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The effect of undulator field harmonics on spontaneous and stimulated

undulator radiation, both on and off the undulator axis, is studied. Bessel

factors for the undulators with field harmonics have been analytically calculated

and numerically verified. The influence of the third undulator field harmonic on

single-pass free-electron laser radiation is explored. Harmonic generation at the

LCLS and SPring-8 free-electron lasers is modeled and analyzed.

1. Introduction

In an undulator, electrons with high relativistic factor � pass

through a spatially periodic magnetic field and emit undulator

radiation (UR). Undulators in free-electron lasers (FELs)

generate coherent UR (McNeil & Thompson, 2010; Pellegrini

et al., 2016; Huang & Kim, 2007; Saldin et al., 2000; Margar-

itondo & Ribic, 2011; Pellegrini, 2016). This process can be

modeled numerically or using phenomenological formulae.

The former approach implies a numerical solution of an

equation system for the electron motion and interaction with

the wavefield. This can be done in one or three dimensions

and requires serious computational resources and trained

personnel. The analytical approach gives an effective FEL

description and can reproduce fairly well the harmonic growth

in real devices. Going beyond the usual assumption of a

sinusoidal undulator on-axis field, we study the following

undulator field,

H ¼ 0;H0

�
0þ

�
sin zk�ð Þ þ d sin hzk�ð Þ

��
; 0

� �
; ð1Þ

with amplitude H0, main period �u, k� = 2�/�u, second period

�u /h and second amplitude dH0, h = 2, 3, 4 . . . . A relatively

weak, h ’ 0.1–0.5, third field harmonic can be present in

real devices. There have been controversial conclusions

(Zhukovsky, 2015a,b, 2016a,b; Jeevakhan & Mishra, 2011;

Mishra et al., 2009; Jia, 2011) on its effect on the UR harmo-

nics. We rigorously obtained the analytical expressions for the

Bessel functions Tn for the undulator field (1) by computing

the radiation integral

d2I

d! d�
¼

e2

4�2c

�����!
Z1

�1

�
n� n� bð Þ

�
exp i! t � nr=cð Þ½ � dt

�����
2

; ð2Þ

where

n ffi � cos�; � sin�; 1� �2=2
� �

where r are coordinates and b are velocities.

The exponential in (2) yields the generalized Bessel func-

tion
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Jn ¼
1

2�

Z2�

0

cos
n
�1 sin�þ � sinð2�Þ þ �� sin ðh� 1Þ�½ �

þ �þ sin ðhþ 1Þ�½ � þ �h sinð2h�Þ þ n�
o

d�; ð3Þ

which involves the parameter k = H0�ue=2�mc2 as follows,

� ¼
nk2=4

1þ ðk2=2Þ 1þ ðd2=h2Þ½ �
;

�1 ¼
8���

k
; �� ¼

4d�

hðh� 1Þ
;

�þ ¼
4d�

hðhþ 1Þ
; �h ¼

d2�

h3
:

ð4Þ

The Bessel coefficients fn;x = jTn;xj for the harmonic n = 1, 2,

3, . . . taking account of the off-axis radiation at angle � read as

follows,

Tn;x ¼ Jn�1 þ Jnþ1 þ
d

h
Jnþh þ Jn�h

� �
þ aJn; Tn;y ¼ bJn;

ð5Þ

where a = 2�� cos �=k, b = 2�� sin�=k, � is the off-axis angle

and � is the polar angle. The wavelength of the nth UR

harmonic from a planar undulator is

�n ¼
�u

2n�2
1þ k2

eff þ ��ð Þ2
� �

; k2
eff ¼

k2

2
1þ

d2

h2

	 

: ð6Þ

In the following we present the Bessel functions also for the

elliptic undulator with field harmonics. We explore in parti-

cular the effect of the third undulator field harmonic on the

UR. We compute analytically the UR intensity in the field (1)

and compare it with proper numerical results. Furthermore,

we calculate the UR intensity for an elliptic undulator and we

model the harmonic power in several FEL experiments. We

analyze the harmonic generation in the SPring-8 and LCLS

FELs for several setups and study possible effects of the

undulator field harmonics.

2. Spontaneous UR and validation of the Bessel factors

The intensity of the spontaneous UR in the undulator with N

periods taking into account the energy spread �e is given by

the convolution

d2In

d! d�
ffi C Tn;x

�� ��2þ Tn;y

�� ��2� � Z1

�1

exp �"2=2�2
e

� �

� sinc2 	n þ 2�nN"ð Þ d"; ð7Þ

where C = e2N2�2k2n2=c
ffiffiffiffiffiffi
2�
p

�eð1þ k2
effÞ

2, e is the electron

charge, c is the speed of light and 	n = 2�nN½ð�n=�Þ � 1� is the

detuning parameter. On the axis of a common planar undu-

lator, where d = � = 0, only x-polarization is radiated. The

proper Bessel coefficient fn;x = Jðn�1Þ=2ð��0Þ þ Jðnþ1Þ=2ð��0Þ

contains common Bessel functions Jnð�0 � �jd¼ 0Þ. In the

presence of the additional field harmonic the Bessel coeffi-

cients fn of the planar undulator (1) depend on k and d [see

(3)–(5)]. An example of such a dependence for h = 3 is shown

in Fig. 1. The energy spread decreases the effective value of fn

as shown in Fig. 2.

It follows from the analysis of Fig. 1 that the Bessel factors

and the UR harmonics weakly sense the third undulator field

harmonic for k ffi 1.5. For k < 1.5 the third field harmonic with

negative phase, d < 0, slightly enhances the UR harmonics.

The positive phase of the field harmonic, d > 0, weakens the

UR harmonics (see Fig. 1). For k > 1.5 the effect of the field

dH0 in (1) is the opposite: high UR harmonics with n = 3, 5, . . .
become stronger for d > 0 and weaker for d < 0 (see Fig. 1).

This observation clarifies contradicting reports on the

harmonic behavior in various references (Zhukovsky, 2015a,b,

2016a,b; Jeevakhan & Mishra, 2011; Mishra et al., 2009; Jia,
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Figure 1
Bessel coefficients f1,3,5 and their ratio f3 /f1 for k and d, h = 3.

Figure 2
Bessel factors, weighted with the energy spread �e = 10�4 (left) and �e =
10�3 (right), �� = 0.0123, k = 2.1, h = d = 0.



2011). Indeed (see Fig. 1), for k > 1.5 the rate f3,5 /f1 increases

for higher values of d > 0 and decreases for lower values d < 0.

For k < 1.5, on the contrary, the rate f3,5 /f1 of high harmonics

increases for lower values of d < 0. The variation of f3,5 /f1 can

be about �20%, depending on d.

We have computed the UR harmonic intensity numerically

using the SPECTRA program (Tanaka & Kitamura, 2001;

Tanaka, 2014), which allows field harmonics for planar

undulators. Examples for k = 2.1, h = 3, d = �0.42, �e = 1.5 �

10�3 are shown in Figs. 3 and 4, where color bars show our

analytical results and thin black lines show the data from

SPECTRA. The agreement is quite good. The ratio In /I1 of the

spontaneous UR harmonic intensities changes, for d = �0.42,

by about �25% for n = 1, 3, 7; this ratio almost does not

change for harmonic n = 5 in our example for k = 2.1 (compare

Fig. 3 with Fig. 4); this agrees with the results in Fig. 1. The

power variation for high harmonics with n > 7 can be 	300%,

but they remain rather weak. Odd harmonics are very weak.

In Fig. 5 we demonstrate the shape of the periodic magnetic

field with harmonics. The third undulator field harmonic with

negative phase, d < 0, increases the amplitude of the magnetic

field (see Fig. 5). For d > 0, the amplitude of the magnetic field

may even decrease (see Fig. 5).

3. Phenomenological description of FEL harmonics
evolution

The analytical formulation of the power evolution in a single-

pass FEL was developed by Dattoli and co-workers (Dattoli &

Ottaviani, 2002; Dattoli et al., 2004, 2005a,b); it employs the

logistic function. The model was improved and calibrated with

FEL experiments by Zhukovsky and co-workers (Zhukovsky

& Potapov, 2017; Zhukovsky, 2017a,b, 2018; Zhukovsky &

Kalitenko, 2019a,b). In the following we present its develop-

ment, which describes high harmonic growth around the

saturated region. The Pierce parameter for the nth FEL

harmonic (Dattoli et al., 2005b) reads as follows,


n ¼
J1=3 �uk fnð Þ

2=3

2� 4�ið Þ
1=3

; ~

n ¼

n

1þ �D;n

� �1=3
;

�D;n ffi
�u�n

16�
n�
;

ð8Þ

where accounting for diffraction comes through the beam

section � = 2�ð�x"x�y"yÞ
1=2 for harmonic wavelength �n and

undulator period �u; J is the current and fn is the

Bessel coefficient. The corrected gain length is Ln;g ffi

�n �u=4�
ffiffiffi
3
p

n1=3 ~

n, the saturation occurs at Ls ffi

1:07L1; g lnð9
1PF=P1;0Þ, the saturated harmonic powers are

PF ffi
ffiffiffi
2
p

Pe
1 ~

 2
1 =
1, Pn;F = 
nPF f 2

n =n5=2 f 2
1 and Pe is the

electron beam power. The following phenomenological

corrections account for the beam size and the energy

spread �e,


n ffi

n
exp

h
��n �n � 0:9ð Þ

i
þ 1:57 �n � 0:9ð Þ=�3

n

o
=1:062;

ð9Þ

�n ffi �n þ 0:165�2
";n

� �
exp 0:034�2

";n

� �
;

�";nð�"Þ ffi 2�"=n1=3 ~

n;
ð10Þ

� ffi 1þ 0:07
P

i

�i þ 0:35
P

i

�2
i ; ð11Þ

�~xx;~yy ¼
1

~



�2"x;y

ð1þ k2=2Þ�u�x;y

; �x;y ¼
1

~



�2!2
�"x;y

ð1þ k2=2Þ�x;y

; ð12Þ

where "x,y are the emittances, �x,y and �x,y are the Twiss

parameters, !� = �k=��u is the betatron frequency, ~

n < 

by 	15–30%, � ’ 1–1.05. The conditions for stable amplifi-

research papers

J. Synchrotron Rad. (2019). 26, 1481–1488 K. V. Zhukovsky � Spontaneous and stimulated undulator radiation 1483

Figure 3
Spontaneous UR harmonic intensity (in relative units) from the
undulator with k = 2.1, h = 3, d = +0.42, �e = 1.5 � 10�3 for the harmonic
number n.

Figure 4
Spontaneous UR harmonic intensity (in relative units) from the
undulator with k = 2.1, h = 3, d = �0.42, �e = 1.5 � 10�3 for the
harmonic number n.

Figure 5
The undulator magnetic field for k = 2.1, h = 3, d = �0.1 (left plot), d =
�0.42 (right plot), d = 0 (solid lines), d > 0 (dotted lines), d < 0 (dashed
lines).



cation (McNeil & Thompson, 2010; Pellegrini et al., 2016;

Huang & Kim, 2007; Saldin et al., 2000) are �" 
 ~

n=2,

"x;y 
 �n=4�. The radiation power exponentially grows along

the FEL; for the initially unbunched beam it reads (Dattoli et

al., 2004, 2005a,b) as follows,

PL;n zð Þ ffi
P0;n A n; zð Þ exp 0:223z=Zsð Þ

1þ A n; zð Þ � 1½ �P0;n=Pn;F

; ð13Þ

A n; zð Þ ffi
1

3
þ

coshðz=Ln;gÞ

4:5
þ

cosð
ffiffiffi
3
p

z=2Ln;gÞ coshðz=2Ln;gÞ

0:444
;

where P0,n is the initial power for the nth harmonic. The

nonlinear power term, induced by the fundamental tone, is

(Dattoli et al., 2005b)

Qn zð Þ ffi Pn;0

exp n z=Lg

� �
1þ exp n z=Lg

� �
� 1

� �
Pn;0=Pn;F

; ð14Þ

where Pn;0 ffi b2
n Pn;F is the equivalent initial power due to the

induced bunching b2
n ffi ðP0;1=9Pe ~

1Þ

n. The power evolution in

sectioned undulators, the bunching coefficients, energy spread

and other details can be found elsewhere (Dattoli et al.,

2005a,b, 2017a,b, 2018; Zhukovsky & Potapov, 2017;

Zhukovsky & Kalitenko, 2019a).

Equations (13) and (14) though do not describe the

harmonic evolution close to saturation. In reality the harmonic

power saturates gradually, while the sum of (13) and (14)

describes the saturation in one step. To address multi-stage

harmonic saturation we introduce another broadening coef-

ficient, ~��";nð�"Þ ffi 2n�"=ðn
1=3 ~

nÞ, which involves an additional

factor n to describe higher losses for high UR harmonics and

their spectrum line broadening in accordance with Zhukovsky

(2015a,b, 2016b). This yields other broadening coefficients,

~

n ffi

n
exp � ~��n

~��n � 0:9
� �� �

þ 1:57 ~��n � 0:9
� �

= ~��3
n

o
=1:062;

ð15Þ

~��n ffi � n
þ 0:165 ~��2

";n

� �
exp 0:034 ~��2

";n

� �
;

~��";nð�"Þ ffi 2n2=3�"= ~

n:
ð16Þ

They in turn modify the power values ~PPn;F = ~

n
~PPFf 2

n =n5=2 f 2
1 ,

~PPF ffi
ffiffiffi
2
p

Pe ~

1 ~

 2
1 =
1, ~PPn;0 ffi dnb2

n
~PPn;F and the gain length ~LLn;g ffi

~��n�u=4�
ffiffiffi
3
p

n1=3 ~

n; the coefficients dn ffi 1; 3; 8; 40; 120f g

describe the anticipated harmonic power growth up to the first

stage of saturation. A new nonlinear term appears,

~QQn zð Þ ffi ~PPn;0

exp n z=Lg

� �
1þ exp n z=Lg

� �
� 1

� �
~PPn;0= ~PPn;F

; ð17Þ

which should be taken into account together with (14). The

results of the modeling with (8)–(17) are presented in the

following section. The phenomenological model is flexible:

intersectional losses, imposed by harmonic filtering or phase

shifters, can be introduced etc. It can be easily implemented in

any computer program, such as Mathematica, and it allows

instant analysis of FELs.

4. Effect of the third field harmonic on the planar
FEL radiation

Using our new formulation of the total FEL power,

PL;n þQn þ
~QQn, we modeled several well documented FEL

experiments; below we present some examples, comparisons

with the measurements and numerical simulations. We

modeled an LCLS experiment, where the radiation at �1 =

0.15 nm was produced in the FEL, built with 17 undulators,

each 3.4 m long, with 15 cm gaps between them, k = 3.5, �u =

3 cm. The electron energy was E = 13.6 GeV, the energy

spread �e = 1 � 10�4, the emittance "x,y = 0.4 mm rad [see

Emma et al. (2010) for details]. The saturated power in our

model was ’20 GW, the gain length Lg = 3.7 m, the saturation

length Ls ’ 56.5 m of pure undulators; Ls ’ 60 m, including

the gaps. The measurements (Ratner et al., 2011) gave the

power rate of high harmonics as 0.2 to <2% of the funda-

mental, which included all high harmonic contributions. The

fifth harmonic power was estimated at 	0.1 of the power of

the third harmonic; the second harmonic was not registered in

the experiment. Our modeling results and the experimental

values agree very well.

Soft X-rays, �1 = 1.5 nm, were produced in the LCLS

experiment for E = 4.3 GeV, I0 = 1 kA, �e = 3 � 10�4, "x,y =

0.4 mm mrad. In this case the measured power of the third

harmonic was 2–3% of the fundamental, the fifth harmonic

was estimated at 	0.1 of the third harmonic power and the

second harmonic power was <0.1%. A comparison of the

results of our modeling with the experimental range is

presented in Fig. 6. The harmonic powers are within or close to

the experimental range, denoted by the shadowed areas on the

right in Fig. 6. The effect of the third undulator field harmonic

on the radiated UR harmonics is shown in Fig. 6, where we

omitted the noise contribution to show pure power growth.

Note the four-stage evolution of the harmonic powers,

described by our model: the lethargy region <5 m is followed

by the independent harmonic growth (13), after 15 m the non-

linear generation (17) develops until the first saturation at
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Figure 6
Effect of the third undulator field harmonic on the FEL power in the low-
energy LCLS experiment with E = 4.3 GeV, I0 = 1 kA, �e = 3� 10�4, "x,y =
0.4 mm mrad, � = 15 m, �u = 3 cm, k = 3.5. Modeled power for harmonics:
n = 1 (red), n = 2 (orange), n = 3 (green), n = 5 (blue); d = �0.3 (dashed
lines), d = +0.3 (dotted lines). The experimental saturated power range
for harmonics is denoted by shadowed areas.



	20 m, and then the growth still proceeds (14) until the final

saturation power is reached.

For d = �0.3 (dashed lines in Fig. 6) we obtained some

shorter gain and saturation lengths, a slightly stronger

fundamental and slightly weaker high harmonics. For d = +0.3

(dotted lines in Fig. 6), the effect was the opposite. It was

noticeable more for the gain length than for the saturated

harmonic powers, although the latter changed by 	25%. The

second FEL harmonic was much weaker than the fifth, though

its saturated power was higher than the initial power of the

fundamental tone.

In the LEUTL FEL experiment (Milton et al., 2001) the

radiation at �1 = 385 nm was produced by the current I0 =

184 A of electrons with � = 500. Our modeling agrees well

with the experimental results: the saturation power 0.1 GW,

length Ls ’ 15 m and gain Lg = 0.8 m are all well reproduced.

The harmonic powers reach saturation in two stages and stay

within the experimental range. The effect of the third field

harmonic is similar to that in Fig. 6 and we omit it for brevity.

Similarly good was the match with the SPARC experiment

(Giannessi et al., 2011), where quite low energy electrons with

� = 297 emitted radiation at 0.5 mm. The phenomenological

modeling yields a pure undulator FEL length Ls = 13.3 m and

Lg = 0.64 m; this agrees with the measurements of Giannessi et

al. (2011), with GENESIS numerical simulations by Alesini et

al. (2004) and with our own numerical simulations. Details of

the above examples are given by Zhukovsky (2019).

We modeled FEL experiments at the SPring-8 X-ray source

in its upgraded (Owada et al., 2018) and original (Shintake et

al., 2009) setups. The FEL power evolution in the SACLA

FEL experiment (Owada et al., 2018) with the current I =

120 A, � = 1570, �e = 3 � 10�4, "x,y
n = 1 mm mrad, �u = 1.8 cm,

k = 2.1 is shown in Fig. 7. We obtained a gain length Lg = 1 m

and saturation length Ls = 12.7 m, as reported by Owada et al.

(2018); the harmonic powers for the radiation at �1 = 12 nm,

�3 = 4 nm, �5 = 2.4 nm are PF, n ’ 1 � 108, 1 � 106, 8 � 104 W.

The rate PF, 3 /PF, 1 ’ 0.9% agrees quite well with the 0.5%

reported by Owada et al. (2018) as well as PF, 5 /PF, 3’ 7%. The

effect of the third undulator field harmonic with d = �0.3 in

(1) on the FEL radiation was insignificant in this experimental

setup; it has been omitted in Fig. 7.

In SPring-8 installations the undulator parameter k varies

over a wide range. We modeled another experimental setup

(Shintake et al., 2009) with k = 0.7, �u = 1.5 cm, I = 300 A, � =

489, �e = 2� 10�4, "x,y
n = 2.7 mm mrad, �1 = 39 nm, �3 = 13 nm,

�5 = 8 nm (see the FEL power in Fig. 8).

In Fig. 8, solid lines describe radiated harmonics from the

FEL undulator with an ideal sinusoidal field, d = 0. The

additional third undulator field harmonic strongly influences

the FEL harmonic powers in this setup (see Fig. 8). The third

FEL harmonic power reaches 160 kW for d = �0.3, 55 kW for

d = 0, and just 7 kW for d = 0.3; the variation is 	200%. The

fifth FEL harmonic is weak; it does not develop for d = 0.3 and

it reaches 0.5 kW for d =�0.3. The first and second harmonics

are almost not affected (see Fig. 8).

5. Effect of the third field harmonic on the elliptic
FEL radiation

In some elliptic undulators the harmonics of the undulator

magnetic field can be significant. Lee et al. (2015) studied a bi-

harmonic undulator numerically; the amplitude of the main

undulator field was 9.7 kG and the amplitude of the third field

harmonic was 0.8 kG. The magnetic field in the undulator was

H ¼ H0

sinðk�zÞ � d sinðhk�zÞ

cosðk�zÞ þ d cosðhk�zÞ

0

2
4

3
5; ð18Þ

the undulator period was � = 2.3 cm, k = 2.21622, h = 3, d =

0.0825. The wavelength of the UR from the undulator with the

field (18) is given by (6), where k 2
eff = k 2½1þ ðd2=h2Þ�. We have

performed rigorous analytical calculations and obtained the

Bessel functions for this undulator. The radiation integral for

the undulator field (18) yields the following generalized Bessel

functions,
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Figure 7
FEL harmonic power evolution in the SACLA FEL experiment with I =
120 A, � = 1570, �e = 3 � 10�4, "x,y

n = 1 mm mrad, �u = 1.8 cm, k = 2.1.
Harmonics: n = 1 (red), n = 3 (green), n = 5 (blue), n = 2 (orange dashed),
n = 4 (violet dotted).

Figure 8
FEL harmonic power evolution in the SPring-8 FEL experiment with I =
300 A, � = 489, �e = 2 � 10�4, "x,y

n = 2.7 mm mrad, �u = 1.5 cm, k = 0.7.
Harmonics: n = 1 (red), n = 3 (green), n = 5 (blue), n = 2 (orange). d = 0
(solid lines), d = �0.3 (dashed lines), d = 0.3 (dotted lines).



J h
n �1; �2; �3; �4; �5ð Þ ¼

1

2�

Z�

��

d� exp
�

i
n

n�þ �1 cos�

þ �2 cos h�ð Þ � �3 sin �þ �4 sin h�ð Þ

� �5 sin hþ 1ð Þ�½ �

o�
; ð19Þ

�1 ¼
2nk�� cos�

1þ k2 1þ d=hð Þ
2
þ �2�2

� � ;
�2 ¼

d

h2
�1; �3 ¼ �1 tan �; �4 ¼

d

h2
�1 tan�;

�5 ¼
2ndk2

h hþ 1ð Þ 1þ k2 1þ d=hð Þ
2
þ �2�2

� �� � :
ð20Þ

The UR intensity is given by (7), where k 2
eff = k2 1þ ðd2=h2Þ

� �
.

The generalized Bessel functions (19) yield the following

amplitudes for the spontaneous UR in the angle � off the axis,

Tn;x ¼
2�

k
� cos� J h

n þ i J h
nþ1� J h

n�1

� �
þ i

d

h
J h

nþ1� J h
n�h

� �
; ð21Þ

Tn;y ¼
2�

k
� sin� J h

n � J h
nþ1 þ J h

n�1

� �
þ

d

h
J h

nþh þ J h
n�h

� �
: ð22Þ

The intensities of the spontaneous UR in the undulator (18)

with the data taken from Lee et al. (2015) are shown in Fig. 9

for d = 0.0825 and d = 0.3 in the upper and lower plots,

respectively.

The second harmonic is evident in the UR spectrum; its

power is 8.7% of the fundamental tone; ideally, only the first

harmonic should be radiated by the helical undulator on the

axis. Note also that the fifth harmonic is stronger than the

third; this is due to the third undulator field harmonic with

amplitude d in (18). For d = 0.3 its power is 15.5% of the

fundamental (see lower plot in Fig. 9). The Bessel coefficients

are fn;x;y = jTn;x;yj. On the undulator axis � = 0, only the �5

argument survives in J h
n ð�iÞ and we obtain (21) and (22) with

J h
n ð�5Þ =

R �
�� d� expðifn�� �5 sin½ðhþ 1Þ��gÞ=2�. For d = 0

we obtain a common result for the spiral undulator: f1;x;y = 1

and fn 6¼1 = 0.

We have applied the phenomenological FEL model to

describe the evolution of the harmonic power in the FEL with

the bi-harmonic helical undulator (18). We considered the

beam of the LCLS installation with the low-energy value, E =

4.3 GeV, and the SACLA beam with E = 800 MeV, where the

planar undulator with close value of k was employed. The

modeling data are the following: � = 8400, PE = 4292 GW, J =

2.23 � 1011 A, �beam = 4.49 � 10�9 m2, I0 = 1 kA, �e = 0.0003,

"n = 0.4 � 10�6 mm rad, � = 15 m, � = 1.05, k = 2.21622, h = 3,

�u = 2.3 cm, Ls = 24.5 m, Lg = 1.5 m, �1 = 0.97 nm, �2 =

0.49 nm, �3 = 0.32 nm, �4 = 0.24 nm, �5 = 0.19 nm.

For d = 0.3,

fn;y;x ¼ f0:9958; 0:0550; 0:0380; 0:0162; 0:0984g;


n;y;x ’ f0:00080; 0:00011; 0:00008; 0:00005; 0:00017g;

Pn;y;x;F ’ f4:4� 109; 44:3� 103; 4:41� 103; 4:4; 211� 103
gW:

For d = 0.08247,

fn;y;x ¼ 0:9980; 0:0557; 0:0109; 0:0047; 0:0275;


n;y;x ’ f0:00080; 0:00011; 0:00003; 0:00002; 0:00007g;

Pn;y;x;F ’ f4:45� 109; 47:3� 103; 0; 04; 560g W:

The simulations of the FEL power evolution along the

undulators for d = 0.08247 and for d = 0.3 are shown in Fig. 10.

The power of the fundamental FEL harmonic is the same

for x- and y-polarizations: 	4 GW. Note in Fig. 10 that the

powers of the high harmonics are rather weak, but for the fifth
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Figure 9
Spontaneous UR harmonic intensity in the undulator (18) for h = 3,
d = 0.0825 (top plot) and d = 0.3 (bottom plot) (in relative units).

Figure 10
Harmonic power evolution in the cos–sin spiral undulator FEL with the
field (18) for � = 1570, I0 = 120 A, "n = 10�6 mm mrad, � = 0.37 m, k =
2.216, h = 3, �u = 2.3 cm; both x- and y-polarization have the same power.
Harmonics: n = 1 (red), n = 2 (yellow), n = 3 (green), n = 4 (green dashed),
n = 5 (blue dotted). Undulator with d = 0.0824742 (left plot) and
d = 0.3 (right plot).



harmonic the power reaches 0.2 MW for d = 0.3 and 0.5 kW

for d = 0.08247. The second harmonic has a power of 	45 kW.

It is evident upon comparison of the plots in Fig. 10 that the

third and the fifth FEL harmonics are stronger in the undu-

lator (18) for higher values of d, i.e. for stronger undulator

field harmonics. The bunching evolution, corresponding to the

FEL power evolution in the right-hand plot in Fig. 10, is

demonstrated in Fig. 11.

We also studied the radiation from the FEL with the bi-

harmonic elliptic undulator (18) and SACLA installation

beam. Assuming SACLA standard focusing, � = 5 m, the

second harmonic is quite weak (see Fig. 12); the fifth FEL

harmonic is weak, but it is amplified due to the third undulator

field harmonic [see (18)], especially for d = 0.3 (see blue dotted

lines in Figs. 12 and 10). The modeling data for the FEL with

the SACLA beam and the undulator (18) for d = 0.08247 are

as follows: � = 1570, PE = 96.27 GW, J = 6� 109 A, �beam = 2�

10�8 m2, I0 = 120 A, �e = 0.0002, "n = 10�6 mm rad, � = 5 m, � =

1.05, k = 2.21622, h = 3, d = 0.08247, �u = 2.3 cm, Ls = 11.8 m,

Lg = 0.97 m, �1 = 27.6 nm, �2 = 13.8 nm, �3 = 9.2 nm, �4 =

6.90 nm, �5 = 5.52 nm,

fn;y;x ¼ f0:9974; 0:0657; 0:0113; 0:0056; 0:0271g;


n;y;x ’ f0:00117; 0:00016; 0:00004; 0:000025; 0:00009g;

Pn;y;x;F ’ f1:37� 108; 28:7� 103; 0:8; 0; 220g W:

The gain length of the considered bi-harmonic elliptic FEL

is Lg’ 1 m and the saturation length is Ls’ 12 m independent

of d. The saturated power of the fundamental tone reaches

0.14 GW. Already for d ’ 0.08 the fifth UR harmonic gets

some boost (see left-hand plot in Fig. 12); for d = 0.3 its

power exceeds 10 kW and the third UR harmonic appears

(see right-hand plot in Fig. 12). Thus, a relatively weak third

undulator field harmonic with d ’ 0.1–0.3 and off-axis effects

can generate noticeable second and fifth UR harmonics of

the spontaneous and stimulated radiation. The effect of the

undulator field harmonic is stronger on the spontaneous UR

than on the FEL radiation. The fifth UR harmonic is stronger

than the third.

6. Conclusions

We analyzed the influence of the third harmonic of the

undulator field on the spontaneous and stimulated radiation

for planar and elliptic undulators. We obtained exact analy-

tical expressions for the Bessel coefficients. They depend on

the undulator parameter k and on the third field harmonic rate

d in (1) and in (18). For the planar undulator we found that

if k < 1.5 then the third field harmonic with d < 0 (negative

phase) enhances UR harmonics with n = 3, 5, . . . , and for d > 0

(positive phase) the power of the high harmonics decreases

(see Fig. 1). If k > 1.5, then the effect of the magnetic field

harmonic in (1) is the opposite: high UR harmonics n =

3, 5, . . . are stronger for d > 0 and weaker for d < 0 (see Fig. 1).

This observation corrects and clarifies previous reports in the

literature (Zhukovsky, 2015a,b, 2016a,b; Jeevakhan & Mishra,

2011; Mishra et al., 2009; Jia, 2011).

The effect of the energy spread �e ’ 10�4 on the UR is

small; for �e ’ 10�3, high UR harmonic power decreases as

expected (see Fig. 2). All of the above results were confirmed

by numerical simulations using the SPECTRA program: see

Figs. 3 and 4.

We further developed the phenomenological FEL model,

including the description of the harmonic behavior around

the saturation region and the multi-stage saturation, which

matches the experiments. We studied the harmonic generation

in several setups of SPring-8, SACLA and LCLS FEL instal-

lations. Our modeling (see Fig. 7) agreed with the experi-

mental measurements, with our numerical simulations in

PERSEO (Zhukovsky & Kalitenko, 2019c,d) and with the

results using the GENESIS program. The match for the third

and fifth harmonic powers was remarkably good. The second

harmonic power had fairly good agreement with the experi-

ments too.

We explored the influence of the third undulator field

harmonic on the FEL radiation. For a planar undulator with

k ’ 2 the effect is small for any d; for k ’ 3.5 it is noticeable

for d = �0.3. For k ’ 1 and, in particular, for k < 1, the effect
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Figure 11
Bunching evolution in the cos–sin spiral undulator FEL with the field (18)
for � = 1570, I0 = 120 A, "n = 10�6 mm mrad, � = 0.37 m, k = 2.216, h = 3,
d = 0.3, �u = 2.3 cm. Harmonics: n = 1 (red), n = 2 (yellow), n = 3 (green),
n = 4 (green dashed), n = 5 (blue dotted).

Figure 12
Harmonic power evolution in the cos–sin elliptic undulator FEL with the
field (18) for the SACLA beam: � = 5 m, k = 2.21622, h = 3, �u = 2.3 cm;
both x- and y-polarization have the same power. Harmonics: n = 1 (red),
n = 2 (yellow), n = 3 (green), n = 4 (green dashed), n = 5 (blue dotted).
Undulator with d = 0.0824742 (left plot) and d = 0.3 (right plot).



of the second field in (1) can be significant. We studied the

SPring-8 FEL with � = 489, �e = 2 � 10�4, "x,y
n = 2.7 mm mrad,

k = 0.7, �u = 1.5 cm, I = 300 A, fundamental wavelength �1 =

40 nm (Shintake et al., 2009); the change of the power of the

third harmonic is	200% for d =�0.3 (see Fig. 8). The change

of the harmonic power for n = 5 can be	102 times (see Fig. 8).

The second FEL harmonic is influenced mostly by the finite

beam size and off-axis effect. The newly updated SACLA

setup is not sensitive to the third undulator field harmonic.

We studied the third field harmonic effect in an elliptic

undulator (18). Even a relatively weak third undulator field

harmonic, d ’ 0.08, in (18) gives rise to a noticeable fifth UR

harmonic (see Figs. 9 and 10). The fifth UR harmonic is

stronger than the third. Their powers further increase by two

orders of magnitude if d = 0.3. Due to the finite electron beam

size and divergence, the radiation of the second harmonic can

be significant; it can prevail over the fifth harmonic, whose

content is 	0.01% (see Fig. 12).

The above analysis may help to identify the degree of

harmonic presence in FEL radiation, attributed to the undu-

lator field harmonics.
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