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A phase-merging enhanced harmonic generation free-electron laser (FEL) was
proposed to increase the harmonic conversion efficiency of seeded FELs and
promote the radiation wavelength towards the X-ray spectral region. However,
this requires a specially designed transverse gradient undulator (TGU) as the
modulator to couple the transverse and longitudinal phase space of the electron
beam. In this paper, the generation of the phase-merging effect is explored using
the natural field gradient of a normal planar undulator. In this method, a vertical
dispersion on the electron beam is introduced and then the dispersed beam
travels through a normal modulator in a vertical off-axis orbit where the vertical
field gradient is selected properly in terms of the vertical dispersion strength and
modulation amplitude. The phase-merging effect will be generated after passing
through the dispersive chicane. Theoretical analysis and numerical simulations
for a seeded soft X-ray FEL based on parameters of the Shanghai Soft X-ray
FEL project are presented. Compared with a TGU modulator, using the natural
gradient of a normal planar modulator has the distinct advantage that the
gradient can be conveniently tuned in quite a large range by adjusting the beam
orbit offset.

1. Introduction

X-ray free-electron lasers (FELs) based on the self-amplified
spontaneous emission (SASE) mode (Bonifacio et al., 1984)
have been successfully operated (Ackermann et al., 2007,
Emma et al., 2010; Ishikawa et al., 2012), enabling the simul-
taneous probe of both the ultrasmall and the ultrafast worlds
(Gaffney & Chapman, 2007). However, due to starting from
initial shot noise in the beam, the SASE radiation has a rather
poor temporal coherence and suffers from shot-to-shot fluc-
tuations. Great efforts have been made to achieve full
coherent X-ray pulses. Derivatives of SASE, including self-
seeding (Feldhaus ef al., 1997; Saldin et al., 2001; Amann et al.,
2012), improved SASE (Wu et al, 2013), purified SASE
(Xiang et al., 2013), SASE with chirped beam and tapered
undulator (Giannessi et al., 2011) and high-brightness SASE
(McNeil et al., 2013) have been proposed and some have been
experimentally demonstrated.

On the other hand, externally seeded harmonic generation
FELs provide a complementary way for producing fully
coherent pulses, but become challenging when the radiation
wavelength is in the sub-nanometer region. The most basic
scheme is called the high-gain harmonic generation (HGHG)
(Yu, 1991), which can generate radiation at high harmonics of
the seed laser frequency. Generally, the output properties of
HGHG is a direct map of the seed laser’s attributes. However,
the frequency up-conversion efficiency limits the harmonic
conversion number in a single-stage HGHG, which prevents
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it working in the short-wavelength region. Therefore, the
cascaded HGHG scheme has been proposed and experimen-
tally demonstrated for short-wavelength production (Wu &
Yu, 2001; Liu et al., 2013; Allaria et al., 2015). However, this
leads to a rather complicated overall design.

In the past decade, several novel methods that can signifi-
cantly enhance the frequency up-conversion efficiency in a
single stage and promote the radiation wavelength towards
the X-ray region have been developed; for instance, two-
modulator schemes (Allaria & De Ninno, 2007; Jia, 2008) and
echo-enabled harmonic generation (Stupakov, 2009; Hemsing
et al., 2016). More recently, following the applications of
transverse gradient undulators (TGUs) in compact X-FELs
based on a laser-plasma accelerator (Huang et al, 2012),
phase-merging enhanced harmonic generation (PEHG)
(Deng & Feng, 2013; Feng et al., 2014a) has been proposed for
ultra-high harmonic generation by using a TGU modulator in
conjunction with a transversely dispersed electron beam.
Analytical and numerical investigations have demonstrated
the potential of generating ultrahigh harmonic radiation with
a relatively small energy modulation in a single-stage PEHG.
For this new technique, generating the phase-merging effect is
the key point. Using a wavefront tilted seed laser (Feng et al.,
2014b) and using specially designed transport matrices of a
modified dogleg and a modified chicane (Li et al., 2017) to
achieve the phase-merging effect were also proposed.

In this paper we propose a simple method for implementing
a PEHG FEL with the natural transverse gradient of a normal
undulator, as illustrated in Fig. 1. In this method the electron
beam passes through the normal modulator in an offset orbit
with respect to the magnetic center of the modulator, and the
electron beam will experience the natural gradient. We give a
description of our technique in the following section. Then, in
§3, simulation results for generating the 30th harmonic in a
single stage are presented and discussed. A summary is given
in the final section.

2. Methods
2.1. Natural transverse gradient of a normal planar undulator

For a normal planar undulator with a vertical magnetic field,
the peak field B, along the vertical direction can be given as
(Halbach, 1980)

B, = B, cosh(k, y), 1)

where B, is the peak field on the center axis of the undulator
and k, =27 /A, is the wavenumber with A, being the undulator
period. With the relation K = 93.4B,A,, the undulator
strength parameter K along the vertical coordinate can be
described as

K(y) = K, cosh(k, ). )

Here, K, means the undulator strength on the center axis of
the undulator.
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Figure 1
Illustration for using the natural transverse gradient of a normal planar
modulator to implement a PEHG FEL. DS = dispersive section.

Considering an off-axis orbit of y = y_ (see Fig. 1), for a
small range around this orbit, the natural vertical gradient o,
can be deduced as (Jia & Li, 2017)

AK/K(y.)
q = o2V

~ 2
y Ay = ku tanh(ku yc) - ku Ve- (3)

The approximation of the last step in the above equation is
due to k, y. < 1.

Take the modulator in the original PEHG FEL as an
example. The modulator period is 80 mm. Fig. 2 shows the
variation of the normalized undulator K parameter along the
vertical coordinate and an example of linearly differential
approximation at the working point of y = y..

Usually a TGU is technically accomplished by canting the
magnetic poles, i.e. varying the undulator gap transversely,
resulting in a transversely linearly tapered field (Baxevanis et
al.,2015; Li et al., 2016). Other possible TGU geometries have
also been discussed (Fuchert et al., 2012; Afonso Rodriguez et
al., 2011). Since the canting angle of the existing TGU is fixed,
the transverse field gradient is almost fixed. It may be tuned
in a small range when the magnetic pole gap varies (Li ef al.,
2016).

However, for the natural gradient of a normal planar
undulator, from equation (3) we can see that it is dependent
on the vertical position of the electron beam center, but
independent of the magnetic pole gap. Therefore, by adjusting
the orbit offset of the electron beam the natural vertical
gradient can be adjusted. Actually, controlling the top and
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Figure 2

Variation of the normalized undulator K parameter along the vertical
coordinate (solid red) and the linearly differential approximation at the
working point of y = y, (dashed blue). The undulator period is 80 mm.

J. Synchrotron Rad. (2017). 24, 906-911

Zhao, Li and Jia -

907

Phase-merging enhanced harmonic generation FEL



research papers

bottom magnetic poles moving independently is a flexible way
to obtain the object orbit offset. Normally, the top and bottom
magnetic poles of a planar undulator move synchronously to
make the magnetic center stable. However, it is not difficult to
modify the control program of the modulator to make the top
and bottom magnetic poles move independently. In this case,
one can easily adjust the K value and the field gradient at the
offset orbit while the absolute position of the beam orbit does
not change. The solution of the movement of the top and
bottom magnetic poles can be calculated from equations (2)
and (3). Typically the undulator period is a few centimeters;
thus for an off-axis beam orbit of a few millimeters the vertical
gradient can reach several hundred per meter. This is a distinct
feature compared with a usual transversely tapered TGU.

2.2. PEHG FEL with a normal planar undulator

As the basic physics of PEHG FELs has been analyzed and
discussed in detail elsewhere (Feng et al., 2014a), here we just
give a brief description of the working principle and optimi-
zation method of a PEHG FEL with a normal modulator.

Since we use the natural transverse gradient in the vertical
direction, the electron beam should be firstly dispersed
vertically via a dogleg. Then the dispersed beam passes
through the normal modulator with an off-axis orbit to
experience the natural vertical field gradient. After a short
dispersive section, the phase-merging effect is generated in the
phase space of the electron beam. In the original PEHG FEL,
to maximize the bunching factor at the nth harmonic, the
optimized relation between the transverse dispersion strength
n and the transverse gradient « is given as

4y (n + 0.81}11/3)

4
nAkL,Kjo, “

on =

Here, y is the Lorentz factor of the electron, o, is the initial
r.m.s. energy spread of the electron beam, A = Ay,,/o,, is the
modulation amplitude with Ay, being the maximum modu-
lation, k, is the wavenumber of the seed laser, and L, is the
length of the modulator. One implied condition of equation
(4) that optimizes the relation between the modulation
amplitude and the chicane dispersion is

AB = (n+0.81n'7) /n, ®)

where B = kR50,/y and Ry is the transfer matrix element of
the chicane.

Combining the result with equation (3), we obtain the key
relation of our method,

4y’ (n 4 0.81n'7)

AR IS 6
nAkL kiKlo, ©

Yl =

where K, means the normalized undulator strength at the off-
axis orbit of y = y..

On this condition, when we minimize the effect of the initial
vertical beam size by adopting a large A and n, or a small
vertical size o,, the maximal bunching factor of the nth
harmonic will approach

b, = 0.67/n'". (7)

The above equation also can be found in the work of Feng et
al. (2014a) as the maximum theoretical bunching factor of the
original PEHG scheme. Obviously the proposed scheme also
can achieve the same maximum bunching factor in theory.

3. Simulations

To validate the feasibility and show the optimization method
of the proposed scheme, steady-state simulations were carried
out using the code Genesis (version 1.3) (Reiche, 1999), which
has already included the vertical field gradient. The initial
bunch parameters based on the Shanghai Soft X-ray FEL
project (SXFEL) (Zhao et al., 2011) were taken as a repre-
sentative example. The SXFEL electron beam has the
following properties: beam energy of 840 MeV, slice energy
spread of 100 keV, peak current of 600 A, normalized trans-
verse emittance of 1.0 mm mrad.

The SXFEL aims to generate an 8.8 nm FEL from a 264 nm
conventional seed laser through a two-stage cascaded HGHG.
Here we consider generating the 8.8 nm FEL directly from a
264 nm seed laser in a one-stage PEHG FEL. Based on the
results and conclusions of Feng et al. (2014a), a moderate
modulation with amplitude A = 6 is introduced in the normal
planar modulator, which consists of 12 periods with period
length 80 mm. The undulator strength resonant at 264 nm is
about K = 5.8. In this case, to maximize the bunching factor of
the 30th harmonic, according to equation (5), we obtain y 1 =
0.004. Considering that the dispersion-induced beam size
should not be too large to ensure a high enough FEL gain in
the radiator, the maximum vertical dispersion should not be
larger than 1 m. Thus, the vertical orbit offset is selected to be
Y. = 5 mm and, as a consequence, = 0.8 m.

Fig. 3 shows the longitudinal phase spaces of the PEHG
with natural transverse gradient (NTG) at the exit of the
modulator and chicane. The phase spaces of the conventional
HGHG with the same energy modulation amplitude are also
plotted for comparison. The corresponding bunching factor at
the entrance to the radiator is given in Fig. 4. Obviously a
phase-merging effect is generated in the longitudinal phase
space of the PEHG with a normal modulator, which is almost
the same as the PEHG with the TGU modulator. The phase-
merging effect leads to a greatly enhanced bunching factor
compared with the standard HGHG, as shown in Fig. 4. The
bunching factor is still over 7% at the 30th harmonic for the
proposed scheme. However, such a bunching factor is lower
than the theoretical prediction of the maximal bunching factor
given by equation (7). This is mainly because of the accumu-
lation of phase error through the modulator due to the beam
energy spread. A more detailed discussion can be found in our
previous work on the PEHG with modified dogleg and chicane
(Li et al., 2017).

The evolution of the 8.8 nm radiation power is shown in
Fig. 5. One can find that the initial bunching drives a coherent
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Longitudinal phase spaces of the PEHG with natural transverse gradient (NTG) at the exit of the modulator and chicane [(a) and (b)], compared with
those of the conventional HGHG [(c¢) and (d)]. The energy modulation amplitude is A = 6.

growth, and the power saturates at about 500 MW with a
saturation length of about 15 m.

4. Discussions

The main difference of using the natural gradient of a normal
undulator from a usual TGU is that the variation of the
vertical undulator field is approximately linear over a small
range and the natural gradient varies with the beam orbit
offset. Therefore, we should control the beam orbit offset
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Figure 4

Bunching factor at the entrance to the radiator of the PEHG with NTG
compared with that of the conventional HGHG. The energy modulation
amplitude is A = 6.

according to the parameter optimization. The dependence of
the 30th harmonic bunching factor on the beam orbit offset for
the example above has been investigated and is given in Fig. 6.
One can find that, if 90% of the bunching factor for the case of
Ay = 0 remains, the accuracy of the orbit control should be
better than 0.2 mm, which can be easily satisfied by the current
technology of beam measurement and control. Actually we
have already given a simple estimation of the linear approx-
imation range (see Jia & Li, 2017), which indicates that the
linear approximation range is in proportion to the undulator
period. Here the large tolerance benefits from using a normal
modulator with a long period.
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Figure 5

Power evolution of the 8.8 nm radiation (30th harmonic of seed laser).
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Figure 6
Dependence of the 30th harmonic bunching factor on the beam orbit
offset. The abscissa Ay is the deviation from the orbit of y, = 5 mm.

In the original PEHG FEL with a TGU, an extra correcting
field is required to correct the deflection (Feng ef al., 2014a).
This is because the electrons wiggle in the same plane with the
field gradient of the TGU, so that they experience the field
gradient when they oscillate in the TGU. As a result, the
electrons will have a net deflection when passing through the
TGU modulator. However, for using the natural gradient,
because the electrons’ wiggling and the field gradient are
perpendicular to each other, the electrons will not see the field
gradient. Therefore, no deflection of the electron beam will be
induced.

Another issue worth pointing out is the effect of the natural
focusing. The off-axis electron beam will experience a beta-
tron oscillation driven by the natural focusing. The betatron
wavelength can be given as A, = V21, y/K. Since the natural
gradient and the natural focusing of a normal undulator are in
the same direction, if the betatron wavelength is smaller than
or comparable with the undulator length, the natural focusing
may destroy the linear dependence of the electron energy on
the vertical coordinate to some extent, and lead to a degra-
dation of the phase-merging effect. In the normal modulator
of our example, the betatron wavelength induced by the
natural focusing is about 32 m, which is much longer than the
modulator length. Therefore, it can be neglected in this
example.

5. Summary

In summary, we have proposed a method to operate a PEHG
FEL with a normal planar modulator with analysis and
numerical simulations. Comparing with the original PEHG
FEL, this method does not require a TGU modulator and can
achieve the same phase-merging effect. Furthermore, using
the natural gradient of a normal planar modulator has the
distinct advantage that the gradient can be conveniently tuned
in quite a large range by adjusting the beam orbit offset.
Taking the SXFEL parameters set as an example, we have
demonstrated the generation of a 8.8 nm FEL directly from a

264 nm seed laser with an output saturation power of about
500 MW.

Since a standard HGHG configuration usually employs a
normal modulator, this simple method may provide a way to
operate a PEHG FEL with a standard HGHG configuration.
Moreover, we believe that the natural transverse gradient of
a normal planar modulator also has the potential of being
applied to other purposes of TGUs, such as high-gain X-FELs
in diffraction-limited storage rings (Ding et al, 2013), the
generation of ultra-large-bandwidth X-FELs (Prat et al., 2016)
and so on.
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