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This paper presents the basic tools used to describe the global symmetry of so-
called bilayer structures obtained when two differently oriented crystalline
monoatomic layers of the same structure are superimposed and displaced with
respect to each other. The 2D nature of the layers leads to the use of complex
numbers that allows for simple explicit analytical expressions of the symmetry
properties involved in standard bicrystallography [Gratias & Portier (1982). J.
Phys. Collogq. 43, C6-15-C6-24; Pond & Vlachavas (1983). Proc. R. Soc. Lond.
Ser. A, 386, 95-143]. The focus here is on the twist rotations such that the
superimposition of the two layers generates a coincidence lattice. The set of such
coincidence rotations plotted as a function of the lengths of their coincidence
lattice unit-cell nodes exhibits remarkable arithmetic properties. The second
part of the paper is devoted to determination of the space groups of the bilayers
as a function of the rigid-body translation associated with the coincidence
rotation. These general results are exemplified with a detailed study of graphene
bilayers, showing that the possible symmetries of graphene bilayers with a
coincidence lattice, whatever the rotation and the rigid-body translation, are
distributed in only six distinct types of space groups. The appendix discusses
some generalized cases of heterophase bilayers with coincidence lattices due to
specific lattice constant ratios, and mechanical deformation by elongation and
shear of a layer on top of an undeformed one.

1. Introduction

The discovery of strong electronic correlations and super-
conductivity in twisted bilayer graphene (Trambly de Lais-
sardiere et al, 2010, 2012), with a so-called magic rotation
angle close to 1.05° where the Fermi velocity vanishes, has
significantly increased the interest in detailed study (Cao,
Fatemi, Demir et al., 2018; Cao, Fatemi, Fang et al., 2018) of
these kinds of low-dimension structures [see, for transition
metal dichalcogenides, Naik & Jain (2018), Wu et al. (2019),
Soriano & Lado (2020), Venkateswarlu er al. (2020)]. The
eventual aim is to determine which symmetry property may
explain the existence of flat bands in the electronic structure
(Suarez Morell et al., 2010): what, in the symmetry properties
(if any) of twisted bilayers, is at the origin of this electronic
localization?

A robust answer to this question requires a practical and
simple crystallographic description of bilayer structures. This
is the focus of the present work. The fundamental mathema-
tical aspects of coincidence lattices at any dimensions are to be
found in the very elaborated studies of Pleasants et al. (1996),
Baake & Grimm (2006), Baake & Zeiner (2017). We focus
here on the very elementary practical aspect of investigating
the unique case of 2D bilayer structures.
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Investigation of the symmetry properties of the super-
imposition of two 3D crystals, called bicrystals, was carried out
in the 1980s (Gratias & Portier, 1982; Pond & Vlachavas, 1983)
in the study of the properties of grain boundaries in metals
and alloys. Although, at that time, these bicrystals were only
theoretical concepts, their 2D versions of superimposing two
monoatomic layers make sense in the present context as the
idealization of a twisted bilayer considered as the super-
imposition of two infinitely thin monoatomic layers differently
oriented by a twist rotation of angle « perpendicular to the
layer plane and displaced with respect to each other by a
translation t in the plane.

The paper is organized as follows. Our first task is to
enumerate which specific rotation angles « lead to a situation
where two homophase layers share a common sublattice, say
T, of index ¥ in A, and to explicitly give the expressions of
these sublattices 7, and those U/, generated by the union of
the lattices of the two layers. Our second task is to understand
how these specific coincidence angles are distributed with
respect to the values of the square length o (identical to X for
the square and hexagonal systems) of the coincidence unit-cell
vectors. Our third task is to determine which space group N,
is generated for bilayers with coincidence lattices when the
rigid-body translation 7 varies at constant rotation «. Three
appendices give the explicit illustration of the whole process in
the case of twisted graphene bilayers and the conditions for
coincidence and union lattices to exist in the case of hetero-
phase bilayers obtained by dilatation and/or rotation or
mechanical deformation.

We use the following notation: point groups are noted in
capital letters like G or W; space groups and translation
groups are noted in calligraphic letters like G or 7 ,; space
symmetry operators (or functions in the complex plane as

a.g

Figure 1

Passing from monolayer / to monolayer I is achieved by the set @,G and
from II to I by the inverse set Ga;!. The overlap of the monolayers,
designed here as a bilayer, generates its own symmetry that is a 2D space
group if the two lattices A and A’ have a common coincidence lattice
T = AN A’ and only a quasiperiodic symmetry otherwise.

discussed next) are noted as @ or g whereas point symmetry
operators are simply written as « or g.

2. Elementary bicrystallography

As already mentioned, homophase bilayers are ideally defined
here as the superimposition of two identical monolayers on
top of each other, forming an infinitely thin layer of matter.
The twist operation, that transforms the monolayer [ into 11, is
either a rotation—translation @, acting as @,r = («|7)r = ar + T,
or a mirror translation (in all 2D enantiomorphic structures,
these two descriptions are equivalent as they describe the
same twist operation) m, , oriented along a direction of angle
6 with the x axis, acting as my,_r = (m,|t)r = myr + .

The original monolayer I has space group [we use the
notations of Hahn (2005)] G with point group I' and lattice A
showing the holohedral symmetry class of point group G,
with G, > I' according to:

(i) Oblique system G, =2: ' =1, 2;

(ii) Rectangular system G, = 2mm: I' = m, 2mm;

(iii) Square system G, = 4mm: I' = 4, 4mm,

(iv) Hexagonal system G, = 6mm: I' = 3, 3m, 6, 6mm.

The corresponding group and lattice of the second mono-
layer II are given by

G=aGa', I"=aTa "' and A" = aA.

Since any point in the orbit of r under G can be equivalently
chosen, we characterize the transformation from layer [ to I
by the set @,G. The inverse transformation from /7 to [ is given
by G @' = G(a™!| — a~'1) as shown in Fig. 1.

2.1. Using complex numbers for 2D crystallography

2D crystallography is particularly simple to handle using
complex numbers. In fact, any 2D vector V = (x,y) in an
orthonormal reference frame of the plane is equivalently
described by a complex number z = x + iy € C. Concerning
the nodes of a 2D lattice A(a, b) defined by its unit cell of
vectors a and b, we choose the unit-cell vector a along the real
axis and its length as the length unit with no loss of generality.
The unit vector b is the complex number b = p exp(ig) where
p is the length of vector b in |a| units and ¢ the angle of b with

Y

y 2e'®

N

Figure 2

The lattice A(a, b) with unit cell (a, b) is the set of complex numbers
z =n+ mpexp(ip), n,m € Z, p € R, where the unit vector a is chosen as
the unity along the real axis x and b is the complex number b = p exp(igp).
A rotation of angle ¢ around the origin transforms z into z exp(i¢) and a
mirror m, passing through the origin and oriented along the direction of
angle 6 transforms z into z exp(2i6).
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Table 1

2D lattices: the parameter a is the length unit (@ = 1) along the real axis.

All lattices are primitive except in the rectangular system with c-type lattices.
Running indices n, m are integers. Here, j = exp(2im/3).

Unit cell Angle
System Lattice A(n, m) (a=1) (a, b)
Oblique [n 4+ mpexp(ip)] b=p @
Rectangular (n + imp) b=p /2
(n+imp)U[n+31+im+1)p] b=p /2
Square (n+im) b=1 /2
Hexagonal (n+jm) b=1 2m/3

the real axis as shown in Fig. 2. A general primitive lattice A,
of unit vectors a =1 and b = pexp(ip) is then the set of
complex numbers

A, ={na+mb,n,me Z}
={z=n+mpexp(ip),z € C,n,m € Z}.

[In addition, c-type lattices encountered in the rectangular
symmetry class (¢ =m/2) are defined as A, =
A, U a+ ip)A,.] The complex notations of the 2D lattices
are given in Table 1.

The symmetry operations act as functions of complex
variable f(z) as elementary transformations of complex
numbers:

(i) A translation u € C acts
z—>u(z) =z+u

(i) A rotation ¢ around the origin transforms z into
7 — ¢(z) = zexp(ip);

(iii) A mirror m, passing through the origin and oriented in
the direction 0 transforms z into z — my(z) = z exp(2i0).

Space operators are the usual combinations of point
symmetries and translations as shown in Table 2.

on a point z as

2.2. Coincidence angles for homophase bilayers

(This includes bilayers with different monolayers but
sharing identical lattices.) General twisted bilayers are quasi-
periodic structures built on a Z module of rank 4. Specific
cases arise for particular values of the rotation angle «, called
coincidence angles, where the two initial lattices A and A’
share a 2D sublattice 7, called the coincidence lattice char-
acterized by the index X [defined by equation (9)], the ratio of
the unit-cell sizes of 7, and A(A’). This makes the nodes of
the general Z module of rank 4 condense on a 2D lattice U,
called the union lattice, discussed later, in a similar way to
generating periodic approximants from quasicrystals. In fact,
as will be shown next, coincidence angles occur an infinite
countable number of times and form a uniformly dense set of
values on the real axis: any generic twisted bilayer is infinitely
close to a coincidence situation which is the only case leading
to exact space symmetries of the bilayer.

Finding the proper coincidence angles has been the subject
of a very large number of publications for 2D and 3D crystals
(see, for instance, Ranganathan, 1966; Grimmer, 1973, 1974,
1984). The most complete and recent analysis of coincidence

Table 2
2D symmetry operations (g|t) acting as functions f(z) in the complex
plane z = x + iy.

Symmetry operation f(2) f(2)
Translation (1) z+t z—t

Inversion (1[¢) —z+t —z+t
Rotation (¢|f) zexp(ig) +t (z — 1) exp(—i¢)
Mirror (my|r) zexp(2i6) +t (z — 1) exp(2i6)

lattices in 2D crystals has been given by Romeu et al. (2012), a
work that we reconsider here briefly using complex notations
and that leads to a derivation which is simple and gives explicit
expressions for the coincidence and union (homophase)
lattices, as discussed next.

Let « be the rotation angle from the first monolayer to the
second, both of point group G. The coincidence lattice, if any,
is the common subset of the lattice translations of the mono-
layers:

T, = A Nexp(iad).

A first necessary condition for a coincidence lattice to possibly
exist is that a lattice row defined by the node (n,m) with
n,m € Z, ged (n, m) = 1 superimposes on another one (n’, m’)
of the same orbit under G by the rotation « around the
origin:

', m) = (n, m) or n + mp exp(ip)
= exp(ia)[n’ + m' p exp(ip)]-

The possible generic solutions are listed below according to
the crystalline system of the structure. {There are a few specific
cases, in particular for the square system, with n? +m? =
n'* + m’? where the nodes (1, m) and (n’, m’) do not belong to
the same orbit under G [for instance the nodes (3, 4) and
(5, 0)]. These cases are not explicitly considered here.}

(i) Oblique system of point group 2: the generic orbit
contains only two terms (x,y), (X,y), so that there are no
solutions but the trivial rotation o = 7.

(ii) Rectangular system {this includes the special case of
those specific oblique lattices where 2pcos¢ = +1 which
should be considered as c-type rectangular lattices [cm(m)]}
point group 2mm’ (¢ = m/2): the generic orbit contains four
terms (x,y), (x, ), (x, ), (x,y); the two non-trivial solutions
are those where (n', m') is deduced from (2, m) by the mirrors
m, (n'=—n,m' =m)and m), ("' =n,m = —m).

(iii) Square system of point group 4mm’ (¢ = /2, p = 1):
in addition to the rectangle case, new solutions are
n' = +m, m' = £n. All these solutions can be generated by
using the mirror m, and the mirror m,, rotated by 7/4 up to
additional /2 rotations.

(iv) Hexagonal system 6mm’ (¢ = 2m7/3, p = 1): here too,
all possible solutions are obtained by using the mirror m, and
the mirror m’ rotated from the x axis by /6 up to additional
rotations of /3.

Hence, with the exception of the oblique system which
presents no generic solutions, the rotation of a lattice node on
top of one of its equivalents can be achieved using the two
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mirror generators of these point groups (see, for instance,
Coxeter, 1963) according to: rectangle (2mm’) mirrors in the
directions # =0 and 7/2; square (4mm’) mirrors in the
directions 6 = 0 and m/4; hexagonal (6mm’) mirrors in the
directions 8 = 0 and /6.

Let a = 26 be the rotation around the origin that super-
imposes the node 7z’ = z exp(2i6), on top of z = n + mp exp(ip)
related to z’ by the mirror m, oriented along the direction 0 as
shown in Fig. 3. Putting o = zZ, we note that /o exp(if) =
z exp(—id) and therefore /o exp(i§) = z exp(—if)) so that

o cos 8 = (n 4 mpcos @) cos @ + mpsin ¢ sin 6 ¢8)]

Josind = —(n+mpcos @)sinf + mpsinpcosd  (2)
and thus

—(n+ mpcos @)sin O + mpsin @ cos f

®)

§ = arctan - - .
(n 4+ mpcos @) cos 0 + mpsin @sin 6
These three relations apply for the rectangle, square and
hexagonal systems with the following specific forms:
Rectangle (¢p = 7/2,0 =0, 7/2):

o cosdy = n, \/osin§, = mp,
8y = arctan”?, @
Jocoss, , =mp,Josing, , = —n,

8,y = arctan 2 = §, — 7w/2.

Square (¢ = /2, p=1,0 =0, /4):
Jocosd, =n,Josind, =m
8y = arctan”',

. 5
Vo coss, = J5(n+m), Josing,, = %(m —n) )

8,4 = arctan 20 = &, — /4.

n+m

Figure 3

For all 2D systems except the oblique case, which has no generic solution,
two homophase layers share the same crystallographic row defined by the
lattice node z = n + mp exp(i¢p), with n and m coprimes, if there exists an
equivalent lattice node z' = zZ exp(2i6) deduced from z by a mirror in the
direction 6 defined by: rectangle 6 =0, /2, square 6 =0, 7/4 and
hexagon 6 = 0, 7/6.

Hexagonal (¢ = 27/3,p=1,60 =0, /6):
2./0 cos 8, = 2n — m, 2,/o sin §, = m+/3,

8, = arctan 223 ©)
2\/0cos 8,5 = n+/3,2./o sin 8,6 =2m —n,

8,/ = arctan 2:1/’5" =§, — m/6.

These relations are necessary conditions for ensuring two
equivalent lattice rows superimpose on each other by the
rotation o = 28 and @ = 2(8 — 6). Because these two solutions
differ only by the constant rotation 6, we consider from now
on the unique solution 8 = 0 defined by the basic relations

™

mpsin @

Vo exp(i8) = n + mpexp(ip); § = arctan——————,
n—+mpcosge

remembering that with each solution § (0 < § < 6) is asso-
ciated the solution §' (—0 < § =85 — 6 < 0).

2.2.1. Coincidence lattices in the rectangle system.
Ensuring one row in coincidence is of course not sufficient to
generate a 2D coincidence lattice: this requires another non-
collinear row of lattice nodes to be in coincidence for the same
rotation angle.

We discard the oblique system that we know has no generic
rows of coincidence whatever the rotation angle and thus no
possible coincidence lattice. We focus now on the unique
rectangle system since the square and hexagonal systems are
specific high-symmetry cases of the rectangle one.

Let {T,, T,} be the unit cell of the coincidence lattice 7, we
seek with T, = n + imp in the rectangle system. Because 7,
if it exists, shares at least the same symmetry class as the lattice
of the monolayer (see, for instance, Gratias & Portier, 1982) —
here the rectangular symmetry 2mm or higher — another
coincidence vector T, = n' 4 im’p exists that is aligned along
ipT; up to a certain ratio r:

T, = irpT, = —mrp* +irnp =n' +im'p,n’,m’ Z,r € Q.

This requires rn = m?/, thus r € Q and —mrp* = n’ which is
achieved if and only if p* € Q, i.e. p?> = p/q, where p and g are
coprime positive integers. Thus, o is a rational number:

0:;12—|—m2,02=7q’1 +pm
q

and go = gqn® + pm?* € Z is a multiple of y = gcd(mp, nq).

These results confirm in a few calculation steps those
obtained by Romeu et al. (2012) following a seminal paper by
Ranganathan (1966) in the context of classical 3D crystal-
lography. Here, coincidence lattices in homophase bilayers in
the rectangular system exist if and only if the ratio p = |b|/|a|
is the square root of a rational number:

P
p:\/:,p,q,eN.
q

[Oblique lattices with 2p cos ¢ = 1 as the hexagonal lattice can
be considered as rectangular c-type lattices of parameters
(1, o' = tan @) and therefore show a 2D coincidence lattice
when p? = tan’ ¢ = p/q, with p, g € Z.] We conclude there-
fore that the coincidence angles for the rectangle system are
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distributed as a uniformly dense countable set of points on the
real axis as & = 2 arctan pn with n € Q.

2.2.2. Explicit expression of the coincidence lattice in the
rectangle system. The unit vector T, of 7, is the smallest
vector along ipT, with integer coordinates

1
T, «ipT; = (—mp’ +inp) = 5(—mp + inqp).

It is obtained by multiplying ipT; by g and then dividing the
result by y = ged(mp, nq):

1 , q . q
T, = —(—mp + inqp) = =(—mp’ + inp) = i~ pT;.
14 14 14

We first note that putting ng = ry and mp = sy with r, s € Z,
we obtain T, = —s + irp, which explicitly shows that, indeed,
T, belongs to A. We then observe that, as required, T, is
orthogonal to 7', but the length of T}, is in the ratio p with the
length of 7, only when g = y and therefore, although with at
least the same symmetry class as A, the coincidence lattice is
not necessarily homothetic to A in the general case as illu-
strated in Fig. 4.
Because of relations (7), we have

T, = n+imp = exp(i§)/o and
T, =il pT, = iexpd)yalp,
Y Y

so that the coincidence lattice 7, is explicitly given by

T,=NT, + MT, = exp(i&)ﬁ(N + iM%), N.M, eZ,
y

®)

showing that the coincidence lattice 7, is generated by a
lattice characterized by @’ = 1 and b’ = i(q/y)p, rotated by §
with respect to A and linearly dilated by 4/o.

Since X is the index of the translation group 7, in A, i.e. the
ratio of the surfaces of the unit cell of the coincidence lattice
T, with respect to the one of the lattice A, we find

A A
i LA

Figure 4 (a) ®)

Example of coincidence lattices in black in the rectangular system
p=32pPp=3,qg=2) for: (@ n=2m=1,y=1 T, =@2,1),
T, =(=3,4),|T,| =2p|T,|,0 = (11/2), ¥=11,6=31482°; (b)n=1,m=
2,y=2,T,=01,2), T, =(-3,1), |T,| = p|T\|,0=2=7,8 = 67.792°.

z =10l% |T2|:ﬂyzl(nzq—i-mzp)eN+ ©)
P Yy v
which is, indeed, an integer since y = ged(mp, nq) is a divisor
of n’q + m?p.
2.2.3. The union lattice. The other fundamental translation
group is the group U, generated by the union of the lattice
translation groups of the two crystals:

U, = A Uexp(ia)A = {h+ K explicr) + ip[k + k' exp(ia)];
bk, i, K € 7)

or

U, = exp(i8){h exp(—i8) + h’ exp(id)
+ iplk exp(—i8) + k' exp(i8)]}
__exp(id)
o
_exp(id)
o
where H=h+h, H=W—-h, K=k+k, K =k—-kK,
N,M e 7.
Therefore

_yexp(id) (

[nH + mp*K' + ip(mH' + nK)]

[ngH + mpK' + igp(mH’ + nK))],

“ a/o
This shows that, for any coincidence angle and any symmetry
class larger than or equal to the rectangular one, U, is
homothetic to 7, in the linear ratio 1/% (this ratio applies on
each unit vector leading thus to a relative density of nodes
card U, /T, = ¥?). It is easily demonstrated that this relation
holds for the square and hexagonal (see Appendix A) systems
with the coincidence lattices given by

1
N+ iqu> Y7 ——7,. (0
Yy qo >

2000 **

Figure 5

We visualize the set of coincidence angles in plotting the values of the
coincidence angles 0 < § = /2 = arctanmp/n < 6 as a function of the
square length o = n? 4+ m?p* of the generating coincidence node (1, m).
Here, the example of the rectangle system with p=./5/3 for
0 < 6 < m/2; the other solution §' = § — /2 is obtained on the same
diagram by exploring the x axis from —/2 to 0. The vertical dashed line
corresponds to n = m = 1, i.e. § = arctan p.

Acta Cryst. (2023). A79, 301-317
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Square T, = /o exp(i8)(N + iM),
Hexagonal 7, = «/o exp(i8)(N + jM). (11)

2.3. Coincidence patterns P = (6, 0)

A classical scheme in metallurgy consists of collecting all
the possible coincidence angles «, each associated with its X
index, in a general pattern P of points («, X) which is the
superimposition of all the coincidence angles equivalent to o
with respect to the intrinsic symmetries of the layer, each
associated with its X. In the case of a rectangle system, this
pattern can exhibit quite a complicated fine structure due to
the arithmetic irregularities introduced by the term ¢/y in the
definition of ¥ seen in equation (9). Moreover, this kind of
pattern is heavily redundant because of the superimposition of
several rotations that are equivalent with respect to the inner
symmetry of the layer. In fact, as shown in Fig. 5, a simpler and
equally informative pattern is obtained by plotting only one
rotation representative in the elementary sector of the point
group of the monolayer, as a function of the square length of
the superposition node (n, m) instead of X:
mpsin ¢

P(n, m) = (0 <a/2=§=arctan——— <
n—+mpcose

o = n* +m?p* + 2nmp cos (p).

A very basic fact is that since the coincidence angles are
defined by lattice vectors (n, m), where n and m are coprime

(0,1) (1,3) (1,2) (1,1)

(2,1)

- (3,1)

Figure 6

The points of coincidence are defined by coprime pairs of integers (n, m),
i.e. by fractions m/n in their irreducible forms. Plotted on the nodes of a
lattice, they generate the so-called set V of points visible from the origin
made of the lattice points drawn in blue. Each rational row of this set, as
those drawn in colors, is associated with a branch of points with the same
colors in the coincidence pattern of Fig. 7.

integers, these vectors point to those nodes of a 2D lattice
known as the set of points visible from the origin, noted here
V, as shown in Fig. 6. All points (8, o) of the coincidence
pattern P are in a one-to-one correspondence with those
(n,m), of V.

In particular, rational rows in the set ) faithfully mirror the
branches in P that are asymptotically converging to specific
angles & characterized by their coincidence nodes (n, m) with
tan(d) = pm/n as exemplified by the rows and corresponding
branches drawn in cyan and purple in Figs. 6 and 7.

The simplest way to classify and order these branches is to
label them according to Farey sequences f(N) (see, for
instance, Hardy & Wright, 1979). The Farey sequence of order
N, noted f(N), is the set of fractions m/n where m and n are
coprime integers, associated with the nodes (n, m) of the set V
[see, for instance, in a different context Philippon (2008)], and
such that 0 <m <n < N, ordered by size.

We note the following properties:

(i) For any two elements of a sequence, corresponding in
the set V to the nodes (ng, m,) pointing in the direction
tan(m,/n,) and (n,, m,) pointing in the direction tan(m, /n,),
with m,/n, <m, /n,, the vector (n, + n,, my + m,;) pointing
along their diagonal is such that

my (my +my) my

ny (ny +ny) ny '

with (ng + ny)my — (my + my)n; = no(my +m;) — my(ny + ny)
= nym; — myn,.

(ii) If two elements i and j are consecutive (j =i+ 1) in a
sequence with m;/n; <m;/n; then n;m; — m;n; = 1. Because of
Bezout’s identity, we deduce that beyond (n;, m;) and (n;, m;,)
being coprimes, the pairs (n;,n,) and (m;,m;) are also
coprimes.

Ino

NIEN

0
(1,0) 3,1) 21 (62 (1,1)

(2,3) (1,2) (1,3) (0,

S
-

Figure 7

Distribution of the coincidence angles tan(§) = pm/n n,m >0 versus
o =n>+m?p* in logarithmic scale, for the rectangle lattice with
p = 4+/3/2. The points are distributed on branches asymptotically
converging to specific coincidence angles § = arctan(pm;/n;) where the
points (n;, m;) belong to (extended) Farey sequences generated from the
initial pair [(1, 0), (0, 1)]; here, the optimum branches generated by the
Farey sequence F,(3) asymptotic by lower (purple) and upper (cyan)
values are underlined with the same colors as their corresponding rows on
the set V of Fig. 6.
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In fact, because the coincidence angles « run between 0 and
7 for the rectangle system, the sequences we are interested in
here are extended Farey sequences (Halphn, 1877), noted
F.(N), made of the standard Farey sequence f(N) between
(1,0) and (1,1) completed by the sequence from (1,1) to
(0, 1), obtained in adding to the original sequence the inverse
fractions n/m in opposite order. Such typical extended
sequences for the rectangular system, where 0 < § < /2, are

F(0) =1[(1,0),(0,1)]
F(1) =1[1,0),(1,1),(0,1)]
F(2) =11,0),(2,1), (1,1), (1,2), (0, 1)]
F(3)=1[1,0),(3,1).(2.1).3.2). (1. 1), 2,3),
(1,2),(1,3),(0,1)]
etc.

For the square system, the possible twist angles run from 0
to /2 with the basic sequences (0 < § < 7/4)

F(1) =[(1,0),(1,1)]

F((2)=1[1,0),(2,1), (1, 1]

F(3) =1[(1,0),(3.1),(2,1),(3,2). (1, 1)]

F(4) =[1,0), (4. 1),3,1),(2,1).3,2), (4,3), 1, 1]

etc.
For the hexagonal system, with twist angles extending from
0 to /3, the sequences (0 < § < 7/6) are

F,(2) =[(1,0),(2,1)]

F(3)=1[1,0),(3,1), (2, 1]

F(4)=1[1,0),(4,1). G, 1), 2. 1)]

Fy(5) =11,0).(5.1).(4.1).36.1.6,2). 2. 1] (12

etc.

2.4. Invariance property of the branches

Defining branches of points in the coincidence pattern is
pertinent when the points of the same branch, described by a
running index k, share the same property independent of this
index. To determine which invariance property a branch
corresponds to, we note that, because of relations (1), (2) and
(3), any two points (8, o), associated with the coincidence node
(n, m), and (&', 0”), associated with (n’, m’), of the same coin-
cidence pattern are related by

Voo'sin Ag g = psin(n'm — m'n), (13)

where Ay =6 -6

Relation (13) is the key for characterizing the invariance
rule for each branch of the pattern.

We consider the case of the rectangle system (¢ = 7/2) and
choose two Farey neighbor terms (n,, m,) and (n,, m,) such
that nym, —myn, =1 and my/nyg<m;/n,. We put
oy =n}+ p’mi, o, =ni+ p*ml, tand, = pmy/n, and
tand, = pm, /n,.

We consider the set of nodes

Nw = kng+kny,my o =kmy+km, kK eZ  (14)

under their irreducible form [ged(n, ., m, ;) = 1], defining
the points in P:

kmy+k'm

Sew = arctan p &rotkm) ,{ngf;,,,l‘), (15)
oww = koy+kPo, +2kk'B

with 8 = (ngn, + p*mym,).

As shown in Fig. 6, at constant ¥’ and running k, these nodes
(1 gr» My o) describe rows in V that are parallel to the direc-
tion (n,, m,). At constant k and running k', they describe rows
in the direction (ny, m,). These two rows intersect at the node
(ng + ny, my +my).

Observing that

Ry o — Mgy o = no(kmy + K'my) — my(kn, + k'n;)
=Kngm, —mgn,) =k',.VkelZ (16)

MRy — My = my(kny + k'ny) — n,(km, + k'm,)
= k(m,ny — nymy) = k,V k' € Z, 17)

we note that at constant k¥’ and running k, the points
(n4 4> my 1) describe a set of branches in P, one for each value
of k', asymptotic (by upper values for k' >0 and by lower
values for k' < 0) to §, for k — oo where all points share the
invariance property:

Vkel, Jo 008N 0= pk. (18)

Similarly, from relation (17), at constant k£ and running &/,
corresponds a set of branches asymptotic (by upper values for
k > 0 and by lower values for k <0) to §, for ¥ — oo sharing
the invariance property

VK €l Jo,0,psinA ) = pk. (19)

Concerning the irreducibility property, we note that n; ,, and
m, ,» are both multiples of ged(k, k') and therefore k and &’
must be coprime for the node (rn; ;,m, ;) to belong to V.
Thus, any row in the set generated by a running k(k') at
constant k'(k) exhibits only the points that are not multiples of
the prime factors of the constant k'(k). For example, in the
Farey sequence F(0) =[(1,0),(0,1)] where (n,,m; ) =
(k, k'), the rows parallel to the x corresponding to running k at
constant k’ show, in increasing k" order: all k values for ¥’ =1,
only odd values of k for k' = 2, k not a multiple of 3 for k¥’ = 3,
k not a multiple of 2 and 3 for k' = 6 efc. The densest rows
correspond to k' being a prime number. The same behavior is
to be found for the rows parallel to the y direction and,
extraordinarily enough, for any row parallel to a rational
direction.

The k(k’) branches associated with the smallest values of
o> designated here as optimal branches because they
generate the smallest coincidence unit cell, are those where
the constant k(k’) in relations (16) and (17) is the unity. These
are the branches and associated rows colored, respectively, in
cyan and purple in Figs. 6 and 7.

The two optimal branches in k and k' defined by the
neighbor nodes (n,, m,), (n;,m;) in the Farey sequence
intersect at the node defined by k = k' =1, i.e. at the node
(ng + ny, my +my) which is precisely the term inserted
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between the two original nodes in the Farey sequence next to
the original one.

2.5. Analytical expression of the optimal branches

Although the coincidence angles form a dense enumerable
set of points on the trigonometric circle, the proximity of two
alpha values does not ensure that of their corresponding o
values. This happens only when the two angles are on the same
branch. Two branches are particularly important which are
asymptotic to the angles of the generating mirrors of the point
symmetry of the lattice of the monolayer, i.e. 6 =0 for all
systems, with additional 6 = /2 for a rectangle, 8 = 7 /4 for a
square and 6 = /6 for a hexagonal system. They have a
particular importance for bilayers with very small rotations as
they allow us to choose the smallest-sized coincidence lattices
closest to the angle we seek generating the smallest atomic
model to be used in electronic calculations.

In the rectangle system, the two extreme asymptotic angles
are 6 = 0 and m/2 associated with the two extreme branches
defined by the Farey sequence [(n,, m,) = (1,0), (n,,m;) =
(0, 1)]. The relation (4) leads to

oy=1, 0, =0 B=0

=k om, =1, 0, =k*+p

=0 Sin(gk_] :\/%
P

np =1 m =k, o, =1+k?p
: __ 1
siné, , = Nk
We assume o> 1 (p > q). Using p*> = p/q with ¥ = go/y and
y = ged(mp, nq), we find

0=m/2

Xpa :L%.h 211</:L,C71k'~
T ged(p, k) & T ged(g, k)

We first observe, as shown in Fig. 8, that each time k and p
share the same divisor, X, ; changes its value so that the
initially unique o, ; branch splits into v subbranches X |,
where v is the number of divisors of p. [Let
n=a" x b x ¢’ x ... be the positive integer of prime
factors a, b, c¢,...; the number of its divisors is
(p1 +1) x (p, +1) x (p3 + 1) x ....] Similarly, o, ; splits into
 subbranches E{‘, > Where p is the number of divisors of q.

We then note that the same angle § is shared by the two
branches at steps, respectively, k and kK’ when kq = pk’, i.e. for
k=pt, kK =1 for one branch and k' = g€, k =1, for the
other, ¢ € Z. At that stage qo,,; = po, , and therefore X,
= (q/P)0y1 = 014 = Z; 4 The two branches superimpose
every p steps for one branch and g steps for the other with the
same X values. Hence, the optimal branch for small angles in
the rectangle system (p*> = p/q, p > q) is found to be

n=1,m=ql, £ eN,a, =2arctan pgl, o, = pql* +1

sind, = ——

T
ithd, =——3§ 20
5, with o, 5 ¢ (20)

with a primitive lattice of parameters A = 1+ipgl, B =
—pl +ip that condenses to a c-type lattice (A + B)/2,
(A — B)/2 when p, g and £ are all three simultaneously odd.

For the square system, the situation is much simpler since
here o =3X. The Farey sequence to be used here is
[(1,0), (1, 1)] out of which we obtain

op=1, 0,=2, =1

6—0 na=1+k m,=1, o, =k +2k+2
— o siné = g

1

ne=1+k, m =k, o, =2k*+2K +1
0 =m/4 NS — ’ ’
SOk = Taoransa

The same angle § is shared by the two branches each time
k = 2k’ with, then, o, ; = 20, ;.. This is easily understood by
noting that k =2k" implies n,; +m, =242k and
ngq — My = 2k’ both even, which lead directly to n,, =
1+k', m, = k' with a o value twice smaller. The branch

o log®

Figure 8

Splitting of the optimal branches as plotted against X instead of o in the
rectangle system for the cases p = 4/10/7 and p = 4/21/16. The red dots
and lines correspond to X, ; and the blue dots and lines to ¥, ;.. In the
first case, p = 2 x 5 the red branch splits into four subbranches in the
ratio 1, 2, 5 and 10, and since ¢ = 7, the blue branch splits into two
subbranches of ratio 1 and 7. In the second case, p = 21 = 3 x 7, the red
branch splits into four subbranches in the ratio 1, 3, 7 and 21, whereas for
q =2, the branch splits into five subbranches in the ratio 1, 2, 4, 8 and 16.
In both cases, the red and blue branches superimpose for k = pf and
kK =qt, Lel.
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asymptotic to 6 = /4 is therefore the optimal solution with
the smallest unit cell defined by

£
n=14+¢,m=1¢, LN, §, =arctan——,

14¢
o, =20 4+20+1
o 1 T
sméz :ﬁ with 82 :Z—(Sl (21)

with a primitive
B =[—{+i(1+ )]

The case of the hexagonal system is treated in Appendix A
and leads to

lattice defined by A = (14 £+if),

/3
=142¢, m=¢{, £ €N, §, =arctan—r,
n + m € ) arcan3£+2

o, =30 +30+1

sing, = ——
t7 o

T
ith §, =——§,. 22
5, w1 t =% ¢ (22)

These results are easily understood by noting that the smallest
coincidence angles are obtained when the two superimposed
nodes are as close as possible to each other.

Indeed, applying relation (4) to the rectangle system with
0 =mn/2 and n = 1, m = g/ leads to

Josin|§| =] —1| =1. (23)
For the square system with 6 =n/4 and n =041, m =,
relation (4) gives

1 1
Josin|d=——0 -1 =— (24)

V2 V2
and for the hexagonal system, with 0 = 7/6 and n =20 + 1,
m=1

1 1
\/Esin|8|=§|25—25—1|=§. (25)

3. Space groups of homophase bilayers with
coincidence lattices

Building the space group of a homophase bilayer with a
coincidence lattice is a simple work in principle that follows
the same general scheme: the symmetry group of a set of two
identical objects taken as a whole is the union of the symmetry
elements that are common to both objects and are intrinsic
symmetries of these objects plus extra elements, if any, that
exchange the two objects as illustrated in Fig. 9.

It is easily demonstrated that the union of these two sets
forms a group (see, for instance, Gratias & Quiquandon,
2020). Here, both the rotation « and the rigid-body transla-
tions 7 are to be considered in the computations of these two
basic sets:

(i) The intersection group contains those symmetry
elements of the original layers that are of the same nature and
superimpose in space,

I=6ng,

where G’ =@ G @ !; this group is never empty since it contains
at least the identity and the translation group 7, of the
coincidence lattice.

(ii) The additional set of symmetry elements correspond to
those extra new elements that exchange the two layers,
transforming layer [ into II and simultaneously I/ into I,
defined by the intersection of the cosets @ G with G a™!
designated, if not empty, the exchange set &:

E=agnga'.

The symmetry group of the homophase bilayer, say A of
translation group 7, is thus the union

N =T U & with either £ = @ or £ =€ Z such that & € Z.

In addition to the group NV, another fundamental symmetry
group of interest is the space group W, which generates, for a
given rotation o and a given rigid-body translation t, all
translations t' that generate equivalent bilayers, i.e. bilayers
that can superimpose on top of each other by an isometry. Any
two such translations t and 7’ for the same rotation « are said
to be equivalent. They form the orbit of t in W,.

Because the rigid-body translation acts as a global transla-
tion of the layers, it is sufficient to consider only the orienta-
tional symmetry, i.e. the point group I', instead of the whole
space group G. The point group W, is obtained as in the
preceding case, by considering the intersection of the point
groups [ and Il and the exchange set but with the major
change that, since the elements of the exchange set transform
T into its opposite, we must multiply the exchange set by the
inversion operation:

W,=CNala™!) U (1)@ NTa™), (26)

where 1 stands for the inversion operator. [A very unfortunate
mistake is to be corrected in the work of Gratias &
Quiquandon (2020) where the inversion operation has been
forgotten in the expression of W, and improperly added in the
one of N.] Here again, it is easily shown that W, is a group.

-

O

n\

I=¢naga' e=agnga’
Figure 9
These two identical cups share the same mirror (blue frame) and
transform into each other by another mirror (red frame) perpendicular to
the previous one. Alone, each cup has the point symmetry m, but the pair
of cups, taken as a whole, has point symmetry 2mm.
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The translation subgroup of W, is found owing to the fact
that adding to 7 any translation of the lattices of either crystal
transforms the bilayer into one of its equivalents. This trans-
lation group is the union group ¥/, introduced in Section 2.2.3.
The set of equivalent translations to 7 is therefore the orbit of
7 in the space group W, (U,) generated by the product of W,,
with the translation group U,

W, U,) =W, x U,. 27

Hence, the number of different symmetry groups of the
bilayers induced by varying the rigid-body translation t for a
given rotation « is the number of strata of the group W, (U,).
For example, as shown in Appendix A and Fig. 13, there are
only six different space groups for graphene bilayers whatever
the rigid-body translation (and whatever the « rotation). It
also shows that the natural reference frame to be used for
labeling 7 is the union lattice. Moreover, the domain of defi-
nition of the rigid-body translation T becomes very narrow and
decreases linearly as 1/+4/% for coincidence angles « tending
towards zero. As a consequence, at very small angles of
rotation where the coincidence lattice unit cell increases
dramatically, the unit cell of the union lattice becomes small
enough for the rigid-body translation to become physically
meaningless. Therefore, in the case of large moiré patterns due
to small disorientations, it is not necessary to consider the
rigid-body translation in the description (it can be chosen to
be the null vector).

3.1. Finding the bilayer groups: point symmetry

The point symmetry elements to consider are rotations
z — zexp(ig) and mirrors z — Z exp(2if) with ¢, 0 € {0, %, 7,
5 3)-

The rotation o commutes with all the rotations of the lattice
crystal since

z = zexp(iar) exp(ig) = z expli(a + ¢)] = z exp(ig) exp(i).

The intersection point group I' N al'a~! is thus the set of all
the rotations of the point group of the crystal whatever the
value of the coincidence angle «.

On the other hand, the exchange set «I' N 'a™! contains the
mirrors generated by the product of the rotation « by the
original mirrors, i.e. mirrors rotated by 6 = «/2 from the
original ones. Indeed, the elements of o' act on z as
7 — exp(ia)z exp(2i) = zexpli(a + 260)] whereas those of
Fa™! act as z — z exp(—ia) exp(2i6) = z exp[i(a + 26)].

Therefore the exchange sets contain all the mirrors
obtained by a rotation of § = «/2 of the original mirrors of the
structure whatever the value of the coincidence angle «. This
explains why the coincidence lattice 7, has the same point
symmetry as the original symmetry class of the lattice. For the
group W,, the exchange set that contains all the mirrors is
multiplied by the inversion, generating thus an equivalent set
of mirrors but rotated by /2 with respect to the initial ones.

3.2. Finding the bilayer groups: space symmetry

The space group W, is easily determined since it is the
direct product of W, with U,,.

Concerning the group N, the calculation requires a few
steps.

Elements of Z are the elements g, g € G such that dg = g'a
and elements of £ are the elements dg such that ag = g'a™".

From @z = zexp(io)+71t and @'z = zexp(—ia)
—1 exp(—ia), with g being either a rotation 8z = z exp(id) + ¢,
or a mirror gz = z exp(2if) + t, we have the general explicit
expressions

exp(ia)[z exp(ig) + 1] + 7 = z exp[i(a + ¢)]
+texp(io) + T

gz = exp(ior)[z exp(2i6) + ] + T = z expli(a + 20)] (28)
+texp(io) +
[z exp(ia) + ] exp(ip) + ¢ = z expli( + ¢)]
| HTexp(id) + ¢
g = [z exp(—ia) + T] exp(2iB) + ¢ = Z exp[i(20 — )]
+Texp(2i0) + ¢
(29)
[z exp(—ia) — Texp(—ix)] exp(ip) + t
sz | = G- DenliG o) +1 50

[z exp(icr) — Texp(ic)] exp(2i6) + t
= (z — 1) expli(e + 20)] + ¢.

For an element being possibly included in either set Z or &, the
arguments of the variable z must be identical for the equalities
to hold for any value of z.

Concerning 7, the comparison between the lines (28) and
(29) shows that the only possible solution for the elements g
and g to be in Z is two rotations of the same angle ¢ such that

¢ — texp(ia) = T — Texp(ig).

Concerning &, the comparison of (28) with (30) shows that the
pertinent elements @g are obtained with g and g being parallel
mirrors such that

¢ — texp(ia) = T + Texplia) exp(2i0) = T + T exp[2i(0 + 3)]

with ¢, ¢ € U, or possibly U, /2 for the c-type space groups cm
and ¢2mm and the non-symmorphic ones pg, p2mg, p2gg and
pagm.

Since ¢ — rexp(ie) is a vector of U, or U, /2, we find that:

(i) The rotation (¢lt) e G is in Z if t is such that
T — texp(ig) is a vector of U, (or U, /2) which is achieved for
T pointing to special positions of the group W,.

(i) The mirror (mgyglt) is in € if t is such that
T+ Texp[2i(0 + §)] is a vector of U, or U, /2 requiring thus t
to point along the perpendicular bisector of a mirror of £ and
thus t to align along a mirror of W,.

These two conditions lead to non-trivial solutions for t
being located at special positions of W, (U,,).

This shows that the space group N depends on the value
of 7 according to the different symmetry strata of
W,(U,): the number of different possible space groups
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of the bilayer is equal to the number of symmetry strata of the
group W, (U,).

Moreover, the type of space group A of the bilayer does
not depend on the value of the coincidence angle «: whatever
the value of « in that set is, the groups A obtained for rigid-
body translations T with the same coordinates in U/, are
isosymbolic; their actual representations in space are scaled
according to the length /o and the rotation § = «/2.

Figure 10

Example of structures of symmetry pm,(A) and pg.(A), showing that the
mirror of the exchange set survives in the bicrystal symmetry only for the
rigid-body translation 7 located at special positions of the group
W, = pm, with translation group U,. Beyond the general position
(x, y) generating a bilayer of symmetry p1 and not shown here, there are
two other strata (0, y) and (1/2, y) which generate a mirror in the bilayer
structure. According to the values 0 or 1/2 of the x component of T on I/,
these mirrors are either pure or glide. Here p = \/3/2,n=1,m=1,a =
101.537°; the coincidence lattice 7, is defined by 7, = (1,1), T, =(3,2)
with ¥ = 5.

3.3. A simple low-symmetry example

We consider two bilayers A and B with coincidence lattices
built from structures of symmetry class m, with space groups
pm, (A) for A and pg (A) for B. In both cases, the point group
W, is made of the identity for the intersection group and m,
(original m, rotated by 6 = «/2 plus m/2 because of the
inversion) for the exchange set: W, = pm, with translation
group U,,. This group has three strata expressed in the unit cell
of U,: (0,y), (1/2, y) and (x, y) with little groups, respectively,
m,, m, and 1. The translation T = (0, y) expressed in the unit
cell of U, generates the group N' = pm, for the structure A
and N = pg, for structure B, both of translation group 7,
and vice versa for the translation v = (1/2, y) (Fig. 10).

4. Conclusion

To summarize, we find that infinitely many coincidence lattices
generically exist down to the rectangle symmetry provided
that the ratio p of the lengths of the unit-cell vectors is the
square root of a rational number: p*> = p/q. They are gener-
ated by specific coincidence rotations of angle « of the form
a = 28 = 2 arctan(pm/n) where n and m are coprime integers
and can be written as

T, = exp(ia)ﬁ<N + ip1M>,N, MeZ,
y

where o = n? + p’m? and y = ged(mp, nq).
With each coincidence lattice is associated a union lattice

uO{ :TOI/Z

homothetic to 7, and which is the translation group of the
space group of the equivalent translations of the rigid-body
translation 7. Both coincidence and union lattices share at
least the symmetry class of the original layer. For square and
hexagonal systems, the three lattices 7 ,, A and U, are two-by-
two homothetic in the linear ratio «/E

The complete set of possible coincidence lattices char-
acterized by the rotation angle « and the unit-cell size ¥ of the
corresponding coincidence lattice form a diagram in one-to-
one correspondence with the so-called set of points visible
from the origin and can be analyzed using Farey sequences.
They are distributed on branches, each characterized by a
geometric invariant relating the sinus of the rotation angle to
the square root of the unit-cell size.

In the case where a coincidence lattice exists, the space
group of the bilayer depends on the value of the rigid-body
translation 7 between the two layers. There are as many
different symbolic names of space groups as there are strata in
the group W, (U,) of the equivalent translations t to a given
one. These symbolic names do not depend on the value of the
rotation .

Because the group W, (U,) has U, as translation subgroup,
the unit-cell size of which tends to zero for rotations tending to
zero, the rigid-body translation T becomes a non-pertinent
parameter — analogous to a phason field in quasicrystals — for
twisted bilayers with very small rotation.
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A subsequent work will discuss the case of general bilayers
where U, is a Z module of rank 4 in connection with the
notion of O-lattice which is independent of the possible exis-
tence of a coincidence lattice.

APPENDIX A
The specific example of graphene bilayers

Graphene has a 2D periodic structure of group p6mm(a, b)
with a carbon atom at special position 2b3m (1/3,2/3). It is
described in the complex plane C by the primitive hexagonal
lattice A (p =1, ¢ = 2m/3) defined by

A ={z=n+jm, j=expRin/3), n,m € Z}

with a carbon atom at position z; = (1 4 2j)/3 [and equiva-
lently z, = (2 4 )/3] as shown in Fig. 11(a). [It turns out that
the commonly used notation in the physics community of
graphene is to take the hexagonal reference frame with the
acute angle /3 instead of the crystallographic definition that
uses the angle 277/3. This corresponds to choosing (—j, 1) as
reference frame instead of (1, j). Noting thus that a node z can
be equivalently written as z = n +mj = M — Nj we obtain
n=N+M and m = N and thus M = n — m.] The unit-cell
parameter equal to a = 0.2456 nm is chosen here as the unit
length.

The point symmetry elements of 6mm are generated by the
rotation of /3 located at the origin and transforming (the six
hexagonal rotations are {1, —j, j, —1, j, —j}) z into —jz and the
mirror along x transforming z into z. The orbit G, of a generic
point z has thus 12 elements per unit cell:

G. =z, —jz. jz. =2, j2. —J2: T —JZ, JZ —Z, JZ —j2} + A
as exemplified in Fig. 11(b).

A1. Graphene bilayers with coincidence lattices

Twisted graphene bilayers are certainly among the most
studied materials in the world [see, for instance, the recent
review by Geim (2009)], often created, for example, in
epitaxial graphene growth on the C-terminated face of Si—C
(see Campanera et al., 2007; Hass et al., 2008; Varchon et al.,
2008; Bistritzer & MacDonald, 2011). These twisted bilayers
are the superimposition of two single graphene sheets slightly
twisted with respect to each other by a small angle « of a few
degrees or less. It was seen a couple of years ago that these
twisted graphene bilayers have remarkable electronic struc-
tures (see Trambly de Laissardiére et al., 2010). As already
mentioned, from the geometric point of view discussed here,
the two graphene sheets are considered as infinitely thin and
located on the same plane.

Twist rotations of angle « leading to coincidence lattices are
infinitely many (see Feuerbacher, 2021). They are character-
ized by the rotations « that superpose a representative of a
given orbit of nodes z = n + jm on top of another point of the
same orbit G,. As previously mentioned, because of the high
symmetry of the hexagonal system, it is enough to examine the

rotation o = 2§ around the origin that transforms the lattice
point z = n + jm = n —m — jm into 7’ = n + jm as shown in
Fig. 11, where n and m are positive coprime integers with
n>2m>0:

n+jm S + jm = exp(ia)(n + jm) (31)

or

. N
exp(iar) = . +{.m = (n —i—]m) and thus
n—+jm NS>

VT exp(i8) = n + jm,

where 8 = /2 and X =n? +m? —nm, as application of
equation (7) to the hexagonal system.

Y Y

i

/N7
NCLT R,
WAV
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n—yn —3m
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Figure 11

(a) Graphene is a 2D structure made of a honeycomb lattice of carbon
atoms (in black on the picture). The standard primitive hexagonal lattice
is generated by the pair 1, j = exp(2irr/3) in complex notations defining
the unit cell drawn in gray. The point symmetry group is 6/ which can be
generated by the two mirrors M and M’. (b) Generating coincidence
lattices by rotation is easily obtained by applying rotations « around the
origin that superpose nodes deduced from each other by the mirror along
the real axis transforming the node n + jm into n + jm. Because of the
hexagonal symmetry, choosing point n + jm with n, m coprime in the
region n>2m >0 between the mirrors M and M’ is sufficient for
generating all the possible rotations of coincidence angles @ and /3 — «.
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A2. Hexagonal and rectangular coordinates

The connection between the rectangular c-type lattice with
0= /3 reference frame with coordinates (n,, m,) both inte-
gers or both half-integers and the hexagonal lattice reference
frame (n,,, m,) both integers is given by

n, =n, +m, 2n, =2n, —my
my =2m, 2m, = my,.

It is easily verified that o is an integer for both n, and m, being
half-integers,

2 2
) ) 1 1
2 1 2 3
=N +N+Z+3M +3M+Z
= N(N+1)+3MM +1) + 1,
and that

Y =nl +ml —nym,
= (nr + mr)2 + 4m% - 2mr(nr + mr)

=n?+3m? =o.

{The relation ¥ = qo/y, found for the rectangular system, is
based on y = ged(m,p, n,q) = ged(3m,, n,) = ged(3,n,) and
leads to y = 1 —and thus ¥ = o as expected — when #, is not a
multiple of 3, but to y =3 when n, = 3k, and thus ¥ = 0/3
which seems contradictory to the present result. In fact,
because n, =3h, +m,, m, =2m, the sum n,+m, is a
multiple of 3 and the actual coincidence unit cell reduces to
[(n, +my)/3, @my, — n,)/3], which is indeed three times
smaller.}

A3. Coincidence and union lattices

Relation (6) leads to

(32)

m
§ = arctan
2n —m

and

ZﬁsinS = mx/g,

The unit vectors of 7, are T, =n+jm and T, = jT, =
—m + j(n — m); because of relation (33), this translates into
T, = exp(i8)v/T and since T, = jT}:

2V T cosd =2n — m. (33)

T, = exp(i8)VE(N + jM), N, M € Z. (34)

The coincidence lattice 7, is an hexagonal lattice deduced
from the original lattice A of the layer by a rotation of § with
unit-cell parameter \/f The calculation of the union lattice
U, leads to the same expression as in equation (10):

u,=7,/x

which is the original hexagonal lattice rotated by § with a unit-
cell parameter linearly shrunk by 1/4/%.

A4. The coincidence pattern P

The coincidence pattern is shown in Fig. 12, generated by
one unique representative out of the 12 equivalents of the
rotation, with the corresponding X plotted on a logarithmic
scale. As already discussed in Section 2.3, the coincidence
points are distributed on branches converging asymptotically
to specific rotation values when X — oo. Putting n;, =
kny 4 k'n; and my ;, = kmy + k'm; from equation (14), we

obtain
{ o
DI
with B = 2(nyn, + mym,) — (m;n, + myn,). The basic invar-

iance relations (13) for each branch are in hexagonal coordi-
nates:

_ kmy+-k'my
= 2arctan [ﬁ Wheng k' )— (g +K/my )

(35)
= k%o, + k*0, + kk'8

K =Cte:V k € Z, 2,/0,10,8in 84,0 = k'v/3
k=Cte:V k' € Z, 2,/6,0,4sind; ) = k3, (36)

where Cte stands for a constant value. Here, again, the optimal
branches are those where k'(k) = 1 for running k(k’) drawn in
cyan and red in Fig. 12. Of greatest importance are the optimal
branches associated with the nodes of the initial Farey
sequence F,(2) =[(1,0), (2, 1)] since they cover the entire
angular definition domain of P generating the smallest X
values. We find

op,=1 0,=3

nk,l :2+k7 mk,1 :1’ Jk,l :k2+3k+3

N =142k, my =k, o, =3k +3K +1

InX

Y]

0 , " : : )
(1,0) (6,1)(5,1) (4,1) (3,1) (5,2) (2,

-
=

Figure 12 B

The rotations of coincidence n+jm — n+jm are defined by
8 = arctan m/3/(2n — m) n,m € Z, n>2m >0 plotted for one unique
twist rotation as a function of ¥ = n? 4+ m? —nm for ¥ <8000, on a
logarithmic scale. As in the general case, well defined asymptotic
branches are observed which correspond to the terms of the consecutive
Farey sequences: the asymptotic branches of the F,(6) sequence are
drawn in cyan and red.
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V3

sind, ; = —————= fora— 0
T 2Jk2+3k+3
) 1
sind, p = for ¢« — /3.

2/3k? + 3k +1

The same § angle is found between the two branches for
k = 3k’ with 0, | = 30, ;.. Indeed, since then n; ; = 2 + 3k’ we
see that n, ; +m, ; = 3(1 4+ k') and, of course, n, ; —2m, ; =
3k’ are both multiples of 3, leading to a unit cell three times
smaller. This shows that the asymptotic branch § — /6 is the
optimal solution leading to the smallest unit cells:

n=1+20, m=4t, LeN, o,=302+30+1

with sind, =

1
2,/0,.

A5. Symmetry groups of twisted graphene bilayers

Our last task is to analyze the overall symmetry of the
graphene twisted bilayers with coincidence lattices. The group
W,U,) is easily found as W, (U,) = pémm of translation
group U, whatever the value of the coincidence angle § in P.
The group pbmm contains six symmetry strata listed in Table
3. There are thus only six different possible space groups for
the bilayer according to the coordinates of T expressed in units
of the union lattice ¢/, as shown in Table 3 and exemplified in
Fig. 13.

C oA
T
) B
Seeey

(d) em

Figure 13

Table 3

Symmetry groups N of graphene twisted bilayers as a function of the
rigid-body translation 7 expressed on the basis of the union group
W,(U,) = pbmm’ with origin chosen on the sixfold axis.

Its translation group is the union lattice U, defined by U, = (n + jm)/X and
U, =[-m+j(n —m)]/T with £ = n> + m> — nm.

Little group in Label in
©U,) W.U.,) NAT,) Fig. 13
la 0,0) 6mm’ pomm’ (a)
2b (1/3,2/3)t 3mt p3lmt )
3¢ (1/2,0) 2mm’ 2mm’ (c)
6d (x,0) m' cm’ (d)
6e (%, X) m. cm (e)
12f (x,y) 1 pl )]

+ The rigid-body translation 7 = (1/3,2/3) corresponds to the natural stacking in
graphite.

The case of very small rotations deserves some attention.
Rotations decreasing to zero are associated with coincidence
lattices with larger and larger unit cells and therefore to
shorter unit cells for the union lattices. As noticed in the body
of the text, this leads to rigid-body translations tending to zero
and therefore losing any physical pertinence. Small rotations
can indeed be locally described as translations between the
two almost-parallel layers, as shown in Fig. 14(a). The
normalizer at T = 0 is the group of the graphene layer, p6mm,
scaled by +/T and rotated by 8: the bilayer has exactly the
same symmetry properties as the initial graphene unit cell but
magnified to mesoscopic scales. It can be roughly described as

Example of a graphene bilayer with twist rotation (n, m) = (3, 1), @ = 2arctan v/3/5 = 38.2132°, T, = (-1, =2), T, = (2, 3), = = 7, as a function of the
rigid-body translation t shown in Table 3. All coincidence angles « in P generate symmetry groups with the same symbols; they differ only by the scaling

factor defined by the union and coincidence lattices.
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an hexagonal tiling made of three main microscopic high-
symmetry structures occurring at each special point of the
large hexagonal coincidence unit. In that renormalization-like
view, the centers of the initial hexagons are replaced by the
structure of local symmetry 6mm, usually designated as AA,
that is the graphene itself, the carbon atoms by the structure of
local symmetry 3m, called AB(BA), as in the natural graphite,
and the binding between carbon atoms, designated as SP, by
the structure 2mm shown in Fig. 14(b) of space group c2m with
cell parameters (a =1, b = +/3) and two carbon atoms at
positions (0,1/3) and (1/2,1/3). These three basic high-
symmetry structures, 6mm, 3m and 2mm, correspond to the
first three special positions of dimension 0 as shown in Table 3
and Fig. 13. This exhausts all the symmetry possibilities: there
are no other kinds of structures, for any § < 1 and any (here,
meaningless) values of 7.

)2
o
: 2
¥ B, X P
= 1
w6mm : 2mmi
=2 oy 5
S 2o
2 322
- 23 3303
233
N &
3mj g
> 3
¥ )
ST el e e R R S e e <
¥
¥
¥
>
>
83333
5352

Figure 14
(a) Small rotations 28 generate bilayers with the same symmetry as the
original graphene layer, magnified by /% and rotated by 8. (b) Four unit
cells of the local structure often called SP corresponding to the special
point 2mm.

APPENDIX B
Heterophase bilayers with coincidence lattices

B1. Homogeneous dilatation—rotation coincidence lattices
for heterophase bilayers

Heterophase bilayers are formed by two layers of different
structures; they show very similar geometrical properties to
the homophase bilayers. However, our present context of
using complex numbers allows us to treat here only those
heterophase bilayers where the lattices A and A’ of the layers
can be deduced from each other by a dilatation—-rotation, i.e.
when

A = AA, where A = gexp(ia), 0 € RT.

Here, o is the dilatation coefficient and « the rotation from A
to A’. This kind of transformation is the general case when the
lattices belong both to either the square or the hexagonal
systems as examplified in Fig. 15.

We choose here to discuss heterophase bilayers in the
square system for simplicity.

Let A and A’ be the two square lattices of lattice para-
meters a = 1 for A and a’ = o for A’

A={n+im},n,meZ and A" = gexp(ia){n’ + im'},
n,m eZ, aeR.

A coincidence lattice 7 = A N A’ exists if two pairs of inte-
gers (n,m) and (n', m’) exist with ged(n, m,n’,m’) =1 such
that

Figure 15

Example of a bilayer made of two square lattices related by a dilatation—
rotation operation inducing a coincidence lattice: here the node (2, 1) of
A (in red) is superimposed on the node (3,1) of A’ (in blue). The
coincidence lattice is thus 7, = {(2, 1), (—1, 2)}, ¥ = 5 expressed in the
unit cell of A or equivalently 7 ,, = {(3, 1), (-1, 3)}, ¥’ = 10 expressed
in the unit cell of A’; the dilatation is o = 1/+/2 and the rotation
o = arctan1/7 = 8.1301°.
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Gratias and Quiquandon « Crystallography of twisted bilayers 315



research papers

n+im = gexp(ia)(n’ + im'), 37

in which case the coincidence lattice is {7, =n +im,
T, =iT, = —m+in}, expressed on the unit cell of A or
equivalently {7 =n' +im/, T, = —m' +in’},, expressed on
the unit cell of A’. Explicitly

n+im nn' +mm +i(nm— m'n)
- n? + m?

oexp(ia) = S

or by putting ¥ = n? + m?, ¥’ = n? + m”?, we obtain

b nm—mn
0 =,/ — and o = arctan——. (38)
Y nn' + mm’

Therefore, two square lattices (it can be easily verified that the
same property applies for the case of hexagonal lattices) of
different sizes can share a coincidence lattice only if the ratio
of the unit-cell lengths is the square root of a rational number
0*> € Q7 in which case the area of the coincidence unit cell is
simultaneously an integer multiple ¥ of the area of the unit
cell of the first lattice and another integer multiple, X', of the
unit cell of the second lattice in the ratio of the rational
number o> = Z/¥.
Relation (37) leads to

n+im i )n/—i—im’
——— = exp(ia) ——
Vv P V2
V¥ (n +im) = exp(ic)v Z(n' + int).

or

Let ¢ and ¢’ be the rotation angles between the unit cell of the
coincidence lattice 7 and those of, respectively, A and A’ (see
Fig. 15); we have

T = VT exp(ip) A = VI exp(id)) A’

and therefore

VEcosp=n, VEsing =m, tanqb:ﬂ (39)

n

/1]

iz ) 1 [T
7 T T
/ / Lo /

Figure 16

The square lattice in blue is transformed into the lattice in red after a
rotation « =2arctan(1/3) = 36.8699° (dashed lines) and (left) a
dilatation ¢ = 1/2 with coincidence unit cell: A = (12,9), B = (=3, 4);
(right) a shear n=1/2 with coincidence unit cell:
A=(4,3),B=(—68).

m/

VY cos¢ =n', V¥'sing =m/, tang = —. (40)

n/

Also, because o = ¢ — ¢

[nn + mm' + i(n’m — m'n)]

exp(ia) !
xp(iot) =
P VY

or

VEY cosa =nn' +mm’, VEX sina =n'm—nm’

which is consistent with the expression of « given by relation
(38).
The union lattice i/ = A U A’ is given by
p2p 2
ged(2, ) ged(n, m) ged(n', m')

1
U= FT, where ' =

It is easily checked that, in the homophase case, where
¥ = ¥, ged(n, m) = ged(n’, m') = 1, this relation simplifies to
(10).

Fig. 15 gives a simple example of a rotation—dilatation
transformation between two square lattices A, A’ where the
node (n,m) = (2,1) of A (in red) superimposes on the node
(n',m’") = (3,1) of A’ (in blue) by a rotation « and a dilatation
0. Here ¥ =144=5 and ¥ =1+ 9 = 10. Thus, we find
0=+/5/10=1//2 and tana =3 —2)/(6+1)=1/7. We
have tan¢ =1/2 with cos¢ =2/+/5, sing =1/+/5 and
tan ¢’ = 1/3 with cos ¢’ = 3/+/10 and sin ¢’ = 1/+/10.

B1.1. Pure dilatation. A pure dilatation of one layer with
respect to the other is characterized by o = 0 and therefore
nm' = mn' or m/n = m'/n’. We assume n and n’ are non-zero,
leading to

3 = n2(1 + rnZ/nZ)7 E/ — n/2(1 +m/2/n/2)

x n? _n
TV
The union lattice f = A U A’ is written

_ ged*(n, n')

u 7.

nn'

APPENDIX C
Homophase bilayer under mechanical deformation

The two layers can in general be of two different structures of
space groups G and G with lattices, respectively, A and A’. We
still designate by @ the transformation from A to A’,

A =TaA,

as exemplified in Fig. 16. For simplicity, we treat here the case
of the initial lattice A belonging to the square system.

C1. Pure shear deformation

Here A’ results from a pure shear deformation of the square
lattice A of parameter a = 1 in the direction of angle o with
the x axis of A and of intensity 7:
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. 1 —ncosasina ncos’ a

o —nsin’« 1+ ncosasina
with the shear direction V; = (cosa, sin «).

If we choose: (i) the angle @ among those generating a
coincidence lattice,

m
o = 2 arctan—,
n

as discussed in the body of this article, using o = n? + m?, and
ocosa = n®> — m? and osina = 2nm;

(ii) the shear intensity n rational with respect to the square
lattice parameter

n=p/q. p.q €N;

then the transformation @ is written as a matrix with rational
coefficients,

RS |:qc72 — 2pnm(n® — m?)

o=
qo? —4pn*m?

p(n? —m?y’
qo? + 2pnm(n® —m?) |’

which generates a coincidence lattice defined by the unit
vectors

1
A= —(n2 —m?,2nm), B= g(—2nm, n* —mh),
Y Y
where y = ged(n? — m?, 2nm).

C2. 1D dilatation

A dilatation of the square lattice A of intensity ¢ in the
direction of angle « with respect to the x axis of A can be
written as

. 1+ ¢cos’a ¢cosasina
“ \¢cosasine 1+ ¢sin’a )

As in the previous case, if ¢=p/q,p,qg €N and
a = 2arctan(m/n), the transformation @ is a matrix with
rational coefficient

1 [q02 +p(n® —m?)?  2pnm(n® — m2)1|

“=—
qo* | 2pnm(n® —m?) qo? + dpn®m?

with lattice parameters

a+1

1
A= (n* —m?,2nm), B =—Q2nm,m* —n*)
14

where y = ged(n? — m?, 2nm).
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