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The magnetic design of a ten-period (each period 14 mm) prototype super-

conducting undulator is reported using RADIA. The results of modelling the

magnetic flux density are presented in an analytical formula. The dependence of

the field integrals and phase error on the current density and undulator gap has

been calculated, and temperature curves are determined for the models and are

compared with earlier reported Moser–Rossmanith fits.

1. Introduction

In recent years there has been increasing interest in super-

conducting undulator technology for synchrotron radiation

and free-electron lasers applications (Kim et al., 2003;

Trakhtenberg et al., 2010; Ivanyushenkov et al., 2012, 2014,

2015; Dietderich et al., 2007; Hezel et al., 1999; Boffo et al.,

2010; Hwang et al., 2006; Moser & Rossmanith, 2002; Grau et

al., 2010, 2011; Mashkina et al., 2008a,b; Kostka et al., 2004).

Superconducting undulator yields have shown improved

performance over normal conducting electromagnetic

wigglers and permanent magnet undulators. Superconducting

undulators are built using coils wound with superconducting

commercially available NbTi or Nb3Sn wires, which are cooled

down to cryogenic temperatures typically between 1.8 K and

6 K. In this temperature range they produce stronger magnetic

fields due to their ability to carry larger current densities

without electrical losses. Higher magnetic flux density in

superconducting undulators allows the reduction in undulator

length, which is often desired for table-top compact new

generation free-electron laser facilities. A short period and

simpler K tuning through current in the coils are further

attractive features in comparison with the massive adjustable

gap and adjustable phase for pure permanent magnet and

hybrid undulators. Over the years interest and efforts have

grown, with several superconducting undulators built and

operated successfully at 4.2 K. The superconducting undulator

technology has been effectively implemented in the design of

transverse-gradient undulators and superconducting undula-

tors with variable polarizations (Afonso Rodriguez et al., 2013;

Emma et al., 2014; Chen et al., 2009, 2010).

In this paper we report the design of a 14 mm-period

superconducting undulator at the Insertion Device Develop-

ment Laboratory, DAVV, Indore, India. The field computa-

tions are performed using RADIA (Wallén et al., 2005; Wallén,

2002). The RADIA results are presented in analytical form for

magnetic flux density computations on-axis and on the surface

of the coil. In x2, the mechanical design of the superconducting

undulator is presented with rectangular cross-sectional wire.
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The performance of the superconducting undulator through

the field integrals and the phase error from the RADIA model

are presented in x3 and x4. The present analytical fit is

analyzed for the superconducting undulator for a wide range

of current densities and undulator gaps. A brief discussion

of the model in terms of field integrals, phase error and

temperature curves is presented in x5.

2. Superconducting magnetic design layout

Commercial NbTi wires with a cross section of 1 mm� 0.5 mm

including insulation are used for fabrication of the 14 mm-

period superconducting undulator (SCU). The undulators are

composed of racetrack coils connected in series and wound on

two ferromagnetic poles made of carbon steel.

The SCU consists of 26 poles and 25 coils which are

numbered from 1 to 51. Fig. 1 shows a longitudinal view of the

pole–coils of the superconducting undulator. The regular pole

is 2 mm in length (beam direction), 40 mm in width (undu-

lating direction) and 8 mm in height (vertical direction). The

regular coil length with five turns is 5 mm (5 turns � 1 mm)

and the coil height with 16 layers is 8 mm (16 layers �

0.5 mm). The undulator begins with a pole and follows a pole–

coil–pole arrangement numbered from 1 to 51, ending with

a pole in an asymmetric field configuration. The end field

configuration in the scheme is 1 :3/4 :1/4. The end poles–coils

are numbered 1–2–3–4 at the left end and 48–49–50–51 at the

right end. The poles–coils numbered from 5 to 47 are regular

in size. End pole 1 is 1.6 mm in length and pole 3 is 1.96 mm in

length. The coils numbered 3 and 4 are 5 mm in length. Poles 1

and 3 are 2 mm (1/4) and 6 mm (3/4) in height, respectively.

Coil 2 is 2 mm in height (0.5 mm � 4) and coil 4 is 6 mm in

height (0.5 mm � 12). The total length of the magnetic

structure {22 regular poles = 44 mm, 21 coils = 105 mm, end

design = 2 � 13.56 mm [2 � (1.6 mm + 5 mm + 1.96 mm +

5 mm)]} is 176.12 mm. Fig. 2 presents a longitudinal view of

the complete superconducting undulator pole–core assembly.

3. Field integrals

The important quantities for quality undulators are its field

integrals. The field integrals are calculated directly from the

magnetic field mapping. The integrals defined through

I1 ¼
Rz
0

Byð�Þ d�; I2 ¼
Rz
0

I1ð�Þ d� ð1Þ

are called the first and second field integrals, respectively.

These integrals are proportional to the angular position and

displacement of the electron beam at the undulator exit. The

above equations, when multiplied by �e/(�mc), give the

angular and trajectory offset. Setting �e/mc = 565 T�1 m�1

and � = 1957E (GeV), we obtain

�e

�mc
¼

0:298

E ½GeV�
T�1 m�1
� �

: ð2Þ

The dimensions of the poles and coils are used in RADIA to

estimate the performance of the proto-SCU. The magnetic flux

density at a gap of 3–11 mm is plotted in Fig. 3 for a current

density of 800 A mm �2. The analysis predicts a field of >1 T

for a 5 mm gap. The first field integral and the second field

integral versus gap and current density have been evaluated

and are plotted in Figs. 4 and 5. In Figs. 6–8 the gap is held at

5 mm and the current density is varied from 600 to

1400 A mm�2.

The results in Figs. 3 and 6 are compiled in Fig. 9 to estimate

the magnetic flux density versus gap for different current

densities. Fig. 10 plots the magnetic flux density versus current
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Figure 1
Cross section of the pole–coil of the SCU.

Figure 2
Longitudinal view of the SCU with end termination.

Figure 3
Magnetic flux density versus longitudinal position.



density at various gaps. The magnetic flux density at the

surface of the coil is shown in Figs. 11 and 12 for different gaps

at different current densities.

The field integrals versus current density are plotted in

Fig. 13 at gaps of 3 to 11 mm. The field integrals show a

maximum value in the 825–950 A mm�2 range with decreasing

values at wider gaps. The gap dependence of the field integrals

(Tischer & Pflueger, 2000) in permanent magnet undulators

often describe a bump pattern. The field integral is maximum

at a particular gap and decreases at other gaps. The present

SCU model shares this important analogy with the permanent

undulator. The left-hand axis of the plot corresponds to the

value of the first field integral; the right-hand axis corresponds

to second field integral values. The field integral values are

taken at a longitudinal point close to the structure (z =

195 mm). The first field integral shows a dip at �850 A mm�2.

Increasing the current density beyond this point, the magnetic

flux density increases, while decreasing the current density

from this value results in the magnetic flux density decreasing.

The sudden dip at 850 A mm�2 corresponds to imperfect

magnetic flux density with unequal slopes and to a mismatch

end design. By decreasing the gap between the coils the

magnetic flux density decreases; the slope flattens causing the

dip to flatten. The results show minimum first field integrals of

0.01414 T mm (5 mm gap) and 0.00417 T mm (8 mm gap) at

�1000 A mm�2. This corresponds to 1.68 mrad and 0.5 mrad at

5 mm and 8 mm gaps, respectively. The second field integral

shows minimum values of 10.8 mm and 10.25 mm at 5 mm and

8 mm gaps, respectively. Both calculations were carried out at

a beam energy of 2.5 GeV.
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Figure 7
Second field integral for different current densities for a 5 mm gap.

Figure 8
Magnetic flux density versus longitudinal position at several current
densities.

Figure 6
First field integral with different current densities for a 5 mm gap.Figure 4

First field integral for different gaps at a current density of 800 A mm�2.

Figure 5
Second field integral for different gaps at a current density of
800 A mm�2.



4. Phase error

The phase errors (Diviacco & Walker, 1996; Bilani et al., 2014;

Chunjarean et al., 2011) estimate the overall impact of the

undulator on the electron beam and are the most useful

parameters for undulator selection and optimization for its

implementation in a free-electron laser. It can be derived from

the phase slip between an electron and light wave. The elec-

tron longitudinal velocity is given by

1

uz

¼
1

c
1þ

1

2�2
þ
� 2

z

2

dx

dz

� �2
" #

: ð3Þ

The slip between the electron and light wave is given by

s(z) = c�t, where

�t ¼

Zz

0

1

uz

�
1

c

� �
d�: ð4Þ

Equation (4) is solved with the aid of equation (3) as follows,

sðzÞ ¼
1

2�2
zþ

e2

m2c2
JðzÞ

� �
; JðzÞ ¼

Rz
0

I 2
1 ð�Þ d�: ð5Þ

The phase difference between the photon and the electron,

i.e. �’(z) in radians, is defined as the difference between s(z)

(in units of �) and z (in units of �u),

�’ðzÞ ¼ 2�
sðzÞ

�
�

z

�u

� �
: ð6Þ
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Figure 9
Magnetic flux density versus gap at different current densities.

Figure 11
Magnetic flux density versus gap at the surface of the coil.

Figure 10
Magnetic flux density versus current density at different gaps.

Figure 13
First and second field integrals versus current density.

Figure 12
Magnetic flux density versus current density at the surface of the coil.



Equation (6) is used to evaluate the phase error. The phase

error is related to magnetic field errors along the length of the

undulator. Field variations up to 0.02 T are observed in the

design and are likely to yield large phase errors. The plot in

Fig. 14 shows calculated phase errors associated with the

designed SCU at different current densities at a gap of 5 mm.

The RMS phase error is around 21� at 5 mm gap at

1000 A mm�2 and decreases to 7� at 8 mm gap at the same

current density. The important effects of the gap dependence

of the RMS phase error are shown in Figs. 15 and 16 for three

different current densities. To achieve a decrease in the phase

error in the SCU design one needs to increase the operating

gap of the device. The phase error remains at 7� for gaps from

8 mm to 12 mm.

5. Results and discussion

The design details and magnetic performance of a proposed

proto-SCU structure have been discussed. The code RADIA

has been used extensively for the estimated performance of

the proposed device. The calculations were carried out with

�u = 14 mm and a pole length of 2 mm. The magnetic flux

density of a hybrid undulator is specified by BaxisðTÞ =

aðBrÞ exp½�bðBrÞgþ cðBrÞg
2�, where the coefficients a, b, c are

fixed by the material used in the fabrication of the hybrid

structure and Br is the remanent field of the undulator

magnets (Jia et al., 2004). In analogy with the above formula,

Figs. 9 and 10 provide an analytical estimate of the magnetic

flux density as

BaxisðTÞ ¼ aðJeÞ exp �bðJeÞ gþ cðJeÞ g
2

� �
; ð7Þ

where

aðJeÞ ¼ 2:018þ 0:0031Je;

bðJeÞ ¼ 0:24731 þ 0:10436 expð�0:0012 JeÞ;

cðJeÞ ¼ 0:00142 þ 0:00682 expð�0:0012 JeÞ:

In the above formulae, the units for g are mm and those for

current density (Je) are A mm�2. Moser & Rossmanith (2002)

reported an empirical fit using the code SRW (developed by

ESRF) to calculate the magnetic flux density from an analy-

tical formula for the superconducting structure. The model

compared the results with the field obtained from a pure

permanent magnet undulator. The present empirical formula

is compared with the Moser formula and the results are

discussed in detail by Gehlot et al. (2017) for the range of

current densities and undulator gaps of interest. The RADIA

results for the magnetic flux density on the surface of the coil

in Figs. 11 and 12 can be set through an empirical fit as

BcoilðTÞ ¼ A1ðJeÞ þ A2ðJeÞ exp �BðJeÞ g
� �

; ð8Þ

where

A1ðJeÞ ¼ 1:02017 þ 0:00155 Je;

A2ðJeÞ ¼ 0:93484 þ 0:00155 Je;

BðJeÞ ¼ 0:4807þ 0:12691 expð�0:0015 JeÞ:
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Figure 16
RMS phase error versus gap at different current densities.

Figure 14
Phase error at a gap of 5 mm. Figure 15

RMS phase error versus current density at 5 mm and 8 mm gaps.



The operating temperature range and the load curves of the

proposed device are analyzed in Fig. 17. The load lines are

drawn from the Gehlot et al. (2017) fit; the temperature curves

are drawn from the Bottura equations. The load lines in Fig. 18

are drawn from the Moser–Rossmanith fit formula. Fig. 19

compares the effects from both fits. The difference in the

magnetic flux density and the operating current density of

both fits are investigated in the temperature range from 3 to

6 K. At a temperature of 4.2 K, the difference flux densities

are 0.36 T (4 mm gap) and 0.05 T (5 mm gap). The respective

difference in operating current density is 136 A mm�2 (4 mm)

and 30 A mm�2 (5 mm).
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Figure 17
Current density versus magnetic flux density from RADIA calculations.

Figure 18
Current density versus magnetic flux density from the Moser formula.

Figure 19
Difference in magnetic field and current density versus temperature.
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