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Crystal Palace is a new Windows program for Parametric Analysis of Least-
squares and Atomic Coordination with Estimated standard uncertainties
(e.s.u’s). The primary purpose of the program is to organize the refined struc-
tures from parametric structural studies (as a function of pressure or tempera-
ture or a series of compositions) for analysis of the structural trends, and the
production of tables for publication without the risks associated with manual
editing. The program reads structural information from one or more crystal-
lographic information format (cif) files. It organizes the data by finding the
structurally equivalent atoms in each structure and therefore can correctly
organize structural information even if atom names or site occupancies are
different, or the atom lists in the cif files are ordered differently. A major
shortcoming of cif files as currently used is that they do not contain the full
variance—covariance matrix from the structure refinement, but only the uncer-
tainties of the individual positional parameters. Without the covariance of
positional parameters, the e.s.u.’s of bond lengths and angles cannot be deter-
mined. Crystal Palace uses symmetry to estimate the major contributions to the
covariance of atomic coordinates and thus realistic uncertainties of bond
lengths, angles and polyhedral volumes. Crystal Palace also calculates various
polyhedral distortion parameters and rigid-body corrections to bond lengths.

1. Introduction

Correct estimation of the uncertainties of structural para-
meters such as bond lengths, angles and polyhedral volumes is
essential for the correct comparison of corresponding values
from different structure refinements. A simple example would
be whether a bond length or an intermolecular contact varies
significantly and systematically in a parametric study as a
function of pressure or temperature.

In order to correctly calculate the uncertainties in any
structural property of a crystal structure, for example an
interatomic distance, a bond angle or a polyhedral volume, it is
necessary to have the full variance—covariance (VCV) matrix
S of all of the positional parameters and the unit-cell para-
meters that contribute to the parameter being calculated. If we
denote the calculated property as p and the n parameters
(including the fractional coordinates of atoms and cell para-
meters) as x;, then the variance of p is given by
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It is normally, and not unreasonably, assumed that the
uncertainties in unit-cell parameters and the uncertainties in
the fractional coordinates of the atoms are completely inde-
pendent of one another. Then the contribution of these two
sources of uncertainty to o%(p) can be calculated separately
through (1) and simply summed together.

The VCV matrix of the fractional coordinates includes
separate contributions from different sources. There is the
intrinsic variance of the positional parameters and the covar-
iance between them that arises from the least-squares refine-
ment of the parameters to the diffraction data. Beyond what is
recorded in the VCV matrix from least-squares are two
additional types of contributions from the constraints on
fractional coordinates arising from the space-group symmetry
of the structure. One is the 100% correlation of the atomic
coordinates of a single atom that are constrained to be equal,
such as x = y on a (110) mirror plane in tetragonal crystals. The
other is the 100% correlation between the coordinates of
atoms that are equivalent by the symmetry. Neither of these
contributions involving symmetry appear in the VCV matrix
from a least-squares refinement because the fractional coor-
dinates generated by symmetry are not variables in a structure
refinement. Nonetheless, refinement programs that calculate
such derived structural variables have the full VCV matrix of
the positional parameters from least-squares available as well
as all of the symmetry information, and can therefore produce
correct estimated standard uncertainties (e.s.u.’s, Schwarzen-
bach et al., 1995) of calculated quantities. Tests indicate that
Rfine (Finger & Prince, 1974) and SHELX (Sheldrick, 2008,
2015) are examples of refinement packages that do so
correctly, but that Jana2006 (Petficek et al., 2014) does not
allow for the correlation between atoms related by symmetry.

A major shortcoming of crystallographic information
format (cif) files as currently used is that they do not contain
the full VCV matrix from the structure refinement. Instead,
only the uncertainties of the individual positional parameters
and not their covariance are reported. The consequence is that
while the e.s.u.’s of bond lengths and angles reported in cif files
generated by refinement programs should be correct, a naive
calculation of their uncertainties from the e.s.u.’s provided in
the cif file will be wrong because their covariance will have
been assumed to be zero (e.g. Hazen & Finger, 1982; Parsons
& Clegg, 2009; Schwarzenbach et al, 1995). As a simple
example, consider a structure in space group P1 with a cation
M at the origin, an O atom at 0.200 (2), 0.0, 0.0 and a unit-cell
parameter a = 10.0 A (with no uncertainty). This example is
provided as datablock examplel in the cif file in the
supporting information to this paper so that the reader can
easily apply the following test to any program that calculates
bond lengths and angles. The M-O distance and its e.s.u. can
be correctly calculated as 2.00 (2) A from the values given in
the cif file. Because the O-M-O linkage is straight (by
symmetry) then it is obvious that the O-O distance across the
M is simply twice the M-O distance, and therefore by standard

error propagation the O-O distance is 4.00 (4) A. If we write
out this calculation in a general way, then the O-O distance is

do-o = [(x) = (=¥)]a = 2xa. @

From which one again concludes correctly that
0(do_o) = 20(x)a. Equation (1) yields the same result,
because the correct formula for uncertainty propagation in
this case should involve the covariance S;, of the two frac-
tional coordinates, thus

o?(d
o-0) _ g3(4) 4 () - 25, &)

The correlation of x and —x is —100%, so
Si»/o(x)o(—x) = —1 which makes S, = —o?(x). The full
error propagation equation (3) derived from (1) then correctly
gives o(do—o) = 20(x)a.

However, many structure analysis and drawing programs
and the PLATON package used for International Union of
Crystallography structure validation (Spek, 2009, 2020) will
report this distance as 4.00 (3) A because they calculate the
es.u. as 0.028 A which is too small by a factor of /2. This is
because the programs have assumed incorrectly that the
uncertainties on the two coordinates of the two oxygens are
independent of one another, and have applied the standard
formula for the propagation of independent uncertainties that
arises from (1) by assuming that Sy, = 0:

o? (do—o)
a2
and thus o(do_o) = o(x)av/2.

While this might not seem to be a serious practical problem
given that most cif files include the bond lengths and angles of
primary chemical or physical interest, this is not always the
case. For example, the intermolecular contacts in molecular
crystals which control the packing are often not listed. In
inorganic crystals the inter-ligand distances around cations are
less frequently listed while anion—anion distances, which can
control the response of framework structures to pressure (e.g.
Angel et al., 2012), are normally absent from cif files. The
analysis of the response of inorganic structures in parametric
studies is often focused on the evolution of cation—anion
polyhedra and how their volumes change with pressure and
temperature (e.g. Hazen & Finger, 1982; Hazen & Downs,
2000). Calculation of polyhedral volumes is rarely incorpo-
rated into refinement packages and reporting of polyhedral
volumes is not supported by standard cif dictionaries, so these
values must always be calculated post-refinement or post-
publication with only the e.s.u’s of refined parameters being
available.

In this paper we show how the covariance between frac-
tional coordinates can be estimated from the limited infor-
mation given in a standard cif file. In the absence of the full
VCV matrix from refinement this is not a complete solution,
but it does yield more reasonable e.s.u.’s for structural para-
meters. This is because the correlation between positional
parameters related by symmetry is, as noted above, 100%
while the typical correlation between symmetry-independent

= 0?(x) + 0*(—x) = 25%(x) 4)
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parameters arising from least-squares is typically less (often
much less) than 30%. The true values of the VCV matrix of
the atomic coordinates are therefore dominated by the
variances of the individual coordinates (the squares of the
e.s.u’s reported in the cif file) and their covariance induced by
symmetry.

We introduce the freely available computer program Crystal
Palace that implements these methods for the calculation of
the es.u’s of bond lengths, angles and polyhedral volumes
from data provided in cif files, including cif files containing a
series of parametric structure refinements. As far as we are
aware, this is the first published program to fully calculate the
e.s.u.’s of polyhedral volumes. The program also calculates the
polyhedral distortion parameters introduced by Bali¢-Zunié
(2007), Bali¢-Zuni¢ & Makovicky (1996), Balié-Zuni¢ &
Vickovié (1996), Makovicky & Balié-Zunié¢ (1998), and
includes several other features including riding motion
corrections to bond lengths, and export utilities to other
programs.

2. The solution

For convenience we can rewrite equation (1) in matrix form:
o*(p) = "SI, ®)

with S still the VCV matrix of the crystallographic parameters
involved in the calculation. The J is a column vector whose
elements are the derivatives (dp/dx;). The general solution to
the problem of calculating e.s.u.’s of derived parameters is to
formulate the calculation of the parameters in a way that
allows equation (5) to be applied unambiguously, and then to
construct the appropriate VCV matrix § and calculate the
vector J. In the following sections we first discuss the specifics
of the estimation of § and J and the calculation of o?(p), first
from the uncertainties in the unit-cell parameters, and then
from the uncertainties in the fractional coordinates.

2.1. The contribution of cell parameter uncertainties

For all calculations we make the common assumption that
the values of the unit-cell parameters are completely uncor-
related with the values of the fractional coordinates of the
atoms so that their contributions to ¢?(p) can be calculated
separately through (5) and added together. The alternative
approach of accommodating the uncertainties of the cell
parameters by modification of the uncertainties in the frac-
tional coordinates (Haestier, 2009) of the atoms is valid for the
lengths of the cell edges, but cannot correctly allow for
uncertainties of the unit-cell angles of monoclinic or triclinic
crystals (Schwarzenbach, 2010). Therefore, matrix § for the
contribution of the cell parameters is simply the VCV matrix
of the cell parameters. In all cases, the diagonal elements S;;
are the squares of the e.s.u.’s of the individual cell parameters,
as provided in a cif file. Unit-cell angles whose values are fixed
by symmetry have zero covariance with all other parameters.
If the true covariance from the determination of the cell
parameters is not known, a reasonable estimate of the off-

diagonal elements S;; can still be made if the crystal system is
known. If a pair of cell parameters have equal values by
symmetry (e.g. a = b in uniaxial systems) then their correlation
is 1 and their covariance S, = 0%(a) = S,, = Spp. The elements
of the vector J are most easily calculated numerically by the
brute-force method by adjusting each cell parameter in turn
by a small amount, typically of the order of its e.s.u., and
calculating the derivative from the resulting change in the
value of the property. However, it is more computationally
efficient to do the calculation in a more direct way by incre-
menting each cell parameter i in turn by its e.s.u., calculating a
new metric tensor, and then calculating a new value of para-
meter p(i). The 100% correlation of cell parameters in crystal
systems of higher symmetry (for example ¢ = b in uniaxial
crystals) is simply accommodated by incrementing the related
parameters simultaneously by their e.s.u.’s. The contribution to
o?(p) from all of the cell parameter uncertainties is then
>p() — p)> which is added to the variance of p resulting
from the uncertainties in fractional coordinates.

2.2. Covariance of fractional coordinates of one atom

If an atom or point at x, lies on a general equivalent posi-
tion (g.e.p.) of the space group, then its x, y and z coordinates
are not constrained by symmetry and the only covariance
between them will arise from the least-squares refinement. In
the absence of the VCV matrix from the refinement we have
to assume that this covariance is negligible compared with the
variance (squared uncertainties) of the individual coordinates.
Under this assumption the VCV S(x) of a point x, is simply
diagonal with diagonal elements equal to the squares of the
uncertainties.

The e.s.u.’s of the fractional coordinates of special equiva-
lent positions (s.e.p.’s) that are fixed by symmetry should be
reported correctly as zero in a cif file and they have zero
covariance with the variable fractional coordinates. In space
groups of symmetry higher than orthorhombic, some of the
fractional coordinates of some s.e.p.’s are related to one
another, for example x = y on a (110) mirror plane in tetra-
gonal crystals. As for a g.e.p., the diagonal elements of S(x()
are the squares of the individual e.s.u.’s of x, y and z; in the
case of x = y then o(x) = o(y) and S, = S,,. The off-diagonal
components of S(xy) which represent the covariances of the
coordinates imposed by the symmetry of the s.e.p. can be
deduced from the stabilizers of the s.e.p. which are the
symmetry operators that leave the s.e.p. coordinates
unchanged. If we denote the rotational part of a stabilizer as
the matrix R that operates on the column vector x,, then the
off-diagonal elements of S(x) are the off-diagonal elements of
S(xo)R".

Calculations often involve a position x' that is related by
symmetry to the reported position x, by a rotation R and a
translation 7. It will have coordinates given by

X =Rx, + T. 6)

As the translational parts T of crystallographic symmetry
operators are always fixed fractions, they do not contribute
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additional variance to the position x/, so the VCV matrix S(x’)
of the position x’ is obtained (Prince & Boggs, 1992) by

S(x') = RS(x,)R". (7)

2.3. Covariance of fractional coordinates of two atoms

The procedure described so far can be used to determine
the individual VCV matrices S(x;) and S(x;) of two atoms or
points at x; and x,. If these two points are completely inde-
pendent of one another, are not related by symmetry and have
no significant correlation between their values from least-
squares, then the VCV is just the block-diagonal matrix
constructed from $(x;) and S(x,), as illustrated schematically
in Fig. 1(a).

When the positions x; and x, are related by symmetry their
covariance as a 3 x 3 matrix §' = §(x;)R" can be calculated
from the rotational part R of the symmetry operator that takes
X1 to x,. This matrix §’ can then be inserted twice into the VCV

S(xy,z1)  S(xy,x2) S(xy,y2)  S(xy,22)
S1,21) SOux2) SOLY2) S(y1,22)
S(zy,%2) S(z1,¥2) S(24,22)
S(x2,y2) S(xz,22)
S(2,22)

S(x1, 1)

S(y1,%1)
(@) S(zy,%1)  S(z1, 1)
S(xz,%1) S(xg,y1) S(xz,21)
SW2x) S2y1) SU2z1) Sz %)

S(zz,x1) S(zzy1) S(z2,21) S(z2,%3) S(22,52)
VCV(x1) | Cov(xq,x;) | Cov(xy, x3) | Cov(xy,xy)
Cov(xy,x1) | VCV(x3) | Cov(xy, x3) | Cov(xy, x4)
(b)
Cov(x3z, x1) | Cov(x3, x3) | VCV(x3) | Cov(xz, x,4)
Cov(xy,x1) | Cov(xy, x3) | Cov(xy, x3) | VCV(xy)
Figure 1

(a) A schematic representation of the elements of a VCV matrix S of the
positional parameters x1, yq, z1 and x,, y,, 2, of two atoms. The diagonal
elements marked in dark green, such as S(y1, y1), are the variances of the
coordinates equal to the squares of the individual parameter e.s.u.’s
quoted in cif files. The covariances of the positional parameters of a single
atom are coloured in pale green. If the atom occupies a g.e.p. these
elements are zero, unless the full VCV matrix is available from the least-
squares refinement. If it occupies a s.e.p., for which the rotational part of
the stabilizer is R, then they are the off-diagonal elements of S(x)RT
(Section 2.2). The covariances between the coordinates of the two atoms
appear in the two yellow blocks. In the absence of the covariance from the
least-squares refinement they are only non-zero if the atoms are related
by symmetry, in which case their values are S(x;)R" where R is the
rotational part of the symmetry operator relating the two positions. (b) A
diagram showing the extension of the principle of construction of § as a
12 x 12 matrix for a calculation involving four atom positions, X1, X, X3,
Xy, as required for calculating the volume of a tetrahedron. Each block in
this diagram is a 3 x 3 matrix; the 3 x 3 blocks on the diagonal are the
VCV matrices of the individual positions, and the off-diagonal 3 x 3
blocks are the covariances of individual pairs of atom positions. The area
outlined in blue is the matrix elements shown in part (a).

matrix § of the entire calculation in the off-diagonal blocks
corresponding to the positions of S(x;) and S(x;), as shown in
Fig. 1(a). If the parameter being calculated involves more than
two atoms, for example three atoms to calculate an inter-
atomic angle or four atoms to calculate the volume of a
tetrahedron, the same method is applied to calculate the pair-
wise correlation of the coordinates of each pair of atoms and
to build the full matrix S. This will have dimensions 3n x 3n
for a calculation involving n atoms [Fig. 1(b)].

2.4. Calculation of e.s.u. of distances

If the vector between two atoms in a crystal structure with
fractional coordinates x; and x; is r = x, — x; (all written as
column vectors) then the distance d between the two points
can be calculated with the metric tensor G of the crystal:

d* =r"Gr. 8)

The uncertainty of a bond length o(d) can be calculated via (5)
using the 6 x 6 § matrix constructed from the e.s.u’s of x; and
x, (Sections 2.2 and 2.3) and J. However, unlike other derived
structural parameters such as bond angles, equation (8) has a
simple derivative with respect to the vector r. This allows o(d)
to be expressed in terms of the 3 x 3 VCV matrix S(r) of the
vector r:

o(d) = éy/rTGS(r)Gr. 9)

If the two points x; and x;, are completely independent of one
another, then S(r) is simply the sum of the VCV matrices of
the two end points:

S(r) = S(x;) + S(x,). (10)

However, if the two end points of r are related by symmetry
operation with rotation R and a translation T, as in (6), then
the vector from x; to X, can be written as

r=Rx,+T—x,=R-Dx,+T 11)

in which I is the identity matrix. The VCV matrix S(r) of the
vector r is obtained by analogy to equation (7). Thus

Sr) =R —-DSx )R-, (12)

which can be used in (9) to correctly calculate the uncertain-
ties in distances allowing for the correlation of positional
parameters, including for the datablock examplel in the
supporting information cif file.

2.5. Calculation of e.s.u. of angles

Calculation of interatomic angles involves the positions of
three atoms, x; the central atom, and two positions x, and x3.
The angle 6,5 at atom 1 between the bonds to atoms 2 and 3 is
the angle between the vectors r, = x, —x; and 13 = X3 — X;
and is thus expressed in terms of the nine individual fractional
coordinates of the atoms via the dot product between r;
and r3:
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Table 1

Validation of octahedral volume e.s.u.’s.

The e.s.u’s listed were calculated as follows. I[VTON: from the e.s.u’s of the component tetrahedra, which are in turn calculated from the e.s.u’s of the ligand
coordinates without their covariance, and the unit-cell parameter e.s.u.’s. Full VCV: direct calculation from the full VCV of the ligand coordinates and the full
covariance of the unit-cell parameters. Equation (15): calculated from the full VCV of the diameters. References and comments for these structures: 1: Baratelli e
al. (2025), room-pressure datum. The evolution of these polyhedral volumes with pressure is shown in Fig. 2(a). 2: Angel et al. (2022). 3: Tetragonal perovskite,
space group P4/mmm. All atoms on s.e.p.’s with fixed coordinates and e.s.u.’s of interatomic distances and polyhedral volumes only arise from the e.s.u.’s of the unit-
cell parameters. 4: Zhao et al. (2009), room-pressure structure of R3c perovskite. 5: Unpublished structure. 6: Octahedron centred on origin of space group Pm3m,

with ligands at 0.5, 0, 0. The e.s.u.’s of interatomic distances and polyhedral volumes only arise from the e.s.u.’s of the unit-cell parameters.

Structure Reference Site Symmetry Volume (A%) Diameters (A) oIVTON (A®) oFullvCV (A%) olequation (15)] (A%)

Clinopyroxene 1 M1 2 11.518 4115 (7) x2 0.060 0.042 0.044
4.103 (7)

Clinopyroxene 1 M11 2 9.534 3.851 (7) x2 0.053 0.035 0.039
3.859 (7)

Olivine OI9A 2 M2 m 12.423 4.2204 (15) 0.011 0.0060 0.0053
42133 (7) x2

Olivine O19B 2 M2 m 12.407 42198 (7) 0.005 0.0028 0.0026
42102 (4)
42104 (4)

Olivine OI9A 2 M1 1 11.848 4.1723 (15) 0.008 0.0076 0.0072
4.1480 (14)
4.1736 (15)

Olivine O19B 2 M1 1 11.827 4.1717 (7) 0.004 0.0034 0.0034
4.1434 (7)
42715 (7)

Tetragonal pv 3 B 4/mmm 7.024 3.470 (10) x2 0.035 0.045 0.045

) 3.500 (10)

PrAlO; pv 4 Al 3 9.119 3.7966 (2) x3 0.038 0.014 0.014

Spinel 5 M 3m 9.492 3.8712 (7) x3 0.004 0.0067 0.0053

Cubic pv 6 B m3m 7.024 3.480 (10) x3 0.035 0.061 0.061

0 r,Gr, 13 lation programs, then the incorrect es.u. = 0.45° will be
COS O3 = |r2| |r3| ) (13) obtained and the angle reported as 82.7 (5)°.

Unlike bond lengths, there is no simple useful derivative of
this equation. Therefore the 9 x 9 covariance matrix between
the three sets of positional coordinates is constructed as
described in Sections 2.2 and 2.3. It is easiest to calculate the
nine components of the J by the brute-force method (Hazen &
Finger, 1982). Each fractional coordinate x; involved in the
calculation is shifted in turn by a small amount Ax; and the
value of the angle 6,13 is recalculated. If the shift induced in
the value of 9213 is A9213 then ]i = A9213/A)Ci.

The uncertainty on the angle 6,5 then follows by applica-
tion of (5). If the central atom lies on a s.e.p. then the coor-
dinates x, and x3 will be related by a stabilizer of the position
x; of the central atom (i.e. the symmetry operator that leaves
x; unmoved and transforms x; to x3). If the central atom lies
on a rotation axis of order n, and all three atoms lie on a plane
perpendicular to the rotation axis, then the value of 6,5 will be
constrained by symmetry to 360/n degrees and the correct
value of the uncertainty is zero. For other cases when x; is on a
s.e.p. the value of 6,3 is not constrained by symmetry, but the
calculation of its e.s.u. should include the covariance of the
positions of x, and x3;. The datablock example2 (in the
supporting information cif file) is provided as a test case with
an O atom on a g.e.p. and an M atom at the origin in space
group P1ml giving an O-M-O angle of 82.70°. When the full
VCV matrix is used in the calculation, the e.s.u. of the angle is
0.64° which, under the guidelines of Schwarzenbach et al
(1995), would be reported as 82.7 (7)°. If the covariance of the
atom positions is ignored, as in many post-refinement calcu-

2.6. Calculation of e.s.u. of polyhedral volumes

A coordination polyhedron is defined by the positions of
the ligands as its corners. As explained by Swanson &
Peterson (1980), polyhedral volumes are calculated by trans-
forming the ligand coordinates into a Cartesian space and
dividing the polyhedron into non-intersecting component
tetrahedra, each of which has three ligand positions as corners,
with the fourth corner being a common internal point used for
all of the component tetrahedra. Care has to be taken not to
double-count volumes when more than three ligand positions
are co-planar on one side of the central atom, thus forming an
external face of the polyhedron with more than three corners.
The method of determining the true external faces of the
coordination polyhedron is exactly the same as used in
building a crystal model for face-based absorption corrections
(e.g. Burnham, 1966).

The volume of a polyhedron does not depend on the posi-
tion of the central atom, so the uncertainty in a polyhedral
volume depends only on the uncertainties and covariance in
the positions of the ligands, and the uncertainties and covar-
iance of the unit-cell parameters. The e.s.u. of each component
tetrahedron can be calculated from the uncertainties in the
coordinates of the ligands (Bali¢-Zuni¢, 2007). But each ligand
position will be used in the calculation of several adjacent
component tetrahedra, so the covariance of the volumes of the
component tetrahedra is almost impossible to calculate.
Therefore, the calculation of the es.u. of the polyhedral
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volume should proceed from the coordinates of the N ligands
with the construction of the 3N x 3N VCV matrix of the
coordinates of all the ligands, by the methods outlined in
Sections 2.2 and 2.3. The J matrix is obtained by calculating
the increment in polyhedral volume for small increments of
each individual ligand coordinate, and the contribution of the
ligand coordinate uncertainties to the variance of the poly-
hedral volume is obtained by applying equation (5), to which
is added the variance due to the unit-cell parameters calcu-
lated as in Section 2.1.

Previous programs have either not calculated the e.s.u.’s of
the volumes (e.g. Swanson & Peterson, 1980; Momma &
Izumi, 2008; Spek, 2009, 2020) or have applied some approx-
imations. The effect of these approximations is largest for
coordination polyhedra with high point symmetries because
these have the most ligands related by symmetry and thus the
effect of the symmetry-induced covariance between the ligand
coordinates will be greatest. As an example, we take the 8-
coordinated polyhedron around the Zr atom in the structure
of zircon, ZrSiOy, and use the room-pressure structure [this is
the structure used by Hazen & Finger (1982) to illustrate the
Volcal program] reported by Hazen & Finger (1979). The
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Figure 2

The variation with pressure of the volumes of four coordination poly-
hedra in a silicate pyroxene mineral (Baratelli et al., 2025) calculated with
the Crystal Palace program. If error bars are not visible, then the e.s.u. is
smaller than the symbol size. The lines are second-order Birch-Murna-
ghan equation of state fitted to the data with EosFit-GUI (Gonzalez-
Platas et al, 2016) using both the uncertainties in pressure and the
polyhedral volumes as weights, with the latter calculated in the Crystal
Palace program using the full covariance of the ligand coordinates and
unit-cell parameters. The values of va of the order of unity indicate that
the e.s.u.’s calculated for these polyhedral volumes are realistic estimates.

volume of the ZrOg polyhedron is 19.004 A3, The uncertain-
ties and covariance in the unit-cell parameters contribute
0.003 A® to the es.u. of the polyhedral volume. The ZrOg
polyhedron has point symmetry 4m2 so that all eight O ligands
are symmetrically equivalent. When the symmetry-induced
covariance of the ligand positions is included along with the
unit-cell covariance, the e.s.u. of the volume is 0.037 A3 The
Volcal program, written by Finger in 1971 and first published
by Hazen & Finger (1982), uses the full covariance of the unit-
cell parameters in calculations, but only the individual e.s.u.’s
of the ligand coordinates to obtain a smaller e.s.u. of the
polyhedral volume of 0.023 A3, This again illustrates the
common principle that e.s.u.’s of derived parameters increase
when the covariance is included.

The IVTON program (Balié¢-Zuni¢ & Vickovié, 1996) uses a
less intensive computation, by first calculating the e.s.u. of
each component tetrahedron from the uncertainties in the
unit-cell parameters and the ligand positions but without the
covariance due to symmetry. Because each ligand position
appears as a vertex in several adjacent component tetrahedra,
the approximation is made that all of the component volumes
are 100% correlated with one another, so that their individual
e.s.u’s are summed to obtain the es.u. for the polyhedron
volume. This combination of approximations leads to an e.s.u.
of the volume which tends to be slightly larger than the true
e.s.u. for larger coordination numbers, for example 0.041 A’
compared with 0.037 A for the ZrOg polyhedron in the zircon
example. For polyhedra with lower point symmetries the
assumption of 100% covariance in IVTON leads to e.s.u.’s of
their volumes up to twice that calculated by using the covar-
iance of the positional parameters (e.g. Table 1), although
there are some exceptions such as the SiOy tetrahedron in the
same zircon structure, for which the approximation imple-
mented in /VTON yields a smaller e.s.u. of 0.007 A than the
correct value of 0.011 A°,

The physical reasonableness of the e.s.u’s calculated by
using the full covariance of the positional parameters and that
of the cell parameters can be demonstrated in two ways. The
volumes of some octahedra can also be calculated directly
from the ligand-ligand distances forming the diameters of the
octahedron. For example, an octahedron with mmm symmetry
has three diameters of length d; which are mutually perpen-
dicular to one another, and the volume of the octahedron is

y _ dudady
6

The uncertainty in the volume follows from (1), noting that
av/od; =V /d;:

(14)

(15)

In this case § is the 3 x 3 VCV matrix of the three diameters,
with the es.u.’s of each diameter calculated from the full
covariance matrix of the cell parameters and the positional
parameters of the two ligands, as described above in Section
2.4. If the octahedron is distorted from mmm symmetry, the
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true volume can be used as V in (15) to obtain an estimate of
o(V). For octahedra of mmm symmetry or lower, the three
diameters are independent of one another, and the off-diag-
onal elements of § are zero. When two diameters 7 and j are
related by symmetry then their variances and their covariance
are equal, S; =S; =S8; = o%(d;). Table 1 shows that the
e.s.u’s of polyhedral volumes estimated in this way are very
similar to the e.s.u’s of the polyhedral volumes calculated
directly from the full covariance matrix of the positional
parameters of the ligands. The agreement is exact for octa-
hedra in which the diameters are constrained by symmetry to
be mutually perpendicular. When the diameters are not
constrained to be perpendicular, most notably in the example
of spinel, the additional angular degrees of freedom mean that
(15) tends to underestimate the true o(V).

The other criterion for evaluating the e.s.u.’s of any para-
meter from a parametric study is whether the e.s.u.’s of indi-
vidual data reflect the overall data scatter from the general
trend of the values. Fig. 2 shows the variation of individual
polyhedral volumes of two octahedra and two 8-coordinated
polyhedra in a clinopyroxene mineral studied as a function of
pressure (Baratelli ef al., 2025). The scatter of the volumes is
explained by the e.s.u.’s calculated using the full VCV matrix
of the positional parameters of the ligands. As another
example, Fig. 3 shows that the e.s.u.’s of the Si-O bond lengths
of quartz as a function of temperature (Kihara, 1990) appear
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Figure 3

Variation of (a) the two independent Si-O bond lengths (red and blue
symbols) and average bond length (black symbols), and (b) the SiO4
polyhedral volume in quartz as a function of temperature, all calculated
with the Crystal Palace program from data of Kihara (1990). The open
symbols are the lengths and volumes calculated from the reported refined
parameters and they decrease unphysically with increasing temperature
below the phase transition from « to g quartz at 848 K (dashed line). The
bond lengths and volume corrected for thermal motion by the riding
model (filled symbols) exhibit a weak positive thermal expansion.

to be over-estimated compared with the data scatter, but the
e.s.u.’s of the SiO, tetrahedral volumes calculated with the full
symmetry-induced covariance (there are two independent O
atoms) appear realistic.

3. Implementation

The methods described above for estimating uncertainties in
structural parameters have been implemented in a program
that runs as a command-line program under Windows, named
Crystal Palace for Crystal Parametric Analysis of Least-
squares and Atomic Coordination with Estimated standard
uncertainties. The program is written in standard Fortran and
built on the crystallographic Fortran modules library Crysfiml
(Rodriguez-Carvajal & Gonzalez-Platas, 2003). The program
has been developed over the past decade from a previous
program, cifreader, that was originally written to explore
structural evolution and polyhedral tilting in tetrahedral
frameworks and was first released in 2012 (Angel et al., 2013).

The key distinction of the Crystal Palace program is that it
provides a platform to organize the refined structures from
parametric studies for analysis of the structural trends, and the
production of tables for publication without the risks asso-
ciated with manual editing. To achieve this, the program can
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Structural evolution of the (Ti,Zr)Og octahedron as Zr is substituted for
Ti in the ferroelectric perovskite PbTiO3 to form PZT, from literature
data. (a) The radius Rsph (Balié-Zunié, 2007) of the best fit sphere (solid
symbols) shows much less data scatter than the average (Ti,Zr)-O bond
length (open symbols), which in part depends on the refinement model
used for the Ti,Zr site. (b) The Sdev parameter measures the spread of the
distances of the O ligands from the centroid of the octahedron (Balic-
Zunié, 2007). It shows that the configuration of oxygen atoms becomes
more regular with increasing Zr substitution for Ti.
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read in an unlimited number of multiple structures, either as
multiple blocks in one cif file or from several cif files. The only
requirement is that the structures are similar, with the same
space group and the same atomic sites (although some sites
may be vacant in some structures). This is achieved by the user
first selecting one of the structures as the ‘reference structure’.
The atom positions of the reference structure are then
projected into the crystal metric of the other structures and
the nearest atom is defined as the equivalent atom. This allows
equivalent atom positions to be identified in different struc-
tures even if their site names or the elements occupying the
equivalent sites are different, or the atom lists in the cif files
are ordered differently, or symmetrically equivalent positions
are listed for some structures. Atomic sites with mixed occu-
pancies are accommodated automatically. This makes the
program useful for analysing literature data on solid solutions
as well as parametric studies of a single composition.

Individual atoms, types of atoms, or individual structures or
groups of structures can be excluded from calculations if
required without any editing of the original cif files, which
always remain un-modified by the program. Once the
equivalent atoms in each structure have been identified
automatically on input of the cif file or cif files, bond lengths,
angles and polyhedral parameters are calculated subject to a
user-selected bond length range and user control over whether
certain types of atom—atom contact (such as between cations)
are to be included. All bond lengths and angles have their
e.s.u’s calculated by the methods described in Section 2.
Extensive testing shows that the e.s.u.’s of bond lengths and
angles calculated in this way do not differ significantly from
those reported in cif files whose e.s.u.’s are calculated from the
full VCV matrix of the least-squares refinement. For poly-
hedral volumes the method described in Section 2.6 using the
full VCV matrix of the positional parameters of the ligands is
implemented.

All output is organized by equivalent atoms, so that the
parameters relating to the equivalent atoms or coordination
polyhedra in the various structures appear together. Tables
with es.u’s are provided for fractional coordinates and
anisotropic displacement parameters, transformed where
necessary into the positions equivalent to that of the atoms in
the reference structure. After calculation, tables with e.s.u.’s
are available for bond lengths (including polyhedral volumes)
and bond valences, angles and polyhedral edge lengths. Lists
without e.s.u.’s are also provided for these parameters as well
as site names, the polyhedral distortion parameters of
Robinson e al. (1971) and Balié¢-Zuni¢ and co-workers (Bali¢-
Zunié, 2007; Balié-Zunié¢ & Makovicky, 1996; Balié-Zunié¢ &
Vickovié, 1996; Makovicky & Bali¢-Zuni¢, 1998). Fig. 4 shows
an example of how these distortion parameters demonstrate
details of the evolution of the (Ti,Zr)O¢ octahedron as Zr is
substituted for Ti in the ferroelectric PbTiOs;.

The intramolecular bonds in molecules and the bonds in
structures comprised of flexible frameworks of strongly
bonded polyhedra are effectively rigid. As a consequence, raw
bond lengths derived directly from the refined fractional
coordinates do not represent the true bond lengths and can

exhibit un-physical apparent thermal contraction (e.g. Fig. 3).
This is a consequence of the correlated thermal vibrations of
the strongly bonded atoms not being represented by the
normal model of independent atomic vibrations used in
standard structure refinements. When anisotropic displace-
ment parameters are available for the atoms in the structure,
Crystal Palace therefore can calculate the apparent displace-
ment of atoms along all bonds (e.g. Hazen & Finger, 1982;
Finger & Prince, 1974). Corrections to raw bond lengths and
the corresponding polyhedral volumes are calculated using the
‘riding model’ implemented as the simple-rigid-bond calcula-
tion of Downs et al. (1992). After applying the riding model
correction to the bond lengths and tetrahedral volumes of
quartz, they exhibit the weakly positive thermal expansion
expected for strong Si-O bonds (Fig. 3).

The Crystal Palace program includes utilities for modifying
the data of either individual structures or groups of structures,
for example site names or metadata such as temperatures or
pressures, which are sometimes omitted from deposited cif
files. The original cif files are not modified or overwritten, but
new cif files can be written by the program. This allows the
user to add such data to the cif files, or to add calculated bond
lengths and angles if they were not present in the original cif
file. Unit-cell parameters and calculated polyhedral volumes
can be also written into a data file suitable for reading into the
EoSFit program suite (Angel et al., 2014; Gonzalez-Platas et
al., 2016) to fit equations of state.

The Crystal Palace program is available for free download
from http://www.rossangel.com/home.htm and https://www.
mineralogylab.com/ of the University of Pavia. Full docu-
mentation and instructional videos are provided through these
websites. The program is not intended to be complete in its
current form, but to provide a platform for the development of
further parametric analysis of crystal structures.

4. Conclusions

The e.s.u.’s of structural parameters such as bond lengths and
angles calculated by ignoring the covariance between atomic
coordinates due to symmetry seriously underestimates their
true values. The e.s.u.’s of bond lengths and angles calculated
by including, as described here, the covariance due to
symmetry do not differ significantly from those reported in cif
files whose e.s.u.’s are calculated from the full VCV matrix of
the least-squares refinement. This is because the covariances
S;; between positional coordinates are proportional to their
correlation coefficient Cy;, which means that the value of the
es.u. of a calculated parameter such as a bond length is
increased by a factor of the order of (1 + Cij)l/ % by correlation.
The typical correlation between symmetry-independent
parameters arising from least-squares is typically less (or much
less) than 30%, or 0.3. Thus, even a correlation coefficient of
0.3 contributes only an additional 14% of the e.s.u. of a bond
length that is calculated solely from the individual parameter
e.s.u’s, and this will often disappear in the reported e.s.u.’s
which are always rounded up in value (Schwarzenbach et al.,
1995). On the other hand, the correlation between positional
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parameters related by symmetry is 100% and this can double
the variance of a bond length, increasing the e.s.u. by more
than 40%, as demonstrated in the Introduction by equation
(3). We have also demonstrated that the extension of this
method to the calculation of polyhedral volumes provides
physically reasonable values of their e.s.u.’s. The method can
be extended to any other structural quantity calculated
from the refined positional parameters of atoms in a crystal
structure.
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