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In this contribution, a slight modification of the structure-factor equation for
incommensurately modulated structures is proposed in order to enable structure
description with non-spherical atomic form factors. A hypothetical (2 + 1)-
dimensional structure in Flatland is used as an example to demonstrate the need
for the modification when switching to a more advanced description of the
electron density. The study is primarily concerned with molecular systems.

1. Introduction

Charge density in crystal structure modeling is traditionally
described assuming isotropic electron distribution around
independent atoms. This is a good approximation and leads to
reasonably precise structure models when refining from
experimental diffraction data. A more advanced charge-
density description can be achieved using the Hansen—
Coppens formalism in which atoms are still considered as
independent, but the charge density is anisotropic — described
using spherical harmonics (Hansen & Coppens, 1978). Even
before the development of the multipole density formalism,
wavefunction-based methods were considered and later Massa
and Karle coined the term quantum crystallography (Huang et
al., 1999; Macchi, 2020). This field has flourished ever since
and different methods are at the disposal of researchers (Gatti
& Macchi, 2012). One of the approaches that has gained
considerable attention for small-molecule systems is Hirshfeld
atom refinement (HAR) (Jayatilaka & Dittrich, 2008; Capelli
et al., 2014). The structure models can be significantly
improved in this way, especially the parameters of the
hydrogen atoms (Capelli et al., 2014; Woinska et al., 2014;
Woinska et al., 2016).

Despite all the advancements in the vibrant field of
quantum crystallography, aperiodic crystal structures have
received comparatively little to no attention in this regard.
The aim of this contribution is to formalize the use of
non-spherical  atomic form factors in  describing
(3 4 n)-dimensional incommensurately modulated structures.
A slight modification of the structure-factor equation is
proposed. Finally, an illustrative (2 4 1)-dimensional case is
demonstrated.

2. Modification of the structure-factor equation

The structure factor of (3 + n)-dimensional incommensurately
modulated structures described within the superspace form-
alism can be calculated as follows:
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N
F(S;m) = £,(8)g,(S; m)

n=1

X exp| 27i (S — Xn:m]-q]) x%(w) (1)

with
g,(S;m) = / exp[27iS - v (7)] exprim - 7) d"z.  (2)

[0.11"

Here, f,,(S) is the form factor of atom p that for spherical atom
electron density is a function of the scattering vector norm [S|
only, m is the vector of satellite indices (m =0 for main
reflections), q; is the modulation wavevector of each addi-
tional dimension j € {1, ..., n}, x’(u) is the basic position of
atom u, N is the number of atoms in the basic-structure unit
cell, n is the number of additional superspace dimensions. For
simplicity, atomic thermal displacement is omitted. Structure
modulation is expressed in the function g,(S; m), where the
vector u*(t) components are the modulation function values
at 7 for each spatial coordinate. Integral (2) encompasses one
period of modulation (van Smaalen, 2007).

Equation (1) is valid for calculating the structure factor
under the spherical approximation of the atomic electron
density. To enable a proper structure description with non-
spherical atomic electron density, we propose replacing the
product f,(S)g,.(S; m) in (1) by the following integral:

h,(S; m) = / £,.(8; 7) exp[27iS - ()] exp(27rim - 7) d"7.
[0,1]"
3)
The structure-factor formula becomes
N n
F(S; m) = Zhﬂ(S; m) exp 2ni<S — ijqj) x(w) |.
n=1 j=1
4

The atomic form factor in integral (3) is now a function of 7
which means that the atom electron-density distribution may
be modulated along the additional superspace dimension(s).

3. Model building for structure refinement

For an ordinary structure, building a model with non-spherical
atom electron density requires appropriate scattering factors
for each atom in the asymmetric unit. One class of methods for
obtaining such non-spherical atomic scattering factors uses
quantum-chemical electron densities partitioned into atomic
contributions. In a method known as HAR (Capelli et al.,
2014) the standard independent atom model based on sphe-
rical atomic form factors is exploited as the starting point.
From this, a single-point quantum-chemical calculation is
performed and the resulting electron density of the asym-
metric unit is partitioned into atomic electron densities. A new
refinement of the structural parameters is performed using the

form factors obtained from the partitioned electron density.
The single-point quantum-chemical calculation step with the
subsequent structure refinement is performed until a conver-
gence according to some criteria is reached. Because the
single-point calculation is performed for the asymmetric unit,
it must define an isolated chemical entity like a molecule, an
ion pair, a complex compound or a group of molecules (in case
of hydrates/solvates or Z' >1 structures). Alternatively, the
calculation of the full unit cell can be performed using the
periodic boundary condition which leads to a better model
description since the asymmetric unit is no longer considered
in isolation from the rest of the crystal structure. In addition,
polymeric and purely ionic structures can be treated in this
way. This procedure is called periodic HAR (Chu et al., 2026).

In the case of incommensurately modulated structures
described within the superspace framework, atoms are
considered as strings in (3 + 1)-dimensional structures and
higher-dimensional constructs (sheets or solids) in (3 + 2)- or
(3 + 3)-dimensional structures. A quantum-chemical calcula-
tion requires a 3D atomistic model. Despite this superspace
formalism, the structure exists physically in the 3D space,
allowing a 3D atomistic model to be constructed. Specifically, a
3D atomistic model is recovered by intersecting the super-
space structure with a 3D physical-space section, whose
position in superspace is specified by t. The problem is that
such a model, in principle, contains a countably infinite
number of unit cells for which no 3D periodic boundary
condition applies. In addition, the superspace can be inter-
sected at countably infinite t values. The first issue can be
circumvented by focusing on the asymmetric unit only.
However, a reliable quantum-chemical calculation must be
feasible for such an isolated entity, i.e. it must be, for example,
a molecule. The second issue can be circumvented by evalu-
ating integral (3) numerically. Here, Gauss-Legendre inte-
gration can be applied (Riley et al., 20006), i.e. the integrand of
(3) is evaluated at a number of 7 values, p”. Consequently, the
fu(S; 7) values which are derived from single-point quantum-
chemical calculations are only required at these p” points. For
(3 4 1)-dimensional cases (n = 1), evaluating the integrand at
p = 32 Gauss-Legendre nodes might be sufficient.

A prospective refinement based on non-spherical atomic
electron density of an incommensurately modulated structure
may be performed as follows: (i) a converged refinement
based on the spherical model is used as a starting point; (ii) a
number of points p” is chosen at which to evaluate the inte-
grand of (3) based on complexity of the modulation functions;
(iii) the geometry of the asymmetric unit at 7 € {t;, ..., t,»
points is recovered and p" single-point quantum-chemical
calculations are performed; (iv) the resulting electron density
is partitioned into atomic contributions and the Fourier
transform is applied to derive f,,(S; 7); (v) a refinement step is
performed using the non-spherical atomic form factors and
structure-factor equation (4); (vi) steps (iii), (iv) and (v) are
repeated until a convergence is reached. Due to the aper-
iodicity of incommensurately modulated structures no true
periodic HAR is feasible. Nevertheless, instead of considering
an isolated asymmetric unit at p” points, larger structure
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fragments can be used (i.e. a group of molecules around the
asymmetric unit) to ensure that the immediate chemical
environment is taken into account.

4. Special cases

The above given general procedure can be further simplified
for molecular systems in case some additional conditions
regarding the nature of modulation apply. The following cases
can be distinguished: (i) the asymmetric unit is rigid and the
modulation only involves some translation along the unit-cell
axis (retaining the orientation); (ii) the asymmetric unit is rigid
but the modulation also involves some rotation. In both cases,
only one single-point calculation of the asymmetric unit in
each refinement step is necessary (p = 1). A downside of this
simplification is that subtleties in the molecular electron
density arising from the modulation are not captured.

For the first case, no modification of the structure-factor
equation (1) is in fact necessary. The geometry of the asym-
metric unit can be taken at an arbitrary t to perform the
theoretical calculations. Note that the geometry based on the
basic positions is not necessarily meaningful. The derived
f.(S) values are constant along 7.

For the second case, structure-factor equation (4) is
appropriate. The geometry of the asymmetric unit (defined as
a rigid body) is taken at t =0 to perform the theoretical
calculations. The atomic -electron-density distribution is
constant along 7, but its orientation with respect to the unit-
cell axis is a function of 7, i.e. of t or X4:34,. To formalize this,
the description of a (3 + n)-dimensional incommensurately
modulated structure with the rigid-body approach is first
summarized.
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Figure 1

Representation of a hypothetical (2 + 1)-dimensional incommensurately
modulated structure in Flatland. Top left: basic cell showing a molecule of
three atoms in basic positions. Top right: assigned modulation for the
molecule as a rigid body; displacement functions u, (solid line) and u,
(dotted line) as well as a rotation along the geometric center uy. Bottom:
derived displacive modulation functions for individual atoms as functions
of x3 and t.

A rigid body B is defined by a group of atoms and their
basic positions x’(1). In addition, a reference point (origin)
x“(B) is defined (e.g. the geometric center, the center of mass,
one of the atoms or an arbitrary point). The positional
modulation of a rigid body can then be described with the
translational modulation functions u?(i4;3+n) = [uf(i4;3+,,),
uf(i4;3+n), uf(i4;3+n)]T and the rotational modulation func-
tions uh(X434n) = [uf(i4;3+n), B (Xa:34n)s Mﬁ(’_‘4:3+n)]T. The
former functions represent translations in the fractional space.
The latter functions represent rotation of rigid body 5 in the
Cartesian space along all three axes with x®(13) as the origin.
Unlike translations, the rotation operations are not commu-
tative and the order in which the individual rotations along
each axis take place must be given. Then, the individual
atomic displacement modulation functions necessary for the
structure-factor calculation can be derived as follows:

W (Ryp,) = LR Jug (OIR, [ug (D]R [ug ()]
x L-[x"(0) = x“B)]" +x(B) + uii(1)

—x'(1). ®)
Here, t is the modulation phase vector with components
i =X31— Q- x’(u) and j € {1,...,n}, L is the direct-lattice

matrix relating the fractional and the Cartesian space, and R,,
R, and R; are rotation matrices:

1 0 0
0 cos u§(t) — sin thgg ()
0 sinug(t) cosug(t)

R [uf(t)] = , (6)

cosub(t) 0 sinub(t)
R [ug (t)] = 0 1 0 , (7)
—sinub(t) 0 cosub(t)

cos ug(t) —sin ui(t) 0
sinuf(t)  cosuf(t) 0| 8)
0 0 1

R [uy(t)] =

Once atomic modulation functions u*(x43.,) are defined, the
atomic form factor dependence on 7 remains to be expressed.
Rotation of atomic electron-density distribution can be
realized directly in the Fourier domain. Furthermore, the
rotational modulation functions of the rigid body, ug(i4;3+,,),
can be directly applied to the electron density of the individual
atoms:

£(8: 1) = £, ((R{[ug @IR [ug (DR g (D)DIS1, S2, S51'), (9)

where S; are components of the scattering vector S.

5. (2 + 1)-Dimensional illustrative example

To illustrate the implications of the general formalism, we will
consider a simplified (2 + 1)-dimensional realization in this
section. Although such a reduced-dimensional setting does
not correspond to a physically realizable system, it provides a
convenient framework for visualizing a structure described
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with non-spherical electron density as encoded by the derived
equations. The hypothetical (2 + 1)-dimensional structure
exists in Flatland rather than the physical space. Consequently,
the atomic electron density is either circular or non-circular.
First, we will consider the structure using a circular atom
approximation. Then, a more advanced description of electron
density will be considered based on the same example struc-
ture. The (2 + 1)-dimensional superplane will be referred to as
superspace for convenience.

5.1. Structure model based on circular atomic density

This Flatland structure is described in a (2 + 1)-dimensional
superspace group pl(a, 8)0, which is based on the lowest-
symmetry 2D crystallographic plane group pl (Schattsch-
neider, 1978). There is only the identity symmetry operator
(x1, x2, x3) present. The unit-cell parameters are chosen as a; =
4 length units, a, = 6 length units, « = 100°. The modulation
wavevector q = (0.14 + 68, 0.29 4+ §). The structure model is
summarized in Fig. 1. Three different atoms 1, 2 and 3 are
chosen to form a molecule and the molecule is a rigid body.
For this rigid body, displacive modulation u, = 0.02 sin 27t,
u, = 0.03 sin 277t is assigned together with a rotation along the
geometric center uy = —20sin2nt. Based on this assigned
modulation, functions u/ and u! for individual atoms are
derived according to equation (5) (see also Appendix A).
Those are shown in Fig. 1 (bottom).

To reconstruct the hypothetical electron density for this
Flatland structure, structure factors of a set of reciprocal-
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Figure 2

Reconstructed electron density of the (2 + 1)-dimensional incommensu-
rately modulated Flatland structure. Top left: isosurface of the general-
ized electron density in superspace py(x) with circular atoms. Top right: a
fragment of the Flatland structure electron density p(x) with circular
atoms. Bottom left: isosurface of the generalized electron density in
superspace py(x,) with one non-circular atom. Bottom right: a fragment of
the Flatland structure electron density p(x) with one non-circular atom.

lattice * points need to be calculated. The set of reciprocal-
lattice points can be generated to correspond to some chosen
resolution, say, d* < 1.5 reciprocal length units. The maximum
order of the satellite reflections will be set to 3. The modula-
tion of the rigid body in this Flatland structure example is
composed of simple sinusoidal functions, but the resulting
amplitudes for individual atoms become rather large (for
display purposes) which means that higher-order satellites are
necessary to accurately reconstruct the electron density.
Finally, some circular atomic form factors are introduced (see
Appendix A for details). With this information at hand, the
structure-factor function can be calculated with equation (1).

The inverse Fourier transform of the structure-factor
function in the 3D superspace, i.e. with integer hy, hy, m
indices Hj, leads to the generalized electron density p; (van
Smaalen, 2007). This electron-density function can be depicted
in 3D space exploiting the direct superspace lattice ¥ with
basis vectors ag;:

a; = (a;, —o;[b]), (10)

Si

where a; are the basis vectors of the direct lattice A in the
Flatland plane and b is the additional basis vector perpendi-
cular to the Flatland plane. Unlike all other basis vectors that
have some units of length, b is dimensionless and encompasses
one modulation period (van Smaalen, 2007). For display
purposes, it is set at |b| = 2 length units, but only the fractional
range [0, 1) is in fact relevant. Electron density in (2 + 1)-
dimensional superspace is periodic in all three dimensions and
the space defined by the direct superspace lattice basis vectors
a; and b can be considered the unit cell of the generalized
electron density p,. There, the atoms are strings approximately
parallel to b. In Fig. 2 (top left), p, is depicted.

The modulated structure in Flatland is retrieved when the
generalized electron density is intersected by a plane
perpendicular to b. This condition is met if the plane goes
through points Pl(i)&), b), ﬁg, 0,01+ b) and
P;(0,1, 0, + b). Vectors P;P, and PyP; correspond to the
Flatland plane direct-lattice A basis vectors a; and ay,
respectively. Since the generalized electron density is trans-
lationally symmetrical, the intersecting plane will feature
countably infinite 2D unit cells yielding the incommensurately
modulated structure. A plane L to b can intersect b at a
countably infinite number of points. All resulting 2D struc-
tures will be essentially the same structures but with different
origins.

A fragment of the electron density of the incommensurately
modulated structure in Flatland is depicted in Fig. 2 (top
right). It was generated by slant plane Fourier series (see
Appendix A) using the superspace structure-factor function.
Alternatively, it can be computed using the projected structure
factors [equation 8.3 of van Smaalen (2007)].

5.2. Structure model based on non-circular atomic density

Going beyond an isotropic charge-density distribution of
atoms requires appropriate atomic form factors. In this Flat-
land structure example, we will consider only atom 2 to have
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some non-circular form factor. Now, f5(S) is a function of the
scattering vector S not of its norm. Furthermore, f;(S) is
complex. [The atomic form factor is a complex function if the
density distribution function is not even. Spherical (circular)
density centered at the origin is an even function and the
corresponding form factor is real. Non-spherical electron
density may be an even function but in the most general case it
does not result in complex form factor functions.] Let us
assume that the electron density of the molecule does not vary
along the additional superspace dimension. However,
according to the structure model, the modulation of the
asymmetric unit has some rotational component and therefore
equation (4) is applicable. This corresponds to the special case
(ii) as described above. In Appendix A all necessary equations
to generate the electron density are given. Those are derived
from the general (3 + n)-dimensional equations as given
above.

The reconstructed electron density of the Flatland structure
with atom 2 having a non-circular form factor is depicted in
Fig. 2 (bottom). Note how the non-circular atomic electron
density of atom 2 in Fig. 2 (bottom right) is always oriented to
be consistent in particular with the rotational modulation of
the molecule (rigid body). This is not achievable with struc-
ture-factor equation (1). It is evident from the electron-density
reconstruction that slightly modifying the structure-factor
formula (1) allows us to introduce a modulated structure
description with non-circular (non-spherical in the general
sense) electron density.

6. Conclusions

The proposed modification of the structure-factor equation
enables incommensurately modulated structures to be
described using non-spherical atomic form factors. This
modification treats the form factor as a function of the
superspace argument 7. The illustrative (2 + 1)-dimensional
case shows why this dependence matters when switching from
circular to non-circular form factors. A refinement strategy is
outlined for molecular compounds. Applying it to experi-
mental diffraction data will be the next step in assessing its
practical benefits. This work extends quantum crystallography
methods to incommensurately modulated structures.

APPENDIX A

All crystallographic computations were done and illustrations
generated using self-written Python codes (see the supporting
information); 3D superspace electron density was displayed
using the program VESTA 3.90 (Momma & Izumi, 2011).

A1. Atomic modulation functions from rigid-body
modulation

A rigid body was defined using three atoms and the
geometric center x°(B) as the origin. Translational modula-
tions up with u,(f) = 0.02sin27t, u,(t) = 0.03sin27¢ and a
rotational modulation uy(r) = —20sin 27t were applied. The

3D rotation matrices given above [equations (6), (7) and (8)]
reduce to the following matrix:

cos uy(t)
sin u,(1)

Rluy()] = ( —sin ”9(‘)), 1)

cos uy(t)
where t = x4 — q - xX°(w).
The individual atomic displacive modulation functions for

each atom p can be calculated using equation (5) adapted as
follows:

w'(¥,) = L7 Rlug(%, — q - X)L - X () = x(B)]"
+x(B) +uf(E, — g x"(0) —x(w). (12)

A2. Atomic form factors

Circular atomic form factors for three atoms were intro-
duced using the analytical Fourier transform of an isotropic
2D Gaussian function:

—ISf°ay,

>
with A = {2.0,3.0,5.0} and o = {1.8,2.5,3.0}. For atom 2,
additionally a non-circular electron-density distribution was
introduced using a sum of displaced isotropic Gaussian func-

tions. Its Fourier transform, i.e. the atomic form factor, is
expressed analytically as follows:

f,(8) = A, exp (13)

2.2 2.2
- —Is
f£,(S) = B, exp |2|UB+Bzexp< | lUB—Zm‘S-xOl>
—IS[262
+ B, exp( | 'UB—zms.sz>, (14)

with B = {3.8,2.0,2.0} and o = 2.8. The imaginary phase
terms arise from the Fourier shift theorem and offset the
two additional Gaussian peaks by x, = [—0.80, 0.64] and
Xo2 = [—0.80, —0.64]. All numerical values are chosen
arbitrarily.

A3. Structure-factor calculations

To calculate structure factors [equations (1) and (4)] a set of
(hy, hy) was generated so that |S| < 1.5 reciprocal length units.
In addition to main reflections (m = 0), satellite reflections
with |m| < 3 were considered. This formed a set of reflections
H;. The integrals (2) and (3) were evaluated numerically using
Gauss-Legendre integration evaluating the integrands at
p = 64 nodes.

For the non-circular case, rotation of the atomic electron-
density distribution realized in the Fourier domain [as given in
equation (9)] becomes

£(8: ©) = LR [ug(DIS;, S2]') (15)

where S; are components of the scattering vector S in Flatland
reciprocal space.

A4. Electron-density calculations

Generalized superspace electron density pg(x;) was calcu-
lated using Beevers-Lipson factorization (Giacovazzo, 2002).
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The electron density p(x) for the Flatland structure was
calculated using the slant plane Fourier series (Rollett, 1965):

p(x) = éz |F(H,)| cos:2n|:(h1 — ?)x1

H

s

+ (hz - bTm)Xz + dTm:| - Qﬂ(Hs)}’ (16)

where ¢(Hy) is the phase of the structure factor and a, b, ¢, d
are constants defining the chosen plane ax,; + bxy + cxg3 = d,
with x; being the fractional coordinates with respect to the
basis vectors ay; as defined by equation (10) and the additional
basis vector b.
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