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We present a machine learning (ML) method to determine unit-cell parameters

from powder X-ray diffraction (XRD) data using a novel invariant lattice

representation. In ML, the data representation used can have a substantial

impact on the prediction quality. Previous approaches have directly predicted

lattice parameters (a, b, c, �, �, �) from XRD inputs. However, these para-

meters depend strongly on the unit-cell reduction or convention used. In this

work, we construct an invariant representation of the reciprocal lattice that is

independent of primitive-cell convention, based on the bispectrum – a

descriptor built from spherical harmonic projections of lattice points. The

calculation of the lattice bispectrum is differentiable, and we demonstrate how

to invert it using gradient-based optimization initialized from a nearest-neighbor

lookup. We show that, with a fixed ML model architecture, using the lattice

bispectrum as the ML target rather than the unit-cell parameters leads to more

accurate lattice parameter predictions. For example, using the MP-20 dataset, a

subset of the Materials Project database, the bispectrum reduces length mean

absolute percentage error (MAPE) from 11.08% to 2.43% and angle MAPE

from 12.15% to 2.45% compared with direct prediction with the same model

architecture. We additionally benchmark our approach against pre-existing

XRD data to crystal structure models such as Crystalyze and assess its perfor-

mance on experimental data. Beyond unit-cell representation, we anticipate this

invariant lattice representation could serve more broadly as a geometry-aware

target for other crystallographic ML tasks such as structure generation.

1. Introduction

Powder X-ray diffraction (XRD) is a core tool for character-

izing materials. In general, traditional methods extract peak

positions and then assess trial unit cells in order to determine

the correct lattice parameters. With the advent of machine

learning (ML), interest has grown in using ML to aid in unit-

cell determination. ML models are able to learn patterns in

large-scale datasets and thus could be used in conjunction with

crystallographic expertise to narrow the lattice parameter

search space (Chitturi et al., 2021; Dong et al., 2021; Haber-

shon et al., 2004). However, even setting aside challenges in

signal quality such as peak overlap (David & Shankland,

2008), ML approaches face a fundamental representation

challenge, as the unit cell is not a unique representation for a

given lattice. Small distortions can change the reduced-cell

convention discontinuously, creating an inherently non-

smooth learning target. Previous ML approaches for learning

lattice parameters from XRD data have usually directly

predicted the lattice parameters (a; b; c; �; �; �) which depend

on the unit-cell convention used.
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Throughout this work, we refer to cubic, hexagonal and

tetragonal systems as high-symmetry, as their lattice para-

meters are the most constrained. Low-symmetry triclinic and

monoclinic systems are challenging due to having the greatest

number of free lattice parameters. Previous work has strug-

gled to obtain accurate predictions for low-symmetry crystal

systems, as the parameter space is larger and multiple

reduced-cell conventions can represent the same lattice

(Chitturi et al., 2021; Andrejevic et al., 2026; Shu et al., 2025;

Gómez-Peralta et al., 2023; Gómez-Peralta et al., 2025). We

address this by introducing an invariant lattice representation

in reciprocal space that is independent of primitive-cell

convention, based on the bispectrum (Bartók et al., 2013). The

lattice bispectrum is constructed from spherical harmonic

projections of lattice points in reciprocal space and varies

smoothly under continuous lattice deformations, providing a

more learnable target for a neural network. We demonstrate

that this representation can be inverted in an auto-differ-

entiable framework.

While many previous ML works use convolutional neural

networks (CNNs) (Chitturi et al., 2021; Gómez-Peralta et al.,

2023), these models lose information in long-range XRD peak

dependencies. By the construction of their architecture, CNNs

are translation invariant. This means that, while a CNN may

detect individual peaks, it cannot directly relate peaks across

the full diffraction pattern. This is a useful inductive bias for

images, yet it does not align with our understanding of XRD

data. Peak positions carry absolute physical meaning and

cannot be treated as interchangeable regardless of their

location. In contrast, self-attention mechanisms in transfor-

mers compute pairwise interactions between all positions

simultaneously, allowing every peak to attend to every other

peak across the full diffraction pattern in a single layer.

We thus train a transformer to predict the lattice bispectrum

from XRD data and compare performance with directly

predicting the lattice parameters. The model takes as input a

simulated or experimental XRD pattern and outputs the

lattice bispectrum, from which lattice parameters are recov-

ered via inversion, leading to more accurate predictions than

directly predicting lattice parameters. See Fig. 1 for our

proposed workflow. We train our model using simulated XRD

patterns from the Materials Project (Jain et al., 2013; Horton et

al., 2025) with physically informed data augmentation. We

benchmark model performance on experimental XRD

patterns in the RRUFF database (Lafuente et al., 2015) and on

unit cells with dominant zones. To summarize, our main

contributions are:

(i) We introduce a novel reciprocal-space representation of

crystal lattices based on an extension of the bispectrum,

yielding an invariant reciprocal-space lattice representation

that is independent of primitive-cell choice. We demonstrate

that the lattice bispectrum can be inverted to obtain the crystal

lattice via an optimization through the differentiable compu-

tation of the bispectrum.

(ii) We train a transformer to predict the lattice bispectrum

from XRD signals. We demonstrate that predicting the lattice

bispectrum instead of directly predicting the lattice para-

meters aids model performance.

(iii) We benchmark the two prediction approaches on

generalization to the experimental RRUFF dataset and unit

cells with dominant zones. Additionally, we explore the

differences between training the model on MP-20 (a dataset

from the Materials Project commonly used for benchmarking)

versus the entire Materials Project dataset, finding that the

bispectrum outperforms direct prediction consistently across

both datasets.

2. Background

2.1. Traditional indexing methods

The goal of unit-cell determination is to identify the lattice

parameters a; b; c; �; �; � and assign the corresponding Miller

indices ðh; k; lÞ to the observed peaks in the XRD data.

Extensive research has focused on developing indexing algo-

rithms, most of which operate by searching the lattice para-

meter space to find the best match between predicted and

observed diffraction patterns [e.g. see the dichotomy method

implemented in DICVOL91 (Boultif & Louër, 1991) and the

zone-finding algorithm (De Wolff, 1957) implemented in the

program ITO (Visser, 1969)]. More recent algorithms include

SVD-Index implemented in TOPAS (Coelho, 2003) which

uses the singular-value decomposition to iteratively solve

linear equations relating hkl to d spacings. In contrast, Lp-

Search (Coelho, 2017) does not require peak positions and

uses a Monte Carlo search of lattice parameter space with a

Pawley refinement at the end of each step.

However, despite the vast array of algorithms available for

use, indexing can be a non-trivial task. Current methods are

quite effective for high-symmetry phases, yet struggle in cases
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Figure 1
Workflow for predicting the bispectrum and then inverting to obtain lattice parameters. The model is given an input XRD pattern represented as an
array of (2�, intensity) values and is trained to predict the lattice bispectrum. The prediction can then be inverted to obtain a set of spanning lattice
vectors (see Section 4.2). Postprocessing using cctbx or pymatgen can then be done to obtain lattice parameters in a standardized or conventional setting.



of data with severe peak overlap or when crystalline impurity

phases are present in the powder sample. Even for high-

quality single-phase samples, peak overlap becomes significant

for low-symmetry crystals or materials with large unit cells

(the ‘dominant zone’ problem), where the density of reflec-

tions is high (Harris, 2022). For these structures, automatic

peak finding can even fail on high-quality simulated data.

Additionally, unit cells defining different lattices can yield an

identical set of unique calculated d spacings, leading to

indexing algorithms reporting different lattices with the same

figure of merit (Mighell, 2000). More broadly, indexing is often

inherently ambiguous as lower-symmetry cells possess greater

degrees of freedom and can yield higher figures of merit than

the true higher-symmetry solution. Discriminating between

competing solutions can become an ‘art form’ relying on the

prior knowledge of the crystallographer. This highlights a

deeper issue: the unit-cell representation lacks smoothness

under small structural distortions (Andrews & Bernstein,

2014; Andrews et al., 2019). Two geometrically similar lattices

may be assigned different reduced cells or symmetry classes,

creating artificial discontinuities that ML models struggle to

learn across. Our bispectrum descriptor addresses this directly

by providing a representation that varies continuously under

smooth lattice deformations.

3. Related work

Previous work has applied ML to the unit-cell prediction

problem, primarily by classifying the space-group/lattice

system or predicting lattice parameters directly from XRD

patterns. In general, the use of a benchmark dataset has not

been standardized, making it difficult to compare models and

accuracies directly. We provide a non-exhaustive literature

review, focusing on the datasets used and the failure modes of

each method.

3.1. Classifying lattice symmetries from XRD

Most previous studies have focused on classifying data into

space groups or lattice systems from XRD patterns. We can

glean insight from both model performance and the methods

used to featurize XRD patterns. Suzuki et al. (2020) train an

extremely randomized tree (exRT) based model on simulated

XRD patterns from the ICSD (Inorganic Crystal Structure

Database) for crystal system and space-group classification.

The authors use 11 features as input to the model: the first ten

corresponding to the first ten peaks and the last corresponding

to the total number of peaks in the 2� range from 0 to 90�.

Notably, they find that the difference in model performance

when working in different units is negligible, with all crystal

systems except triclinic attaining�90% accuracy. The model is

unable to classify triclinic crystal systems correctly, which the

authors attribute to an imbalanced training set distribution.

Corriero et al. (2023) introduce an ML-based web platform

(CrystalMELA) for crystal system classification using a 1D

CNN model, trained using simulated XRD patterns from

organic, inorganic and metal compounds from the COD

(Crystallography Open Database). Performance was found to

vary among crystal systems, with triclinic, monoclinic and

orthorhombic being the most difficult to classify correctly.

Crucially, the above approaches did not augment simulated

patterns to contain characteristics of experimental patterns

(e.g. peak shifts/broadening). Lee et al. (2023) address these

issues by incorporating data augmentation, and use fully

connected neural networks to classify crystal system and space

group from XRD patterns, finding a concentration of

misclassified examples in low-symmetry lattice classes

(triclinic, monoclinic and orthorhombic, coined the ‘Seattle

Zone’). Through an analysis of the failure modes of the ML

model, it was found that a proportion of misclassified entries

corresponded to slight distortions in unit-cell angles �; �; �

from higher-symmetry structures. This highlights an issue with

the unit-cell representation that we aim to address in our work

– small changes in unit-cell parameters can lead to discon-

tinuous changes in crystal symmetry.

3.2. Predicting lattice parameters

Previous work has also explored directly predicting lattice

parameters from XRD patterns. Chitturi et al. (2021) use 1D

CNNs to predict lattice parameters, training a separate model

for each of the seven crystal systems, training with simulated

patterns from the CSD (Cambridge Structural Database) and

ICSD data. This work provides key insight into the impacts of

various data augmentation strategies. They test the impacts of

including peaks from 0 to 30� versus 0 to 90� as training data

and find that models perform similarly for both angle ranges.

Additionally, they consider data augmentation due to peak

broadening, baseline noise, random intensity modulation,

detector zero shifting and the presence of multiple unknown

phases. However, their models were unable to accurately

predict �; �; � for lower-symmetry systems. They further

integrate the ML model into Lp-Search (an indexing algo-

rithm), and find that providing a; b; c predictions led to a

speed-up in convergence of Lp-Search. Li et al. (2021) instead

predict a; b; c from composition-based descriptors, reporting

high accuracy for cubic systems yet significantly lower for

triclinic.

Shu et al. (2025) employ an extinction group classification

model and then a CNN unit-cell parameter regression model

with augmented XRD patterns from the ICSD in order to

predict unit-cell parameters. Choudhary (2025) uses a

generative pretrained transformer model that incorporates

chemical information to predict structures from XRD

patterns. Most recently, Andrejevic et al. (2026) built a large

database of over 31 million simulated diffraction patterns

through augmenting the ICSD and Materials Project datasets

in order to train a model to predict crystal system, space group

and lattice parameters from XRD patterns. However, there

has been limited exploration of the impact of the discontinuity

of the unit-cell representation on prediction and investigation

of invariant unit-cell representations. For example, Segal et al.

(2025) investigate gradient-based optimization of lattice

parameters from powder XRD, and empirically find that
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recovering ground-truth lattices from moderately distorted

initial structures is challenging due to a rough optimization

landscape.

3.3. Structure generation

Recent works have also attempted to obtain more structural

detail from XRD data. Even though these models focus on

structure generation, they still have to determine unit-cell

parameters from XRD patterns and thus may also be subject

to issues arising from unit-cell representations. Riesel et al.

(2024) build on the crystal diffusion variational autoencoder

[CDVAE (Xie et al., 2021)] to develop Crystalyze, a generative

model that predicts the crystal structure from powder XRD.

Crystalyze converts diffraction patterns from a 1D signal to a

latent embedding and then conditions on the XRD pattern in

order to propose candidate structures. For the MP-20 dataset

(the Materials Project dataset filtered to less than 20 atoms),

Crystalyze accurately predicts 66.6% of crystal structures after

64 attempts, and about 30% when given a single attempt.

Moreover, after training on augmented data that are meant to

model experimental artifacts, Crystalyze achieves a 41.8%

match rate on the experimental RRUFF dataset after 64

attempts, and about 8% with a single attempt. Li et al. (2025)

also use a generative model conditioned on XRD patterns

with a refinement module to achieve a higher match rate on

MP-20. Notably, however, these models are limited to

predicting structures with 20 atoms or fewer in the unit cell.

Similarly, Guo et al. (2025) introduce a diffusion-based

generative model trained on nanocrystalline powder XRD

data that predicts full candidate crystal structures, including

the unit cell and atomic positions, from the diffraction pattern

and chemical composition. Segal et al. (2026) introduce

XRDiff, a diffusion-based model that generates crystal struc-

tures from powder XRD, using a peak-featurized repre-

sentation to generalize zero-shot to experimental data without

noise augmentation.

4. Methodology

Our overarching goal is to use ML to help determine the

lattice parameters of unknown materials. We first make two

key observations. (i) The choice of primitive unit-cell

convention is not geometrically unique. Moreover, standard

unit-cell conventions are defined piecewise across crystal

systems. Thus, small continuous changes in a lattice can

produce discontinuous jumps in lattice parameters near

symmetry boundaries. This leads to an ambiguity in data

representation of the lattice parameters and makes lattice

parameters a poorly behaved regression target for a neural

network. (ii) When X-rays scatter off a crystal, they produce

an image in reciprocal space, e.g. any incident wavevector will

lead to a diffraction peak if and only if it intersects with a k-

space Bragg plane. We are thus motivated to develop a lattice

descriptor in reciprocal space. The descriptor is inverted to a

set of lattice vectors that span the primitive lattice; see Fig. 1

and Section 4.2. Tools such as cctbx (Grosse-Kunstleve et al.,

2002) or pymatgen (Ong et al., 2013) can then be used to

obtain the conventional lattice parameters to enable consis-

tent comparison with ground-truth parameters. We hypothe-

size that a geometrically meaningful representation of the unit

cell will allow models to better learn the relationship between

XRD patterns and lattice parameters.

4.1. Bispectrum lattice descriptor

A useful lattice descriptor should be (i) independent of

primitive-cell choice, (ii) continuous under smooth lattice

deformation, and (iii) naturally expressed in reciprocal space

where diffraction operates. Thus, we develop a lattice repre-

sentation in reciprocal space that is independent of primitive-

cell convention and invariant under SOð3Þ (the group of 3D

rotations). Denoting the reciprocal-space lattice vectors by

fb1; b2; b3g, each lattice point in reciprocal space can be

represented as G ¼ hb1 þ kb2 þ lb3, where h; k; l 2 Z. We tile

the lattice spherically up to a cutoff kmax. kmax has a natural

physical interpretation as the limiting resolution of the

detector, using the relation for the scattering vector

kmax ¼ ð2 sin �maxÞ=�, where � is the detector wavelength.

We next use spherical harmonics Ylm to represent the lattice

points in reciprocal space. Spherical harmonics are used to

construct rotationally invariant descriptors as they form an

orthonormal basis for functions on the sphere. One can think

of spherical harmonics as basis functions for an ‘angular

Fourier transform’ (see Section S5 in the supporting infor-

mation for a more rigorous background). For example,

quantities such as the structure factor or the electron density

around an atom can be expanded in spherical harmonics. The

lattice in reciprocal space can be written as

�ðkÞ ¼
X

G2kmax

�ðk � GÞ; ð1Þ

where � is the Dirac delta function. Although written as a

density in reciprocal space, � is completely described by the

discrete set of reciprocal-lattice vectors fGg. Consequently, the

spherical harmonic expansion is only evaluated at these lattice

points. The spherical harmonics describe the angular part of

each G, so they depend on the unit vector Ĝ. To include radial

information, we use radial basis functions gnðjGjÞ. The full

expansion is then

�ðGÞ ¼
X

n

Xlmax

l¼0

Xl

m¼� l

cnlmYlmðĜÞgnðjGjÞ; ð2Þ

where the coefficients are found through

cnlm ¼
X

G2kmax

YlmðĜÞgnðjGjÞ: ð3Þ

The expansion is exact in the limit of infinitely many angular

and radial basis functions.

As an example in Fig. 2, we plot �ðkÞ in reciprocal space for

a cubic lattice with lattice parameter a = 3 Å. As expected, we

observe �ðkÞ attains its maximum values at the lattice points in
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reciprocal space, with higher intensity at points near the �

point. We can take successive tensor products of the expansion

coefficients cnlm to obtain invariant descriptors, following

standard literature such as Bartók et al. (2013). See Nigam et

al. (2026) for the use of invariant descriptors to featurize local

atomic environments in real space. The simplest invariant is

known as the power spectrum,
P

m jcnlmj
2 for each allowed l.

However, this loses information about angular correlations

between different l channels.

To retain more information, we combine three sets of

coefficients. The bispectrum bl1l2l3 is constructed by coupling

coefficients from three channels ðl1; l2; l3Þ into a scalar quan-

tity. To ensure invariance, the coupling is done through a

symmetric Clebsch–Gordan tensor product (the same

jl1 � l2j � l3 � l1 þ l2 that governs angular momentum selec-

tion rules in quantum mechanics, see Section S5 and Section

S7). The tensor product is also symmetrized over the indices

ðl1; l2; l3Þ, guaranteeing that the result is permutation invar-

iant. Note that, to distinguish between structures related by

inversion, one should include pseudoscalars along with the

scalars from the coupling [corresponding to the Oð3Þ group

rather than the SOð3Þ group]. This is not necessary for Bravais

lattices as they are centrosymmetric but is included here for

completeness. The tensor product can be written as

B ¼ ðcl3
� ðcl1

� cl2
ÞÞ
ð0e�0oÞ; ð4Þ

where ð0e � 0oÞ emphasizes we are retaining the scalars and

pseudoscalars. For Nr radial basis functions and maximum

lmax, the final descriptor dimension is

dimðBÞ ¼ Nr;
Xlmax

l1¼0

Xlmax

l2¼0

Xlmax

l3¼0

Nallowedðl1; l2; l3Þ

 !

; ð5Þ

where Nallowedðl1; l2; l3Þ counts the number of scalar/pseu-

doscalar contributions after the two tensor products. In this

representation, each row corresponds to a radial basis function

n, and each column corresponds to an allowed coupling. This

makes the bispectrum naturally visualizable as a 2D heatmap,

as in Fig. 3.

Because �ðkÞ transforms equivariantly under the crystal’s

point group, only specific ðl;mÞ channels can be non-zero. This

is the same mathematical formalism that yields the first non-

trivial charge-density multipole of a given lattice. For example,

for a cubic lattice with Oh symmetry, only specific l channels

(l ¼ 0; 4; 6; 8; . . .Þ contribute to the lattice bispectrum. This is

confirmed in Fig. 3. The sparsity pattern of the bispectrum

directly reflects the underlying symmetry of the unit cell.

Consequently, higher-symmetry lattices produce more zero

entries. As unit cells retain the symmetry of a parallelepiped,

the lattice bispectrum is constrained to have zeros in certain

entries for all lattices (e.g. see the triclinic lattice in Fig. 3).

We enumerate the invariance properties of our construction

of the reciprocal-lattice bispectrum. Following the construc-

tion of the bispectrum by Bartók et al. (2013), we obtain the

bispectrum as symmetrized products of spherical harmonics

coefficients (implemented using Clebsch–Gordan coefficients)

in equation (4). It is therefore invariant under SOð3Þ. If we

include pseudoscalars, it then has components that change sign

under inversion. ðl1; l2; l3Þ in equation (4) are invariant under

inversion or accumulate a negative sign depending on whether

l1 þ l2 þ l3 is even or odd. However, every reciprocal lattice is

centrosymmetric, so all odd combinations of l1 þ l2 þ l3 are

zero, and the descriptor is thus invariant under the Oð3Þ group.

We retain the pseudoscalar channels for generality. These

invariances naturally align with the physics of powder

diffraction. Rotation invariance means that the descriptor

depends on relative geometry rather than absolute orienta-
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Figure 3
Sample bispectra for crystal systems with varying levels of symmetry.
Each column corresponds to a bispectrum component ðl1; l2; l3Þ, grouped
by angular channel. Scalar (e) and pseudoscalar (o) components are
separated by the dashed line. All pseudoscalar components vanish,
consistent with the centrosymmetry of Bravais lattices.

Figure 2
Plot of �ðkÞ for a cubic lattice with a = 3 Å, lmax ¼ 6, ten Bessel function
radial basis functions. One can see that �ðkÞ attains its maximum values at
reciprocal-lattice points.



tion. Inversion invariance is consistent with XRD as we

measure the intensity in Fourier space jFðGÞj2 at reciprocal-

lattice points G, so we will have the same measurement if

G! � G.

There are additional properties resulting from using the

reciprocal-lattice vectors to construct the lattice bispectrum.

The reciprocal lattice depends only on the real-space lattice

vectors, which are unchanged by a translation of the crystal, so

the descriptor does not depend on the choice of real-space

origin. Moreover, any set of primitive lattice vectors will

generate the same set of lattice points. As cnlm is a sum over

these points, the descriptor is independent of the choice of

primitive cell, including permutations or re-indexing of the

vectors fb1; b2; b3g. These properties ensure that the

descriptor encodes the geometric information of relative

distances and angles between reciprocal-lattice points that

determine the Bravais lattice. See Section S5.1 for the theo-

retical justification of the sparsity pattern in the bispectrum.

We note that this representation is motivated by the

discontinuity that arises in lattice parameter representations

under conventional space-group settings. Small continuous

distortions of a lattice can trigger a change in the reduced-cell

convention, producing artificial jumps even when the under-

lying geometry changes smoothly. This concept is illustrated in

Fig. 4, which shows a cubic cell being uniformly distorted into

a triclinic cell. Measured in the L2 norm from the starting

bispectrum, the bispectrum is seen to change smoothly

throughout the distortion (modulo numerical artifacts). This

representation has the advantage of producing smooth

variations in the L2 norm under continuous lattice deforma-

tions, instead of relying on reduced-cell-based representations

such as S6, where distances between lattices are computed

after a reduction step that can introduce non-uniqueness in

the choice of basis (Andrews & Bernstein, 2023). As a result,

such metrics can exhibit apparent non-smooth behavior along
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Figure 4
Example interpolation between a cubic and triclinic lattice and the corresponding change in bispectrum and S6 distance. The interpolation parameter �
linearly deforms the lattice in real space. While the bispectrum varies smoothly in the Euclidean (L2) norm along this path, distances computed in
reduced-cell representations (e.g. S6) can exhibit non-smooth behavior due to changes in the chosen reduced basis during lattice reduction. Note that
intermediate lattices are also triclinic, as the interpolation does not enforce any symmetry constraints.

Figure 5
Distribution of the magnitude of the maximum reciprocal-lattice vector
(using the crystallographic convention) for the Materials Project dataset.



continuous deformation paths. See Fig. S3 for a sensitivity

analysis of the inversion to Gaussian noise in the bispectrum.

4.1.1. Practical details

In practice, this descriptor includes some hyperparameters

that are user-defined. These include kmax, lmax, the type of

radial basis function and the number of radial basis functions.

kmax depends on the limiting resolution of the detector. For

our purposes, we use the standard Cu K� wavelength of

1.5406 Å. Note here we use the crystallographic convention

common in XRD, so there is no factor of 2�. Assume that

2�max ¼ 60�, we then have kmax �
2
3

Å� 1.

As we are modeling a periodic structure, in practice, we also

want kmax large enough such that every reciprocal-lattice point

within a certain radius of the � point is included in the

descriptor at least once. For a unit cell, this is kmax >� ð1=aminÞ

where amin is the smallest lattice parameter or equivalently

kmax >� bmax where bmax is the maximum reciprocal-lattice

vector. As seen in Fig. 5, our cutoff does satisfy this condition

for nearly all lattices in the Materials Project dataset. For

different datasets, this could require further tuning.

We find lmax ¼ 6 is sufficient to resolve angular lattice

information, following standard atomic descriptor literature

(Bartók et al., 2013). We choose to use Bessel functions as the

radial basis function in order to assign higher weight to points

near the � point, but to also allow for variation outside of a

narrow envelope (as opposed to Gaussian basis functions) and

use ten radial basis functions.

4.2. Inversion of the lattice bispectrum

We demonstrate how to invert the lattice bispectrum to

obtain the lattice parameters (the second step in Fig. 1).

While the bispectrum is not mathematically complete [i.e. it is

not a one-to-one mapping; see Bendory et al. (2025) for

generic uniqueness results], it can be empirically inverted

(Nigam et al., 2026) in an auto-differentiable framework. We

use a precomputed database of bispectra as a nearest-

neighbor lookup to initialize the starting guess for the inver-

sion. We show the approach in Fig. 6. We aim to invert the

mapping f ða; b; c; �; �; �Þ ¼ B to obtain lattice parameters

ða; b; c; �; �; �Þ, where f represents the bispectrum calculation.

Crucially, f can be implemented in an auto-differentiable

framework such as PyTorch (Paszke et al., 2019). Thus,

standard optimization tools can be used to invert f. In

practice, we found that second-order optimization methods

such as L-BFGS-B [limited-memory Broyden–Fletcher–

Goldfarb–Shanno (Byrd et al., 1995)] provide more accurate

lattice parameter predictions. Additionally, the starting

lattice guess can improve convergence. Thus, we initialize

vguess ¼ ða; b; c; �; �; �Þguess using precalculated bispectra

from the Materials Project database (with distance between

bispectra measured by the L2 norm). (One could also use

other crystallographic databases. The calculated bispectra

are available from https://github.com/atomicarchitects/

bispectrum-xrd-ml/tree/main.) In practice, n ¼ 15 nearest

entries by mean squared error are used as starting points. Each

starting lattice is perturbed with Gaussian noise of standard

deviation 0:05 kL�kF per element of the reciprocal-lattice

matrix L� and whose rows are b1; b2; b3, and optimized with L-

BFGS-B using SciPy (Virtanen et al., 2020). If a candidate

reaches a bispectrum loss below 10� 3, no further candidates

are tried; otherwise the lattice with the lowest loss is returned.

Candidate selection uses only the predicted bispectrum. As

the calculation of B is differentiable, one can then calculate a

loss between B and the calculated bispectra, and then update

vguess based on this loss with an optimization step.
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Figure 6
Algorithm to invert the lattice bispectrum. Given an initial bispectrum, the starting lattice parameters are initialized from the nearest entry in a
precomputed database of bispectra. The residual between the true and predicted bispectra is then calculated and lattice parameters are updated with a L-
BFGS step. After inversion, we obtain a set of vectors spanning the primitive lattice. Standard crystallographic tools such as pymatgen or cctbx can then
be used for postprocessing.

Figure 7
Transformer model architecture used for predicting the bispectrum from XRD input.

https://github.com/atomicarchitects/bispectrum-xrd-ml/tree/main
https://github.com/atomicarchitects/bispectrum-xrd-ml/tree/main


4.3. Bispectrum prediction from XRD patterns

We use a transformer model to predict the lattice bispec-

trum from XRD patterns. We developed a hierarchical toke-

nization approach that segments the XRD pattern into

overlapping local windows with a transformer-based archi-

tecture. This strategy succeeds at capturing relevant structural

information across different scales while maintaining posi-

tional accuracy. After window extraction, each window is

passed through a feedforward neural network. The resulting

tokens are then refined with a multi-head self-attention

mechanism. This methodology preserves positional precision

that CNN-based approaches lose through pooling, yet also

captures long-range angular dependencies. Model hyper-

parameters and training details are in Table S1 and the

architecture is shown in Fig. 7.

5. Results

To test the utility of the lattice bispectrum as compared with

directly predicting the lattice parameters, we first focus on the

MP-20 dataset. In general, there is no widely established

benchmarking dataset for the unit-cell prediction problem, as

different works tend to use augmented versions of the Mate-

rials Project, ICSD or CSD databases. However, recent crystal

structure generation studies (Xie et al., 2021; Riesel et al., 2024;

Li et al., 2025) have used the MP-20 dataset. MP-20 consists of

structures from the Materials Project with up to 20 atoms per

unit cell, containing 45231 inorganic materials. This dataset

has the advantage of having predefined train, validation and

testing splits from Xie et al. (2021), making it suitable for

benchmarking. We further explore the impact of data

augmentation by incorporating physics-based XRD augmen-

tations into the MP-20 dataset as described in Section 5.1.1.

We then consider larger systems by using the full Materials

Project dataset with the same physics-based augmentations

(Section 5.2). In each section, we assess the advantages of the

bispectrum lattice representation versus directly predicting

lattice parameters by using the same model architecture [with

either an output dimension of 6 for lattice parameters or

dimðBÞ for the bispectrum]. Results per dataset are shown in

Table 1.

Note that the bispectrum inversion procedure yields a set of

vectors that span the lattice. Thus, we perform postprocessing

steps using pymatgen and cctbx after the inversion in order to

fairly compare our results with the true lattice. Both the true

and predicted lattice are passed to cctbx, which finds the best-

matching canonical representation. Lattice parameter errors

are computed between the canonicalized true lattice for the

direct prediction and bispectrum inversion. This ensures that

errors are computed in a consistent setting.

We analyze direct versus bispectrum model performance on

structures with dominant zones in the Materials Project

database in Section 5.3. The performance of each method is

compared with benchmark predictions from Crystalyze and

from a newer AlphaDiffract model (Andrejevic et al., 2026) on

RRUFF experimental data in Section 5.4.

5.1. MP-20

In alignment with previous work (Chitturi et al., 2021;

Riesel et al., 2024), we report the mean absolute percentage
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Table 1
MAE and MAPE per dataset for bispectrum + inversion and direct prediction of lattice parameters.

MP-20 and MP-20 augmented (aug.) are evaluated on the MP-20 test set. MP-full and MP-full aug. are evaluated on the MP-full test set (so this represents a more
difficult learning problem with a larger set of diverse structures). Note that the evaluations in this table are done using synthetic patterns. The best method for each

dataset is in bold.

Training data (No. of
patterns) Method

Length MAE
(Å)

Length MAPE
(%)

Angle MAE
(�)

Angle MAPE
(%)

Volume MAPE
(%)

MP-20 (27k) Direct 0.69 11.08 10.77 12.15 24.86

MP-20 (27k) Bispectrum + inversion 0.18 2.43 2.19 2.45 5.15
MP-20 aug. (270k) Direct 0.80 13.20 12.36 13.33 27.96
MP-20 aug. (270k) Bispectrum + inv. 0.23 3.19 2.58 2.90 6.61
MP-full (93k) Direct 1.24 15.33 10.20 11.21 33.95
MP-full (93k) Bispectrum + inv. 0.44 4.46 3.92 4.41 10.09
MP-full aug. (930k) Direct 1.27 15.75 9.87 10.91 33.67

MP-full aug. (930k) Bispectrum + inversion 0.62 6.35 5.27 5.94 14.25

Figure 8
MAE for bispectrum + inversion compared with direct predictions per Bravais lattice for MP-20.



error (MAPE) for angles, lengths and unit-cell volumes,

defined as

MAPE ¼
jtrue � predictedj

true
� 100 ð6Þ

as well as the mean absolute error (MAE) per Bravais lattice.

We first consider the MP-20 dataset used by Xie et al. (2021),

with the same train/test/validation splits used. The bispectrum

prediction outperforms directly predicting the lattice para-

meters across Bravais lattices (see Fig. 8), most likely due to

the fact that the bispectrum more strictly obeys symmetry

constraints. For example, without training a model for sepa-

rate crystal systems as done by Chitturi et al. (2021), Shu et al.

(2025), the direct predictions may yield slightly different angle

or length values that do not align with the correct Bravais

lattice. This effect is not observed in the bispectrum predic-

tion, where angle predictions are symmetry constrained and

snap to the correct unit cell. See Section S8.1 for additional

results.

5.1.1. Augmented MP-20

In order to generalize to experimental XRD patterns, we

augmented synthetic XRD patterns from MP-20 to mimic

experimental data. We follow the work of Salgado et al. (2023),

Szymanski et al. (2021), Riesel et al. (2024), which provide

insight into physically informed data augmentation of

synthetic XRD patterns. The resulting augmented spectra

sample possible changes in peak positions, intensities and

widths. (i) Shifts in peak positions (2�) were created using

strain tensors for small distortions that preserve the space

group of the parent structure. Modified unit cells were created

with up to � 4% strain. (ii) Peak intensities were varied

through randomly selecting Miller indices (hkl) and then

scaling peak intensities by 50% of original values. (iii) Peak

widths were augmented through varying the Caglioti para-

meters U;V;W (see Section S4), which parameterize the

angular dependence of the full width at half-maximum

(FWHM) of diffraction peaks via FWHM2 =

U tan2 � þ V tan � þW (Caglioti et al., 1958). Each structure

was augmented three times per method, providing a diverse

set of plausible XRD patterns. Following Riesel et al. (2024),
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Figure 9
MAE for bispectrum + inversion compared with direct predictions per Bravais lattice for MP-20 augmented.

Figure 10
Predicted versus true for a; b; c and volume for bispectrum + inversion and direct prediction of parameters using the MP-20 augmented dataset.



background noise sampled from a Gamma distribution is also

added dynamically during training. The training set then has

271360 examples instead of 27136 as with MP-20. Note that

data augmentation is applied to the training set, but the model

is evaluated on the same testing set as MP-20 to ensure a fair

comparison. Full details are in Section S4. We again observe

that the bispectrum outperforms the direct prediction method,

with the relative improvement being slightly smaller (Figs. 9–

11).

5.2. Augmented full Materials Project

Previous ML-XRD studies (Guo et al., 2025; Riesel et al.,

2024) have rarely used the full Materials Project dataset.

While the full Materials Project is invariably more complex

than MP-20, we hypothesize that the greater diversity in

crystal systems, unit-cell sizes and compositional complexity

will lead to better generalization to structures with dominant

zones. We create by reduced chemical formula a 60% training,

20% validation and 20% test split. A data leakage audit based

on XRD-pattern similarity is given in Section S2.3. We apply

the same physics-based augmentations as in Section 5.1.1 to

the training set, resulting in a 930k pattern augmented dataset.

This is a significantly more diverse dataset than MP-20 and

thus represents a more difficult prediction problem. None-

theless, we observe the same trend, with the bispectrum

generally outperforming the direct predictions (Figs. 12–14).

Angle predictions are more difficult than length predictions

with more diversity in unit cells, although this trend is not

uniform across Bravais lattices (see Fig. S21). See Section S8.4

for additional per-Bravais lattice MAE and parity plots

comparing bispectrum and direct prediction. Section S8.3

additionally contains results of training on the full Materials

Project dataset without augmentation.

5.3. Dominant zones

A standard challenge in indexing pertains to dominant zone

structures, in which most or all reflections can be indexed with

two Miller indices (e.g. by h0l) (Schlesinger et al., 2022),

usually where one axis in the unit cell is much larger than the

others. We investigate the performance of the model trained
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Figure 11
Predicted versus true for �; �; � for bispectrum + inversion and direct prediction of parameters using the MP-20 augmented dataset.

Figure 12
MAE for bispectrum + inversion compared with direct predictions per Bravais lattice using the MP full augmented dataset.



on the full Materials Project data on dominant zone structures,

comparing the bispectrum predictions with direct predictions

of the lattice parameters. We define dominant zone patterns as

powder diffraction patterns in which a large fraction of total

intensity (� 50%) is indexed by reflections belonging to a

single zero-index family (i.e. h ¼ 0, k ¼ 0 or l ¼ 0). This

provides a simple measure of indexing anisotropy in reciprocal

space, capturing cases where diffraction intensity is strongly

concentrated within coordinate-aligned Miller-index

subspaces such as 00l, h0l or hk0. Note that we use a diffrac-

tion-based definition rather than considering real-space lattice

anisotropy as lattice recovery from XRD patterns depends on

reciprocal-space indexing. Using this criteria, 1100 out of

30000 structures in the test set were identified as dominant

zone structures.

We find that the bispectrum prediction method performs

much better on dominant zone structures (see Fig. 15). For

instance, 76.6% of dominant zone structures have both length

and angle MAPE less than 5% when predicting the lattice

bispectrum. However, this is only the case for 5.8% of the

direct parameter predictions. We hypothesize this advantage

stems from the symmetry-preserving properties of the lattice

bispectrum. Dominant zone structures concentrate diffraction

information into a reduced subspace of Miller indices, leaving

the remaining lattice geometry underconstrained by the

pattern. Direct prediction must resolve this ambiguity within

an unconstrained six-parameter space, whereas bispectrum

inversion benefits from a representation that already encodes

the lattice’s symmetry constraints (Table 2).

5.4. Experimental data and comparisons with benchmarks

Direct comparison across methods in this field is challen-

ging due to inconsistent evaluation protocols, training datasets

and test splits; where possible, we have attempted to ensure

fair comparison by rerunning baseline models with identical

postprocessing. In line with prior works (e.g. Riesel et al., 2024;

Choudhary, 2025; Andrejevic et al., 2026), we consider the

RRUFF dataset to test the generalization of our model to

experimental data. First, we consider the same 134 RRUFF

structures as used in Crystalyze (Riesel et al., 2024) in order to

have a consistent benchmark. We obtain the predicted lattice

parameters from the MP-20 augmented model evaluated on

the Crystalyze RRUFF dataset. Crystalyze is a structure

generation model that predicts composition, lattice para-

meters and number of atoms from an XRD pattern before

denoising random atom positions to obtain a sampled struc-

ture. It is therefore a substantially more complex model than

ours. We average output Crystalyze predictions over five

sampled structures. As seen in Table 3, despite predicting only

lattice parameters rather than full crystal structures, the

bispectrum model achieves comparable performance with

Crystalyze on experimental data. Additionally, our data
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Table 2
Dominant zone success metrics for direct prediction and bispectrum +
inversion.

Analysis was done using the MP-full test set and the MP-full aug. trained
model. The best method is in bold.

Method
Fraction � 5%
length MAPE

Fraction � 5%
angle MAPE

Fraction
both � 5%

Direct 9.6% 47.5% 5.8%
Bispectrum + inversion 82.0% 81.7% 76.6%

Figure 13
Predicted versus true for a; b; c and volume for bispectrum + inversion and direct prediction of parameters using the MP full augmented dataset.



augmentation strategy clearly aids in performance, as seen in

Fig. 16 and Section S8.5.

We further compare the performance of our model with

that of AlphaDiffract on the AlphaDiffract RRUFF test set.

This is a different set of 240 RRUFF structures to those used

by Crystalyze, as AlphaDiffract does not limit training data to

less than 20 atoms per unit cell (Andrejevic et al., 2026). As

seen in Table 4, our model underperforms AlphaDiffract,

which is expected given that AlphaDiffract trains on 31 million

patterns – 33� our training set size. Notably, training on 3% of

AlphaDiffract’s data, our bispectrum model approached

comparable length MAE (2.50 versus 2.11 Å) though the

angle error gap remains larger.

We also explored scaling the model by 1.5� and 2�, finding

small improvements on the RRUFF AlphaDiffract set (� 1�

and � 2�, respectively, in angle improvement). This suggests

that model capacity is not the primary bottleneck, and that

closing the simulation-to-real gap requires larger or more

diverse training data. On the RRUFF dataset, we observe that

our data augmentation aids in performance (see Fig. 16),

albeit not matching that of AlphaDiffract.

We additionally evaluate both the bispectrum and direct

prediction models on a curated subset of single-phase patterns

from the CNRS/COD (CNRS, Centre National de la

Recherche Scientifique) contribution to the opXRD database

(Hollarek et al., 2026). Both models show larger errors on this

dataset than on RRUFF (Table 5). Following standard prac-

tice (Riesel et al., 2024), our noise augmentation was fitted to

RRUFF. We hypothesize this differing performance is due to

the background noise augmentation specifically being fitted to

the RRUFF dataset. Exploratory ablations support this:

retraining with CNRS-informed background noise alone

substantially reduces error, and peak-list inputs lower the

average length error further. Direct prediction also rarely
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Figure 14
Predicted versus true for �; �; � for bispectrum + inversion and direct prediction of parameters using the MP full augmented dataset.

Table 3
MAE and MAPE on RRUFF experimental data.

We evaluate on the same 134-structure test set as Crystalyze, with all
predictions postprocessed using cctbx to project onto the nearest valid Bravais

lattice. Note these structures are filtered to be less than 20 atoms per unit cell.
The best method for each dataset is in bold.

Training data Method

Length
MAE
(Å)

Length
MAPE
(%)

Angle
MAE
(�)

Angle
MAPE
(%)

Volume
MAPE
(%)

MP-20 aug. Crystalyze 0.90 16.08 8.74 9.93 43.37
MP-20 aug.

(270k)
Direct (ours) 1.86 30.92 9.46 10.29 94.82

MP-20 aug.
(270k)

Bispectrum +
inversion (ours)

0.91 14.41 8.37 8.94 35.72

Table 4
MAE and MAPE on RRUFF AlphaDiffract experimental data.

We evaluate on the same 240-structure test set as AlphaDiffract, with all
predictions postprocessed using cctbx to project onto the nearest valid Bravais

lattice.

Training data Method

Length
MAE
(Å)

Length
MAPE
(%)

Angle
MAE
(�)

Angle
MAPE
(%)

AlphaDiffract
MP-full (31M)

AlphaDiffract 2.11 23.50 2.72 2.91

MP-full aug.
(930k)

Direct (ours) 4.36 50.75 8.76 9.39

MP-full aug.
(930k)

Bispectrum +
inversion (ours)

2.50 31.78 9.90 10.86



recovers the full cell: on every experimental set, fewer than

5% of its predictions have both length and angle MAPE below

5%, whereas the bispectrum model trained with CNRS-

informed noise reaches 25% on these patterns. This is an

important caution for practitioners: models trained with noise

augmentation fitted to one experimental dataset may not

generalize to others. Identifying training procedures that

generalize across experimental datasets is an important

direction for future work (full results in Section S8.6).

6. Related literature

The following references are cited in the supporting infor-

mation: Altmann & Herzig (1994), Bendory et al. (2018),

Cobelli et al. (2022), Dresselhaus et al. (2008), Geiger & Smidt

(2022), Kakarala (2012), Nigam et al. (2023), Pinilla et al.

(2023), Pozdnyakov et al. (2020).

7. Discussion

We develop an invertible unit-cell representation in reciprocal

space. Crucially, this is invariant to the choice of primitive unit

cell. While previous ML approaches to predicting lattice

parameters from XRD patterns have not taken the unit-cell

representation into account, we hypothesize that our

geometry-informed representation will lead to more robust

predictions. We test our hypothesis using a transformer-based

architecture. We find that the bispectrum representation aids

in predictions for both the MP-20 and the full Materials

Project dataset for simulated XRD patterns.

The bispectrum acts to eliminate the ambiguity of reduced-

cell conventions. When predicting lattice parameters correctly,

the model must implicitly learn a single consistent convention,

whereas the training data may contain equivalent cells

expressed differently. Second, the bispectrum naturally

enforces symmetry constraints. As shown in Fig. 3, higher-

symmetry lattices produce sparser bispectra, and the inversion

procedure recovers lattice parameters that respect these

constraints without requiring separate per-crystal models as in

prior work. In contrast, with direct prediction, angles or

lengths are more likely to deviate slightly from their

symmetry-constrained values (e.g. predicting cubic angles that

are not exactly 90�). Third, the bispectrum varies smoothly

under continuous lattice deformations, whereas reduced-cell

parameters can change discontinuously at symmetry bound-

aries. This may produce a more learnable loss landscape for

the neural network.

Several limitations should be noted. The inversion step adds

computational overhead (a median of 88 s per structure on a
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Figure 15
Parity plots for dominant zone structures (MP full test set, MP full
augmented model), for bispectrum inversion (left) and direct lattice
parameter prediction (right). Top: predicted versus true dominant
(longest) axis. Bottom: predicted versus true lattice angles (�, �, �
pooled); the columns at 90� and 120� are angles fixed by symmetry –
bispectrum inversion largely preserves them, while direct prediction
scatters them over 60–120�.

Figure 16
Cumulative distribution function for length and angle MAE for the RRUFF Crystalyze test set. The dashed lines correspond to the model trained on the
MP-20 dataset with no augmentation, and the solid lines correspond to the model trained on the MP-20 dataset with augmentation as described in
Section 5.1.1. Augmentation clearly improves performance.



single CPU core with 15 starting candidates; see Section S3.4)

but is parallelizable. With more difficult experimental patterns

that are out of distribution of the training data, bispectrum

predictions are further from the ground truth. Thus, inversion

becomes more difficult and can lead to degradation of the

predicted lattice parameters (see Fig. S4). Performance on

experimental data remains below that on synthetic data,

reflecting the well documented simulation-to-real gap. Closing

this gap will likely require a much larger dataset and

augmentation strategies that better capture the full range of

experimental artifacts, as done by Andrejevic et al. (2026),

which is beyond the scope of this work. Additionally, our

augmentation strategy, while physically motivated, is a

simplification of real experimental variability (see Section

S4.1).

A general obstacle to progress in this area is the absence of

a standardized augmentation and evaluation protocol.

Throughout this work, we have tried to make comparisons fair

by matching test splits and postprocessing pipelines to prior

methods where feasible. We believe the community would

benefit from a shared benchmark dataset analogous to MP-20

and collecting experimental data, much of which is scattered

across personal repositories. This would ideally fix the training

corpus, augmentation protocol and evaluation split so that

lattice parameter prediction methods can be compared

directly.

In terms of future work, the lattice bispectrum could serve

as a useful intermediate representation for other crystal-

lographic ML tasks. For example, structure generation models

such as Crystalyze could potentially benefit from conditioning

on the bispectrum rather than on raw lattice parameters.

Additionally, we note that our model is predictive as it outputs

lattice parameters given an XRD pattern. An interesting

avenue for future work would be to extend our approach to be

generative to sample candidate lattice parameters. This could

represent a more faithful formulation of the XRD to lattice

parameter problem, as it is fundamentally a one-to-many

mapping. An interesting extension of the lattice bispectrum

could be to incorporate the structure factor, yielding an atomic

descriptor sensitive to both the lattice geometry and the

atomic basis. This could aid in full structure determination

beyond solely lattice parameters.
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Table 5
MAE and MAPE on CNRS opXRD patterns with at most 20 atoms per
primitive cell, for models trained on MP-20 aug. and postprocessed with
cctbx.

All rows use the same patterns. ‘+ CNRS noise’: background noise informed
by CNRS patterns during training; ‘Peak list’: up to 30 extracted peaks as
input. Best value per column in bold. Full results, including MP-full aug. and

RRUFF, are in Table S5.

Training data Method

Length
MAE
(Å)

Length
MAPE
(%)

Angle
MAE
(�)

Angle
MAPE
(%)

MP-20 aug.
Dense

Direct 2.15 39.17 8.26 8.88

MP-20 aug.
Dense

Bispectrum +
inversion

2.54 43.36 13.85 14.95

MP-20 aug.
Dense +

CNRS noise

Bispectrum +
inversion

1.62 26.60 10.87 11.67

MP-20 aug.
Peak list +
CNRS noise

Direct 1.59 26.37 10.66 11.40

MP-20 aug.
Peak list +
CNRS noise

Bispectrum +
inversion

1.14 17.34 9.49 10.01

https://github.com/atomicarchitects/bispectrum-xrd-ml
https://github.com/atomicarchitects/bispectrum-xrd-ml
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Fulton, C., Masson, C., Häggström, C., Fitzgerald, C., Nicholson,
D. A., Hagen, D. R., Pasechnik, D. V., Olivetti, E., Martin, E.,
Wieser, E., Silva, F., Lenders, F., Wilhelm, F., Young, G., Price,
G. A., Ingold, G., Allen, G. E., Lee, G. R., Audren, H., Probst, I.,
Dietrich, J. P., Silterra, J., Webber, J. T., Slavič, J., Nothman, J.,
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