcA

�ð�þ�cÞ
sin ð�þ�cÞt
	 


:

ð7Þ

The scalar product n̂n � ~rr in equation (1) on-axis reads as

n̂n � ~rr
��
 ¼0
¼ ��ct þ

KcA

�ð�þ�cÞ
sin ð�þ�cÞt
	 


: ð8Þ

The cross product in equation (1) is evaluated on-axis as

n̂n� n̂n� ~��
� �h i

j
¼ ��j;  ¼ 0; j ¼ x; y: ð9Þ

Equations (8) and (9) can be combined to evaluate the

exponential term as

exp i! t �
n̂n � ~rr

c

� �� �
¼

X1
m¼�1

exp
i!

!1

� im �þ�cð Þ

� �
t

� �
Jm �ð Þ;

ð10Þ

where � = !KcA=½�ð�þ�cÞ�, !1 = 2�2=ð1þ K2
c þ �

2A2Þ and

Jm �ð Þ is the cylindrical Bessel function of the first kind of the

mth order. We now define the intensity components of the

radiation spectrum as

T j ¼

Z1

�1

n̂n� n̂n� ~��
� �h i

j
exp i! t �

n̂n � ~rr

c

� �� �
dt; j ¼ x; y:

ð11Þ

Equations (9) and (10) can be used now to solve equation (11).

In (11), the limits of the integral for a klystron-type device can

be written as

Z1

�1

dt . . .ð Þ ¼

ZT

0

dt . . .ð Þ þ

ZT 2þDð Þ

T 1þDð Þ

dt . . .ð Þ: ð12Þ

T = L=c, where L is the length of the solenoid for the gyro-

klystron; L = N�u for the optical klystron undulator where �u

is the wavelength of the electromagnetic wave wiggler. We

consider the interaction in a klystron field configuration with a

dispersive section ‘D’ in between the two sections, where D =

Ld=L is the dimensionless parameter of the dispersive section,

Ld is the length of the dispersive section and L is the length of

two modulator/radiator sections. The energy radiated per unit

solid angle and per unit frequency interval can now be written

as

d2I

d! d�
¼

e2!2T2

4�2c
Txj j

2
þ Tyj j

2
	 


; ð13Þ

where
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A

2
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�
A

2�
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Kc

2�
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� �
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Kc

2i�
Jm �ð Þ þ

A

2i
Jm�1 �ð Þ

� �
H2

þ
A

2i�
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2i�
Jm�1 �ð Þ

� �
H1:

ð14Þ

In (14), H1 and H2 are the line-shape integrals where

H1

�� ��2 ¼ T2 sin2 �1T=2ð Þ

�1T=2ð Þ
2

h
2þ 2 cos�1Tð1þDÞ

i
;

�1 ¼
!

!1

� m� 1ð Þ�c �m�

� �
;

H2

�� ��2 ¼ T2 sin2 �2T=2ð Þ

�2T=2ð Þ
2

h
2þ 2 cos�2Tð1þDÞ

i
;

�2 ¼
!

!1

� m� 1ð Þ��m�c

� �
:

ð15Þ

3. Results and discussion

In this paper we have discussed spontaneous emission of

radiation of relativistic electrons in a field configuration that

consists of an electromagnetic wiggler and an axial magnetic

field. The electron motion has been discussed and an analy-

tical expression has been derived from the Lienard–Wiechert

potential in the far-field limit. In the case where Kc = 0 (in the

absence of the electromagnetic wiggler) the scheme is the

gyro-klystron device where two solenoid sections are sepa-

rated by a dispersive section. The scheme with a three-section

dispersive region is illustrated in Fig. 1. In this scheme we

derive the Lienard–Wiechert potential expression from

equation (14) and obtain
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Tx
¼

�?
2

Jm�1 0ð Þ

� �
H2 �

�?
2�

Jm 0ð Þ

� �
H1;

Ty
¼�

�?
2i

Jm�1 0ð Þ

� �
H2 þ

�?
2i

Jm 0ð Þ

� �
H1:

ð16Þ

There is fundamental emission of radiation corresponding to

m = 1 and we obtain

Tx ¼
�?
2

Jm�1 0ð Þ

� �
H2;

Ty
¼ �

�?
2i

Jm�1 0ð Þ

� �
H2; �2 ¼

!

!1

��c

� �
:

ð17Þ

In Fig. 2 we plot the intensity from the gyro-klystron

radiation with finite perpendicular velocity component as the

parameter, i.e. �? = 0.10, 0.08, 0.06. The other parameters are

� = 10, L = 50 cm, D = 2 and B = 10 kG. In the first solenoid

section the electrons execute larmor motion with larmor orbit

given by rL = c�?=!c. As the electron enters the dispersive

region (D section) the axial magnetic field is increased to

detune the resonant interaction. This enables the electron to

increase its c�? values so that the larmor orbit (c�?=!c) and

the magnetic moment (mc2� 2
?=2B0) of the electron remain

constant. The magnetic moment is a constant of motion in a

slowly varying magnetic field. As a consequence the electron

longitudinal velocity becomes modulated as the total electron

energy (mc2� 2
?=2 + mc2� 2

k =2Þ is constant. The electron long-

itudinal velocity modulation introduces phase modulation

analogous to an optical-klystron undulator scheme. The

electron possessing a higher initial perpendicular velocity

component offers more intensity than the electron possessing

lower perpendicular velocity due to azimuthal bunching

inherent to a gyro-device. In Fig. 3 the spectral properties of

the gyro-klystron radiation are clarified with beam energy as

the parameter. The radiation is maximum at �?� � 1. The full

width at half-maximum is another important spectral property.

For the gyro-klystron it is easy to see that

ð�!ÞFWHM ¼ 	1:3916
4�2

1þ �2� 2
?

� �
c�z

L
: ð18Þ

In Fig. 4 the intensity is plotted for several values of the

dispersive field strengths (D values). Similar to optical-

klystron undulator radiation, the gyro-klystron radiation is

characterized by spikes in the radiation spectrum. The spikes

occur at zeros of the modulating cosine function in

equation (15),

!� !0 ¼ 	
n�

2

4�2

1þ �2� 2
?

c�z

Lð1þDÞ

� �
: ð19Þ

!0 is the central peak of the radiation and n is the zeros of the

cosine function. For increasing values of the dispersive field

strengths, micro-bunching increases, increasing the number of

spikes. The peak intensity versus perpendicular velocity is

plotted in Fig. 5 for several values of D. The D values are

varied from D = 2 to D = 6. The plots give an important insight

that the peak intensity occurs at �?� � 1 irrespective of the

increased D values. The frequency widths of the spikes versus

D are analyzed in Fig. 6. For lower �? values the frequency

widths between spikes are wider than for the beams with

research papers

J. Synchrotron Rad. (2016). 23, 430–435 Bramha Prakash et al. � Gyro-klystron and optical-klystron undulator 433

Figure 2
Gyro-klystron radiation versus frequency.

Figure 3
Peak intensity versus perpendicular velocity.

Figure 4
Gyro-klystron spectrum.



higher �?. Higher �? values give stronger micro-bunching due

to klystron-type interactions which are further enhanced for

higher D values. In the case of the electromagnetic wiggler

pumped optical-klystron, the intensity reads, from equation

(14), as

Tx
¼ �

K

2�
Jm 0ð Þ

� �
H2 �

K

2�
Jm�1 0ð Þ

� �
H1;

Ty ¼ �
K

2i�
Jm 0ð Þ

� �
H2 þ

K

2i�
Jm�1 0ð Þ

� �
H1:

ð20Þ

There is fundamental emission of radiation corresponding to

m = 1 and we obtain

Tx
¼ �

K

2�
Jm�1 0ð Þ

� �
H1

Ty ¼
K

2i�
Jm�1 0ð Þ

� �
H1; �1 ¼

!

!1

��

� �
:

ð21Þ

The optical-klystron undulator radiation characteristics can be

obtained from gyro-klystron expressions when we use K=� =

�?, L = N�u and �z = 1.

In conclusion, this paper has put forward a conceptual

design structure of a gyro-klystron device. A simple analytical

expression of the Lienard–Wiechert potential expression is

derived and several characteristics of the gyro-klystron

radiation have been analyzed and discussed. The fabrication

of the gyro-klystron can be made from knowledge of the axial

magnetic field in a solenoid, given by B Tð Þ = �r�0NI=l, where

�r is the relative permittivity, I is the current in the wire in

amperes, �0 is the free-space permittivity and is given by �0 =

4�� 10�7T �m=A, l is the length, N is the number of turns

and N=l is the turn density. There is no dependence on the

diameter of the solenoid. The field inside the solenoid does

not depend on the position inside the solenoid, i.e. the field at

any longitudinal position is constant. These facts can be used

to fabricate the solenoid for the gyro-klystron. A scheme of

the three-chicane dispersive section is shown in Fig. 1. A

simple scheme is to keep the applied current constant while

varying the number of turns to increase the magnetic field in

the dispersive section. Alternately the dispersive section can

be an independent unit. For, example if we consider I = 50 A,

N = 16, l = 0.5 m and �r = 200 (iron), we obtain B = 0.4 T. If the

number of turns in the dispersive section is increased to N =

80, we obtain B = 2 T. A second option would be to fabricate

the dispersive section with mu-material whose relative

permittivity is several times higher than that of iron. The

analytical results are obtained from the far-field expression of

the Lienard–Wiechert potential in equation (1). In the far-field

limit the acceleration fields are large compared with the

velocity fields and are retained in the expression for the

Lienard–Wiechert potential (Jackson, 1962; Brau, 2004;

Bosch, 1997). The validity of the far-field expression has been

examined in detail by Bosch (1997). For example, in this paper

we have considered an electron beam kinetic energy of � = 10.

For a magnetic field of B0 = 10 kG = 1.0 T and using fc =

28 GHz T�1 and wavelength of radiation 1.07 mm, the appli-

cation of the far-field approximation requires R 
 ��2. This

gives R 
 107 mm (Bosch, 1997).
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