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crystallites on a revolving substrate.

Part 1I:

application to some nonlinear effects
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The matrix method of averaging material coefficients of crystallites deposited at
an angle to a revolving substrate, disclosed in the prequel [Ballato & Ballato
(2024). Acta Cryst. B80, 760-765], is applied to tensors in their indicial form. The
results are used to determine averaged nonlinear dielectric, piezoelectric, and
elastic constants, as well as linear pyroelectric coefficients, for triclinic crystals;
these are further specialized for Laue classes of higher symmetry.

1. Introduction

In Part I (Ballato & Ballato, 2024), referred to subsequently as
(I), a simple model was proposed for averaging material
coefficients of crystallites deposited at an angle to a revolving
substrate. It was implemented to determine the average linear
dielectric permittivity, piezoelectric stress, and elastic stiffness
matrices for all Laue classes, as functions of those of an
unrotated single crystal. These particular coefficients were
selected because they are employed in many electro-elastic
applications (Weigel et al., 2002), and serve as examples
applied to tensorial rank 2, 3 and 4 effects (Bhagavantam &
Suryanarayana, 1949; Smith, 1958; Huntington, 1958; Mason,
1966; Nye, 1985). Here the model is applied to some nonlinear
versions of these quantities.

The phenomenology of recoverable electro-elastic inter-
actions in materials in the continuum approximation is often
expressed in the form of power series expansions of an energy
function, yielding coefficients of various orders (Truesdell &
Toupin, 1960). In many instances first-order estimations prove
to be admirably sufficient for practical applications. The linear
equations of piezo-elasticity are a notable example
(Forsbergh, 1956; IEEE Standard on Piezoelectricity, 1987).
Increasingly, however, departures from the linear regime have
become important (Truesdell & Noll, 1965; Forsbergh, 1956;
Gagnepain & Besson, 1975; Maugin, 1986; Hruska, 2014). In
discussions of nonlinearities, however, one must distinguish
the cases where cause—effect relations are strictly single valued
and those that exhibit hysteresis, or history-dependent beha-
vior (Guo et al., 2025). This latter case is briefly mentioned in
Section 5.5, where ferroelectric materials and linear pyro-
electricity are discussed.

2. Rationale for this work

It has long been recognized that the thin film fabrication
scenarios depicted in (I) give rise to strains at the hetero-
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structure interfaces (Fujiwara et al., 1986; Nishino, 1989; Jain et
al., 1997). Indeed, it is to be expected that any discontinuities
in the elastic and electric fields at junctions might require
consideration of nonlinearities. Such gradients arise, e.g. in
superlattices (Wierzbicka et al., 2025), in composites, where
two or more sub-materials or phases are joined at the micro-
scopic scale, but are macroscopically homogeneous (van
Suchtelen, 1972; van den Boomgaard et al., 1976a; van den
Boomgaard et al, 1976b), and in multiferroics, which are
homogeneous on the microscopic scale (Newnham, 2005;
Fiebig et al., 2016).

Apart from configurations where macroscopic spatial
discontinuities / gradients produce nonlinear effects, atomic-
level anharmonicities associated with the Griineisen equation
of state (Griineisen, 1912; Anderson, 2000) implicitly involve
considerations of nonlinearity. Examples include thermal
conductivity / heat transport (Casimir, 1938; Kittel, 1949;
Iwanowski et al., 2025), and optical nonlinearities (Shanshool
et al., 2026). Section 5 provides further particulars.

An additional application of nonlinearities is to computa-
tion of temperature coefficients of the elastic stiffnesses. There
are two contributions to these anharmonicities: the first is the
geometrical nonlinearity, comprised of products of linear
thermoelastic coefficients and the linear elastic stiffnesses; this
geometrical portion is closely related to Poisson’s ratio
considerations (Ballato, 2010). The second contribution is the
physical nonlinearity, comprised of products of linear
thermoelastic coefficients and nonlinear elastic stiffnesses
(Lee et al., 1975; Sorokin et al., 1999; Sorokin & Telichko, 2011;
Sorokin & Telichko, 2012). Temperature- and stress-insensi-
tive crystal orientations for high-precision frequency control
of oscillators have been realized by judicious compensation of
elastic nonlinearities (Ballato, 1977).

3. Nonlinear terms identified

Many material tensors (of differing ranks) that characterize
various physical interactions are enumerated, e.g. in Bhaga-
vantam & Venkatarayudu (1962), Mason (1966), Nye (1985).
The efficient matrix method used in (I) is limited to rank 4 and
below (Auld, 1973), otherwise the full tensor expansion must
be used (Bond, 1943). Three-dimensional tensors will in
general have 3™ components, but when indicial symmetries,
required by a particular physical effect, are taken into account,
the number of independent coefficients is reduced. The same
tensor rank may as well correspond to a number of various
effects, albeit with differing numbers of components. For
example, the rank 4 tensor in Mindlin’s polarization gradient
theory (Mindlin, 1968) relates six stress or strain variables with
nine independent polarization gradients, so the 3* = 81 rank 4
components are reduced in this instance to 54.

We adopt schematic versions of the series expansions of
Gagnepain & Besson (1975) given on page 251 of that work,
specifically their equations (20) and (21) to identify the terms
to be evaluated. Similar expressions are considered by Lv et al.
(2025). Terminology, symbols, and conventions are as given in

(I) and by Ballato & Ballato (2023). For didactic purposes,
tensor ranks are indicated by superscripts in parentheses.

Equation (20): T® o ¢¥S® 1 cO[SPP 4+ (BS@P —
cBOED eW[EDVP cOENSD  _ MEM[SOP
eOEMPS® — ¢OEMP +....  The first and fourth terms
were treated in (I).

Equation (21): DU o e®8@ 4+ eWEDSA 4 ¢O[S@P 4
eNSOP + cOEDSOP + EOEDVPSD 4 QED 4 AEDP 4
eW[EWP +.... The first and seventh terms were treated in
.

The lowest-order nonlinear portions of these equations are:
T o + COSOP — DEDP — DEVS® and DV o +
eWEWS® 1 PSP 4 ¢DED] The remaining terms
represent higher-order (and usually insignificant) nonlinea-
rities, and are disregarded for our purposes. We choose, as
representative, the following nonlinearities:

Rank 3: dielectric permittivity tensor e® from DY o +
8(3)[E(1)]2

Rank 4: electrostriction tensor e from T® o« — e[EM]?
or DM  + eWEDS@

Rank 5: piezoelectric stress tensor e® from T® «
— eDEDS® or DD o + D[S

Rank 6: elastic stiffness tensor ¢® from T® o + ¢@[S@)?

In tensor notation these quantities appear, respectively, as:
e® Sijk —> € e® — Chijk —> €} e® — €kehij —> ks and
c® - Ciohijk —> Cau- As usual, Roman indices range 1, 2, 3
and Greek (Voigt) indices range 1, 2, ... 6.

The expansions given can also be expressed in the form of
reciprocal relations. For example, the nonlinear elastic stiff-
nesses ¢® have compliance counterparts s determined from
the relation Sijimn = —SijpqSkirsSmnuvCpqrsuv (Ballato, 2001;
Kube & Turner, 2016). Compliances are used to characterize
the nonlinear behavior of thin rods and bars (Tiersten &
Ballato, 1983).

4. The model

Micro-crystallites are deposited on a revolving substrate. Prior
to the deposition, in the reference state the crystallite x5 axis is
taken to be normal to the substrate reference plane; a first
rotation is then made about its x; or x, axis. Upon deposition,
a specified facet is taken to lie on the substrate plane. The x;3

X3

\QQ'L\

\

randomizing
axis

> 0 crystallite
facet T

Deposition Substrate

Figure 1

Schematic of the deposition geometry. The crystallite facet lies upon the
substrate; its x3 axis, shown as [002], subtends cone angle 6 with respect to
the substrate randomizing axis X.
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axis of the crystallite is thus inclined with respect to the
substrate normal (X3) by a facet angle 6; see Fig. 1.

As a result of the x; or x, 90° rotation, followed by the 6
inclination, material coefficients (generically symbolized as g)
that originally referred to crystallographic axes (IEEE Stan-
dard on Piezoelectricity, 1987) are transformed to new coef-
ficients ¢'.

Subsequent rotation of the crystallite sitting on the
substrate plane is described by a rotation, in angle ¢, about the
substrate X3 axis. This creates a distribution of crystallite
normals ([002] in the diagram) that form a cone about the
substrate normal. A suitable angular averaging then yields
average values, applied to the individual tensor components,
(q") = (1/2m) fOZH q'de, where ¢’ is the quantity to be aver-
aged.

5. Model results ordered by rank and Laue group

In this section are given the averaged components, (), of the
nonlinear coefficients selected above, ordered by rank and
Laue group (Bechmann & Hearmon, 1969; Brendel, 1979).
Ordering by rank avoids the confusion of terms such as first-
order, third-order etc.

5.1. Rank 3, nonlinear dielectric permittivities, ¢

The nonlinear dielectric permittivity (g;;) is a tensor of
rank 3, symmetric in the indices assigned to the two inde-
pendent electric field directions. By converting these two
indices into Voigt form, the 3° = 27 components are reduced to
18 in the general Laue group I (triclinic) case. The outcome is
isomorphic with the linear piezoelectric effect treated in (I).
The averaging results may therefore be recovered from
Section 3.2 of (I) for all Laue classes; in Table 5 thereof the
coefficient of e5 should read C, not 2

Under the conditions posited by Kleinman (1962a, 1962b)
for optical second-harmonic generation (SHG), all three
indices permute, and the 18 conditions are further reduced to
10, which we take as those with the Voigt indices: 11, 12,13, 14,
15, 16, 22, 23, 24 and 33. The Kleinman indicial identities are:
21=16,25=36=14,26=12,31=15,32=24,34=23 and 35 =
13. The hyperpolarizability tensor obeys the same relations; it
is a molecular (microscopic) cause, whereas SHG is a collec-
tive (macroscopic) and observable effect arising therefrom.

Application of the averaging procedure, outlined in (I) to
the SHG tensor yields the triclinic results given in Tables 1 and
2. The seven elements (&7,), (€1,), (€13), (€14). (€15). (€%,) and
(€%;) vanish identically for both x; and x, rotations, leaving
only (&s), (¢5,) and (g%;), but (¢7,) = (¢;), so there are but
two SHG (g”) coefficients. Furthermore, the coefficients &,
€12, €14 and &13 do not appear in the expressions for (¢/s) and
(e33)-

Twelve point groups have finite SHG (¢’’) values; these are
given in Table 3. Classes 222, 422, 622, 42m, 32, 6m2, 23 and
43m are identically zero when (¢”) averaging is applied, and
the pairs (m, mm?2), (4, 6), (3, 3m) and (4mm, 6mm) have the
same form.

Table 1
Rank 3 averaged nonlinear dielectric permittivities for triclinic Laue
group I, with first rotation x;.

Optical second-harmonic generation (SHG) conditions of Kleinman (19624,
1962b) apply. C and S are cos(#) and sin(6), respectively, where 0 is the facet
angle.

Eip —> €16 €1s €22 &4 €23 £33

2(els) -5 C -8 CO(C*-28%)  —8(8*-20%) @ Cs?
(&% -5 3Cs? —3CS c

Table 2

Rank 3 averaged nonlinear dielectric permittivities for triclinic Laue
group I, with first rotation x,.

Optical SHG conditions of Kleinman (1962a, 1962b) apply. C and S are cos(6)
and sin(6), respectively, where 6 is the facet angle.

Ein —> €16 €15 €22 €24 €23 £33

2efs) S c s C(C—28%)  28(8° 207 CS?
(&% s3 3CS? —3CS c

Table 3

Specialization of averaged SHG nonlinear dielectric permittivities (¢, )
for all Laue groups having finite entries.

To be used in conjunction with Table 1 (x; rotation) and Table 2 (x, rotation);
only i) indices are tabulated.

Laue group Point group iA indices

I 1 15 16 22 23 24 33
11 2 0 16 22 23 0 0
11, III m, mm?2 15 0 0 0 24 33
IVa, Vla 4,6 15 0 0 0 15 33
IVa 4 15 0 0 0 —15 0
Va, Vb 3,3m 15 22 22 0 15 33
Vla 6 0 —22 22 0 0 0
IVb, VIb 4mm, 6mm 15 0 0 0 15 33
Table 4

Rank 4, averaged, nonlinear piezoelectric stress (electrostriction) coef-
ficient matrix for Laue group I.

The form of this matrix is the same for both x; and x, rotations, while the
differences in the individual elements are given in Tables 5 and 6.

{ery () (ef3) O 0 {et)
AT A R AT 0 (e
(€5)) (e5) (€45 0 0 0

0 0 0 (ely) (es) 0

0 0 0 —(els) (ely) 0
—(el) (el 0 0 0 (elr)

5.2. Rank 4, nonlinear piezoelectric stress (electrostriction)
coefficients, e

Electrostriction is a tensor of rank 4, relating mechanical
deformations to imposition of an electric field. The effect is
quadratic in the electric field; the e® symbols appearing in the
relations T® o« —e®[EM]* and DV o + eEMS® are
identical (Hruska, 1965; Hruska, 2014).

Ferroelectric materials are briefly discussed in Section 5.5.
A subset of these (relaxor ferroelectrics) (Cross, 1987) are a
notable class that possess very high electrostriction and linear
dielectric permittivities, with a variety of energy storage,
harvesting and conversion applications.

Acta Cryst. (2026). B82
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Table 5

The nine independent, averaged, rank 4 electrostriction coefficients (ei\’M) for Laue group 1.

In terms of the 36 unrotated e, values; x, rotation; see Table 4. Entries are to be read as: 8(¢f,) = C]1+C[]+C[]+C[]+][]. Cand S are cos(d) and sin(d),
respectively, where 0 is the facet angle.

8(ef)) = C'Ben]  C[6S(exs + e)]

Cl2S(e1s + es1) + 4S(ess + eqs) + 65 (€34 + e43)]
8(e,) = Cllen] C28(exs + en)]

C[6S(e1s + es1) — 4S(ess + egs) + 25 (e3s + e43)]
8(efy) = C'ldens]  C’[8S(ess — €24)]

C[853(€42 — 634) — 85614]
8lefy) = C[0] C2(es2 — e26)]

C[2(e16 — e61) + 25%(eg3 — e36) + 48%(ess — ess)]
8(ef)) =  C'lden]  C’[8S(ex — ep)]

C[883(e2s — e43) — 8Seu]
8(ef) = C'Bess]  —C[16S(ess + ex3)]

—C[168%(e2s + ex2)]
8(el,) =  C'dews]  C[4S(e3s + es3) — 4S(exs + €12)]

Cl45%(e24 + e42) — 4S(eqs + es6) — 45° (e34 + e3)]
8(efs) = C'[0] Cl(ess — esq)]

C[45%(ex6 — €52) + 48%(e63 — e36) + 48%(ess — eus)]
8(efs) = Cllexn] C*[28(e2s + ex)]

C[4S(ess + ees) — 2S(eqr + e14) + 25 (e34 + €43)]

C(ern + ex1) + degs + 357 (e23 + ex0) + 128%e44]
[Beir + S*(e13 + e31) + 38%es3 + 45%ess]

C?[3(e12 + e21) — dees + S2(es + e32) + 45%ed]
ler + 35%(er3 + ea1) + S*ess — 48%ess]

C?[de1s +45%(exr + e33) — 168%eud]
[4Ses, + 4S%e15]

C2[2S(esy — €25) + 4S(ees — ea6)]
[2S(ers — es1) + 257 (es3 — e3s)]

C?[4e31 +45%(exr + e33) — 168%eud]
[4S%exs + 4S%ey]

C?[85%(ex3 + e32) + 328%¢44]
[85%e]

CPldess + 48%(ex + €33) — 48%(e23 + e32) — 88%eus]
[45* eq + 45%e6]

C2[4S(es2 — €25) + 4S(e35 — e53) + 4S(eqs — e46)]
[45 (16 — e6)]

C[des — (ea1 + e12) + S (exs + e32) + 45%eu]
lerr — S%(e13 + e31) + S*ess + 45%ess]

Table 6

The nine independent, averaged, rank 4 electrostriction coefficients (eKM) for Laue group I.

In terms of the 36 unrotated e;,, values; x, rotation; see Table 4. Entries are to be read as: 8¢ ) = C1+ C[1+ CH]+ C[1+1]. C and S are cos(6) and sin(6),
respectively, where 6 is the facet angle.

8(ef)) = C'Ben] —C[6S(ers + es1)]

—C[28(e2s + es52) + 4S(eas + eqs) + 65 (e35 + es3)]
8(el) = C'en]l  —C*[2S(ess + es1)]

—C[6S(e25 + e52) — 4S(e4s + e6s) + 25 (e35 + €53)]
8(efy) = C'ess] —C3[8S(es3 — e15)]

—C[88%(es — e35) — 8S eas]
8(efs) = C*[0] C3[2(e16 — e61)]

Cl2(esr — e26) + 25%(e36 — e63) + 45%(ess — ess)]
8(ef)) =  C'[desi]  —C[8S(ess —es1)]

—C[88%(e15 — e53) — 8Sesy]
8(efs) = Cll8ess]  +C[16S(ess + es3)]

+C[168%(e15 + es51)]
8(ej) =  C'ldess]  C°[4S(e1s + es) — 4S(ess + es3)]

Cl4S%(e35 + e53) + 4S(eas + €as) — 45 (e1s + e51)]
8(ejs) = C*[0] Cl4(ess — ess)]

Cl4S%(es1 — e16) + 45%(e36 — €63) + 457 (esa — eus)]
8lege) = C'lent] —C28(ers + es1)]

—C[4S(e46 + €64) — 2S(e25 + e52) + 25 (e35 + e53)]

Cl(e1z + e21) + degs + 357 (e13 + e31) + 125%es5]
[3ex + 52(623 +e3) + 354633 + 452844]

C*[3(e1n + ea1) — degs + S?(e13 + e31) + 48%ess]
[ex + 38%(e23 + e32) + S'ess — 45%e4]

C’[ders + 45%(e11 + e33) — 168%es5]
[4S%es; + 4S%e]

C[28(ear — e14) + 4S(e6s — es)]
[28(e2s — e4) +285%(es3 — €34)]

C’[des, +45%(e11 + e33) — 168%es5]
[4S* €15 + 457 e12]

C[88%(e13 + e31) + 328%ess]
[834611]

CPldeqy + 48%(er) + e33) — 48%(e13 + e31) — 88%ess]
[45%ess + 487 eq)

C2[4S(eqr — €14) + 4S(e34 — e43) + 4S(ess — es6)]
[45° (es6 — e6s)]

Cldess — (e21 + e12) + S%(er3 + e31) + 45%ess]
[ — S%(e23 + ex2) + S'ess + 48%eqs]

Considering the relation T® o« —e™®[EM]? the stress
tensor is symmetric: Ty, = Ty, and the electric field products
are indistinguishable: EE, = E, E,; however the stress and
electric field indices cannot be reversed; Ax # uA. Therefore

the 3* = 81, rank 4, e® components are reduced to 36 for
triclinic symmetry, and not to 21 as in the elastic case when
Voigt indices are used. When the averaging procedure is
applied thereto, for either x; or x, rotation, the resulting
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Table 7
Matrices associated with the expansions of the (e}{’M) for triclinic Laue
group I, x| rotation.

This table is used in conjunction with Tables 8, 9 and 10; see text for details. For
each of the nine (e}, “), all ey;,, components vanish for the x; rotation. Apart
from the multiplier, the e,;,, and es;,, entries, for the x; rotation, are identical
for all 25 of the (e}, ), (e’z’.w) and (e_’g’w).

x| rotation (efig)  (efis)  (elan)  (elhs) (efsy)  (efss)  (efs)  (els)
Cian A B C D E F G H
ey andes,, D C B A F E H G

(e514)  (€hs)  (eh)  (ehs)  (ehay)  (eh3s)  (ehis)  (€3s6)
Cian D C B A F E H G
ey and ez, A B C D E F G H

(efi1) (efip) (efia) (e3pn) (exps) (e3zs) (efus) (ehss) (€
Clap Zero
ey and es, 1 J K I K N P P Q

Table 8
Multipliers for the expansions of the (e}, ,) for triclinic Laue group I, x,
rotation.

See text for details. Subscript f is the field direction.

Mi\ety, ) (elig)  (efis)  (ely)  (efos)  (ef3)

(ef3s)  (elye)  (eise)

M, 1/8 1/8 1/8 1/8 12 12 1/8 1/8
M, —-Ci8  CI8 —-C/i8  CI8 -C2  CI2 C/8 —-CI8
M; —S/8  SI8 —S/8  SI8 =S S22 S/8 —S/8

M\ey,)  (ehy)  (ehs)  (ehy)  (ehs (e3)  lezzs)  (ehye)  (ehse)

M, 1/8 —-1/8 118 —-1/8 12 =12 =18 118
M, C/18 C/18 I8 CI8 C2 C2 C/18 C/I8
M S/8 S/8 S/8 S/8 S S/2 S/8 S/8

Mi\es,, ) (e5y) (e5p) (e5i3) (e5n) (ehs) (ehzs) (ehuy) (efss)  (€igq)

M, Zero
M, —S8 —S18 —-S2 —-S18 —-S2 —-S -8 =82 -SI8
M, CI8 C/8 C2 CI8 CI2 C CI2 CI2 CI8

triclinic (¢”) contains 18 components, nine of which are
independent; these are given in Table 4. It is similar in struc-
ture, but not identical, with the tetragonal electrostrictive
matrix in Table 6 of Forsbergh (1956). Table 5, for the x;
rotation, expresses the (ej{ﬂ) in terms of the 36 unrotated e
coefficients. The corresponding results for the x, rotation are
given in Table 6.

When, in Table 5, it is further assumed that Au = pA, the
coefficients (ef,) = —(e5s) = —(ef;) = —(et,) and (e}js) = —(e,)
vanish. Additionally, (¢};) = (e];). The resulting relations are
those of the averaged linear elastic stiffnesses expressed in an
alternative but equivalent form from those in Tables 7, 8, and 9
of (1).

Table 9

Expansions of the matrices A to H in terms of the unrotated e, ,.

5.3. Rank 5, nonlinear piezoelectric stress moduli e

The rank 5 electroelastic effect, mentioned in Section 3 and
discussed here, links the stress tensor with the product of
electric field and strain tensors; reciprocally, it also links
electric displacement with the product of the strain tensors.
However, rank 5 phenomena encompass a wide variety of
other physical effects including: stress dependence of the bulk
photovoltaic effect (Nadupalli ef al., 2019), acoustical activity
(Portigal & Burstein, 1968; Mindlin & Toupin, 1971; Frenzel et
al., 2019), cubic magneto-optic Kerr effect (Gaerner et al,
2024) and altermagnetism (Krempasky ez al., 2024). Each of
these disparate effects will require consideration of their
individual point-group tensors; the commonality, for our
purposes, is that they are all of rank 5.

Subscript £ is the field direction. C and S stand for cos(f) and sin(6), respectively, where 0 is the facet angle.

A B C D E F G H
ey O 0 0 0 0 0 0 0
enn —3CS 0 —CS 0 0 0 0 cS
ens 3CS 0 cs 0 0 0 0 —CS
ens 3(CP — 8% 0 (c* - 8% 0 0 0 0 —(C* =5
ens 0 3C 0 c 0 0 c 0
eng 0 38 0 —S 0 0 -S 0
ey —(C3S) 0 —(3C3S) 0 —Cs? 0 0 -C’s
eps CS(CP—8Y) 0 3CS(CP—-8) 0 —CS(CP -8 0 0 CS(C* — §%)
epy CH(C*—38%) 0 3C(C*-35%) 0 S’BC -8 0 0 CHC* — 387
eps 0 C(C* — 257 0 CB3C*+28%) 0 cs? —C(C*+28% 0
epne 0 —3C%§ 0 —C%s 0 -5 —C’S 0
es CS? 0 3cs® 0 s 0 0 3
ems —SA(S?—3C%) 0 —35%($* —3C%) 0 B -C) 0 0 —$%(8% - 3%
eps 0 3CS? 0 cs? 3 cs? 0
e 0 —S(8* =23 0 —S38*+2C%) 0 —C’S S(8*+2Ch) 0
ey 2CS(C*— 8% 0 6CS(CP—8%) 0 —2CS(C* - §%) 0 0 2CS(C* — §%)
eps 0 25QCC—-8%) 0 252C*+ 8% 0 —2C%s  —28° 0
e 0 20028 - 0 —2C028* +C*) 0 208> 20 0
erss —2CS 0 2CS 0 0 0 0 2CS
ese —2(CP =83 0 2(C* - 8% 0 0 0 0 2(C - 8%
e 2CS 0 —2CS 0 0 0 0 —2C8
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Whereas the coefficient arrays for many material relation-
ships depend solely on the Laue group (e.g. the linear and
nonlinear elastic coefficients), the rank 5 arrays are different
for each of the 21 permissible noncentrosymmetric (acentric)
point groups, and all are listed in the admirable paper of
Grimmer (2007). (Halasyamani & Poeppelmeier, 1998)
provide a generous sampling of noncentrosymmetric (acen-
tric) oxide representatives.

It is to be noted that IRE Standards on Piezoelectric
Crystals (1949), Bechmann, (1953), Nelson & Hearmon
(1979), Ballato & Ballato (2020) use e, for the linear piezo-
electric stress coefficient, and dj, for the linear piezoelectric
strain coefficient; hence the corresponding nonlinear coeffi-
cients are denoted ep, and dp,, respectively; (Grimmer,
2007) reverses these.

5.3.1. Triclinic, Laue I, class 1

Whereas the number of rank 5 terms involves 3° = 243
coefficients in general, elastic symmetries reduce these to 63
coefficients for Laue class I (three field directions times 21
elastic indices). When averaging is applied, only 25 survive;
these are identical for both x; and x, rotations, and are: (ei’l 4)s
(el1s)s (€laa)s (€s), (€f34), (€135), (€fae)s (€ls6)s (€14) (€315),
(€924)s (€35) (€334)s (€335)s (€hag)s (€056)s (€511)s (€51n)s (€ays)
(€550)s (€33), (€333), (€h4q)s (€3s5) and (€3). The number of
these 25 surviving triclinic (¢”) coefficients will be further
reduced depending on the additional symmetries pertaining to
a particular effect.

The full expansion of each of the 25 surviving (¢’) coeffi-
cients will involve, in general, 63 terms for each rotation. As
these are somewhat cumbersome, the full expansion for the
triclinic case has been organized in the form of four tables for
each rotation: for the x; rotation, Tables 7, 8, 9 and 10, and for
the x, rotation, Tables 11, 12, 13 and 14. These are to be read in
the generic form: (¢) = M, Z, + M,Z, + MsZ5. The multipliers
M, are given in Tables 8 and 12; the quantities Z; are found
schematically in Tables 7 and 11, and written out in columns in

Table 10

Expansions of the matrices I to Q in terms of the unrotated ey ;.

Subscript f is the field direction. C and S stand for cos(f) and sin(6), respec-
tively, where 6 is the facet angle.

I J K N P Q
et 3 1 0 0 0 1
ey 2C7 6C* 8 0 0 20
e 287 65> c? 0 0 —28?
ey 4CS 12C8  —2CS 0 0 —4CS
eqs 0 0 0 0 0 0
erg 0 0 0 0 0 0
epy  3C! cs? st c’s? ct
ens 6C8* 2078 Ct+ 8t 20087 20787 20787
ey 12C°S  4C°S  —2CS(CP — §%)  —4CS®  —2CS(CP — §7)  4CS
eps 0 0 0 0 0 0
eps 0 0 0 0 0 0
ens  38° st c’s? c! c’s? st
ey 12CS°  4CS® 2CS(C* — 8% —4CS 20S(CP — 8% 4CS?
eps 0 0 0 0 0 0
eps 0 0 0 0 0 0
ey 12C°87  4C°S*  —4C°S? 4C%8%  (C* - §7)? 4C*$?
ens 0 0 0 0 0 0
€146 0 0 0 0 0 0
erss 487 —48* 0 0 c 48?
erss  8CS —8CS 0 0 —2CS 8CS
erge 4C7 —4C* 0 0 s? 4C?
Table 11

Matrices associated with the expansions of the (e}, u> for triclinic Laue
group I, x, rotation.

This table is used in conjunction with Tables 12, 13 and 14; see text for details.
For each of the nine <e/3/»\u)’ all e,,, components vanish for the x, rotation.
Apart from the multiplier, the ey, and es;,, entries, for the x, rotation, are
identical for all 25 of the (ef, ), (¢5;,,) and (e}, ).

X, rotation (efia)  (efis)  (ela)  (efrs) (efsa) (efzs)  (efag)  {efse)
ey and ey, d c b a f e h g
e a b c d e f g h
(e314)  (ehs)  (ehn)  (ehs)  (ehns)  (ehss)  (ehu)  (€hse)
e and esy, a b c d e f g h
€ d c b a f e h g

(e511) (hn) (e513) (ehn) (ehs) (ehs3) (€5u) (€iss) (€ig)

Tables 9, 10, 13 and 14 in terms of the symbols C and S, which, ey and sy, 1 i k i k n p p q

in turn, stand for cos(#) and sin(6), where @ is the facet angle. ¢« Zero

Table 12

Multipliers for the expansions of the (e}, ) for triclinic Laue group I, x, rotation.

See text for details. Subscript f is the field direction.
Mi\ef,,) {ef1a) (efis) (elo4) {efhs) {efss) (ef3s) (else) (e156)
M, C/8 CI8 CI8 C/8 cr CcrR —CI8 CI8
M, —1/8 1/8 —1/8 1/8 —-1/2 12 1/8 1/8
M, —S/8 —S/8 —S/8 —S/8 —-S2 —S2 S/8 —S/8
Mi\e3,,) (e314) (e315) (e34) (e30s (e334) (e33s (e346) (€356
M, CI8 —C/8 C/8 —CI8 cr —CI2 —CI8 —CI8
M, 1/8 1/8 1/8 1/8 172 172 —1/8 1/8
M, —S/8 S/8 —S/8 S/8 —Sn2 N/ S8 S/8
Mi\e3;,,) (e511) (€31 (e513) (e3) (e53) (e333) (e34a) (e3ss) (G
M, S/8 S/8 SI2 S/8 SI2 S 812 SI2 S/8
M, Zero
M, CI8 C/8 crR CI8 CcrR C crR Cr2 C/8

6 of 15

Ballato and Ballato

+ Rotating-substrate method of crystallite deposition. Part II.

Acta Cryst. (2026). B82



research papers

Table 13
Expansions of the matrices a to h in terms of the unrotated eg,,.

Subscript f is the field direction. C and S stand for cos(f) and sin(6), respectively, where 6 is the facet angle.

a b c d e f g h
e; C3S 0 3¢S 0 cs? 0 0 -C’s
ern 3CS 0 cs 0 0 0 0 CS
ez —CS(CP—8%) 0 —CS(C*—8% 0 CS(CP -8 0 0 CS(C* — %)
ey 0 c(C*—28%) 0 C3C*+28%) 0 cs? —C(C*+28%) 0
es CH(C* =387 0 3CHC* =355 0 —S$%($* = 3CH) 0 0 —CX(C* - 35%)
erg 0 3C%S 0 c’s 0 oY 0
e 0 0 0 0 0 0 0 0
eps —3CS 0 —CS 0 0 0 0 —CS
ey 0 3C 0 c 0 0 c 0
eps 3(C* — %) 0 (- 5% 0 0 0 0 (- 5%
ee 0 3 0 s 0 0 s 0
er3 —CS® 0 -3cs? 0 —Cs 0 0 cs?
ey 0 3CS? 0 cs? ¢ cs 0
ens —S2(S? —3C% 0 —385%($* - 3C%) 0 C(C* =385 0 0 S2(8% — 3¢
36 S($*—2C 0 S3S*+2C%) 0 s =887 +2C%) 0
ey 2CS 0 —2C8 0 0 0 0 2CS
eys 0 28(8* —2C%) 0 —25(8*+2C%) 0 2C%8 28° 0
eys —2(CC =83 0 2(C* — 8% 0 0 0 0 —2(C* — 5%
erss —2CS(C* — 8% 0 —6CS(C* — 8% 0 2C8(CP— 8% 0 0 2CS(C* — 8%
ersg 0 20(C* —28%) 0 —2C(C* +28%) 0 208* 2¢C° 0
erge —2CS 0 2CS 0 0 0 0 —2C8

Table 14

Expansions of the matrices i to q in terms of the unrotated ey ,.

Subscript f is the field direction. C and S stand for cos(6) and sin(6), respec-
tively, where 6 is the facet angle.

i j k n P q
emy 3C c c’s? st cs? c
ey 2C° 6C* s? 0 —2C*
ens 6C38*  2C%8*  (C'+5Y 20087 —20%8* 20°8%
ena 0 0 0 0 0 0
ens —12C°S  —4C’S  2CS(CP — %) 4CS®  2CS(CP — 8% —4C’S
eng 0 0 0 0 0 0
e 3 1 0 0 0 1
eps 287 6S” c 0 0 287
eps 0 0 0 0 0 0
eps —4CS  —12CS  2CS 0 0 4Cs
epe 0 0 0 0 0 0
ez 38° st c’s? ! cs? st
es 0 0 0 0 0 0
ens —12CS°  —4CS®  —2CS(C* — §%) 4C’S  —2CS(C* —$%)  —4CSs®
e 0 0 0 0 0 0
ey 487 —48* 0 0 c 48?
eys 0 0 0 0 0 0
ene —8CS  8CS 0 2CS —8CS
ess 120787 4C°S? 4C%$? 4C%8% (CP — 8% 4C%8?
ersg 0 0 0 0 0 0
e 4C 4C* 0 0 52 4Cc?
As an example, the expansion of (e],) equals

M{A + M>D + MsD, which in full reads:

114 —(1/8)[61110+6112( 3CS)+3113(3CS)+6114(3(C2 Sz))
+- 4+ 6166(2CS)] +(=C/8) [32110 + -+ ey6(—S)

+ ey (—2C2CT 4+ 87)) - + 62660]

It will be seen that the majuscules (x; rotation) and minuscules
(x, rotation) of the same alphabetic letter appearing in
Tables 9, 10 and 13, 14 contain the same entries, albeit not in
the same order, and with admixtures of sign reversals.

The 25 surviving triclinic (e¢’) coefficients are further
reduced in number when particularized for classes of higher
symmetry. Classes 1[63], 4[15], 4[14], 3[21], 6[11], and 6[10]
retain all 25 (¢’) coefficients. Classes m[34], mm2[17], 4mm
[10], 3m[13], 6mm][8], and 6m2[5] are diminished to 17 (e”')
SUrvivors: (efys), (€1s), (€fzs), (€1ag)s (€314)> (€024), (€534) (€56)
(€a11), (€510)s (€313), (€35), (€533) (€533)s (€344) (€5ss) and (€fgq).
Classes 2[29], 222[12], 422[5], 42m([7], 32[8], 622[3], 23[4] and
432[1] are further diminished to eight survivors: (€f},), (€]54),
(ef34), (€]s6), (€515), (€555). (€555) and (€5.). Class 43m[3] has no
surviving coefficients. In square brackets above are the
numbers of independent rank 5 coefficients for each point
group (Grimmer, 2007). Given below are results for four
classes of importance for micro- and nano-electronics.

5.3.2. Hexagonal, Laue VIb, class 6mm

Class 6mm possesses eight independent eg,,: €115 = exu4,
€125 = €214, €135 = €234, €311 = €322, €312, €313 = €323, €333 ANd €344 =
€355, with auxiliary relations ej46 = €256 = (1/2)(e115 — €125), and
€366 = €256 = (1/2)(e311 — e31»). Each of the 17 (¢”) results are
the same for both x; and x, rotations and are given in Table 15.

5.3.3. Cubic, Laue Vlla, class 23

The four independent ey, , of class 23 are: e114 = €25 = €336,
€124 = €235 = €316, €134 = €215 = €326, ANd €156 = €246 = €345. The
eight (¢’’) survivors of class 23 are identical with the vanishing
members of class 6rmm, but with the further relations: (e%,5) =

+(=5/8) [63“0 + o teg(=S)+ - —(€f14) (€515) = —(el3y), (€h35) = —(ef34), and (e346) = —(efs5),

’ for both rotations. The final results are: (e];,) = (€]ss) = —(€546)

+ess(—2C2C7 + 89) + - + €360 = —{ens) = (1/8)(1 = 5C°S™)(enns — ensa). (efy) = —(ehs) =
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Table 15

Explicit expressions for the 17 surviving (

e, for Laue group VIb, class 6mm.

¢’y in terms of the unrotated

Results are identical for both x; and x, rotations. Table is in two parts, and is to

F]C read as: 8(4;“,) =[lens +[lews + [lens+ [1esn + []esn + [Tesiz + []esss +
€344.
€115 €125 €135 €311
8<c“5) 4C3C - 1) 0 12C%$? —CS*(3C* + 1)
8(el,s) —4C°S* 8C? 4C’s? 4cst
<el3ﬁ) 16C3$? 0 8CH(C* — 8%  —4cs?
8(ef,s) 4C° ” —4§3 4ch§ —cs2(1 + )
8(el,) —4C’S 8C 4C’s cs*
8(e’2’z4) 4C302C* — §7) 0 12C3$? —C(1 +3C%HS§*
8(e,) 16C°S? 0 8CH(C* — 8%  —4cst
8lel) 4C° —4C 408 ot - 1)
(e311> —4CS*(3C* + 1) 0 —12¢s* C(3C* +2C% +3)
8(el,) 4cs? —-16CS* —4cs? cs’
<em> 8C(C* — §%)S§? 8CS*  —8C(C* — $H)S* 4C°s?
8(ely) —4C(1 +3C%)S” 0 —12¢s* C(3C* +2C* + 3)
8(el;) 8C(C* — §)S? 8CS*  —8C(C* — $HS* 4C°§*
<em> 32Cs* 32087 8cs?
8(el,,) 4C[1 +2(C* — §9)]$* —4CS*  —8C(C* — §%)S* 2CS*2C* + 1)
8(elss) 4C[1 +2(C* — $H)]$* —4CS*  —8C(C* — §9)S* 2CS*(2C* + 1)
() —4C(C* + 1)S? 8Cs*  —4cs? C(C*+1)?
€312 €313 €333 €344
8(efis) 0 CS[1 +3(C* — 83 3cs? 2CSZ[1 +3(C — §9)]
8lelhs)  —4CS*  2CSH(CP+ 1) cs! —4cs*
8<e;’35) 0 —4CS*(C* — §%) 4C38%  —8CSHC? — §?)
8(el)  2CS? -2c¢s’ cs! 4C’s?
8(ez,) —4CS*  2CSX(C* + 1) cst —4cs*
8(e) 0 2C8°(3C* — 1) 38t 4CS*(3C - 1)
8(ehy,) 0 —4CSH(C* - §%) 4C°8*  —8CSHC? — §?)
8(el)  2CS? —2cs* cs* 4C3s?
s<em) 0 2C8°(3C* + 1) 3CS* 4CS*(3C* + 1)
8(el,)  8C° 2CS*(C* + 3) cs* —4cs?
<6312> 4CS* 4C(C* + C* + 8% 4C37 —16C°S?
8(eh,) 0 2C(3C% + 1)8? 3¢St 4@ + 36087
<em> 4Cs? 4C(C* + CH + 8% 4C38*  —16C3S?
8(el) 0 16CS* 8C° 32C°%8%
8(eh,)  —2C8* —8C§* 4C°7  4C[CP + (C*F = $
8(els)  —2C8*  —8CS? 4C382 4C[C + (CP — $HY
8leh) —4C  —2cs? cs? 4C(C? + 1)S§?

(3/8)(e4) and (ef5,) = —(e555) =—(1/2)(ef,4). The x; relations
are converted to those for x,, by the substitution: e;,4 —> €;34.

5.3.4. Cubic, Laue VlIb, class 432

This class is included here because its linear piezoelectric
effect is identically zero; the nonlinear ey, , provide a driving
mechanism for future applications of materials in this class.
This class has but one independent e, ,: €124 = —€134 = —€315 =
€35 = €316 = —€326. After averaging, both x; and x, rotations
give identical results for the eight remaining (e¢”’). Further-
more, these are multiples of (1 —5C*S?) as follows: (¢/,,) =
(6/1/56> = _(6/2/25> 6246 =(1/4)(1 — 5C2S2)6124§ and (6/1/24> =
—(€%s (3/4)(1 — 5C*S*)erns; and (€f;s5) —(efy) =
(1 — 5C?S?)e}y4. These results follow from those of class 23 by
setting ej,4 = —ej34 therein.

5.3.5. Cubic, Laue VIIb, class 43m

This class possesses three independent ey ,,: €114 = €25 =
€336; €124 = €134 = €215 = €235 = €316 = €326; €156 = €246 = €345. After

averaging all (¢”’) are zero; the rank 5 nonlinear piezo effect
vanishes in class 43m.

5.4. Rank 6, nonlinear elastic stiffnesses, c‘®

A lucid paper by Murnaghan (1937) began the study of
nonlinear elasticity. He treated isotropic solids, for which, to
lowest order, three nonlinear coefficients suffice. This was
extended to cubic solids by Birch (1947). Subsequently, many
other treatments have followed, e.g. Thurston & Brugger
(1964) and Brugger (1964); see also the references in Truesdell
& Toupin (1960), Truesdell & Noll (1965) and Norris (2024).
Among the contributors to this field should be noted those of
Mindlin (Herrmann, 1974; Mindlin, 1989) and those of what
might be called the ‘school of Mindlin’, e.g. Tiersten (1969),
Baumhauer & Tiersten (1973), Lee et al. (1975), di Lorenzi &
Tiersten (1975), Ancona & Tiersten (1980), Sinha (2001),
Patel & Sinha (2015), Sinha & Wendt (2015). The study of
nonlinear elasticity might have begun primarily as an
academic exercise, but the results have now become of
importance in a variety of disparate fields, such as determi-
nations of thermal expansion (Sheard, 1958), light diffraction
by sound waves (Melngailis et al., 1963), lattice theories of
crystals (Srinivasan, 1966), quartz resonator thermal and stress
sensitivity compensation (Ballato, 1977), acoustoelastic char-
acterization of materials (non-destructive evaluation)
(Cantrell & Salama, 1991; Cantrell, 1994), Poisson’s ratio
considerations (Ballato, 2010), calculations of textured poly-
crystals (Kube & Turner, 2016), and seismology (Stern et al.,
2017).

Rank 6 tensors have 3° = 729 coefficients in general, but the
third-order nonlinear elastic coefficients c¢® for a triclinic
crystal are reduced to 56 because the coefficients are
symmetric in all three Voigt indices; the number of multi-
plicities of each coefficient are listed in Table 5, column 1 of
Hearmon (1953). Whereas each of the 21 non-centrosym-
metric point groups has a unique rank 5 piezoelectric matrix,
the nonlinear elastic matrices are determined solely by the
Laue group. In this sense, treating the rank 6 nonlinear elastic
situation is somewhat simpler than that of rank 5 effects.

Fumi (1951, 19524, 1952b) was the first to enumerate,
accurately, these independent elastic coefficients for triclinic
crystals; we hereby address his lament (Fumi, 1987). Brugger’s
much more cited and comprehensive paper (Brugger, 1965) on
the subject contains, in Table 3, the inter-relationships
between certain of the c; ,,, albeit in a footnote with a number
of entries that are typographically ambiguous. Some of these
may be recovered from Sirotin & Shaskolskaya (1982). All are
listed in Table 16. Table 17 provides the number of indepen-
dent elastic coefficients, of various orders, as function of the
Laue classes. When the 56 independent rank 6 elastic coeffi-
cients are subjected to the averaging procedure, the result is a
reduction to 24 (cj,,) coefficients. The indices of these are
given in Table 18. Table 19 provides the number of rank 6
elastic coefficients for all Laue groups, as well as those that are
independent, and those that survive the averaging procedure.
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Table 16

Relations among the rank 6 elastic coefficients for Laue groups Va, Vb, VIa and VIb and for isotropy.

Lowercase letters in parentheses correspond to those in Table 3 of Brugger (1965).

Laue Va, Vb, VIa and VIb

(a): c122 = (c111 + €112 — €222)

(d): c166 = (1/4)(=2c111 — c112 + 3c2)
(2): cas6 = (1/2)(—c115 + c125)

(4): ese6 = (1/2)(c113 — c123)

Isotropy

(b): c1a6 = (1/2)(—c115 — 3c125)
(€): co24 = (—c114 — 2c124)

(h): cas6 = (1/2)(c114 — c124)
(k): cass = (1/2)(—c114 + c155)

(©): c156 = (1/2)(c114 + 3c124)
(£): 225 = (—c115 — 2c125)
(i): c266 = (1/4)(2c111 — i1z — €222)

(0): craq = (1/2)(c112 — c123)

(m): ¢155 = (1/4)(c111 — ci12)

(n): cas6 = (1/8)(c111 — 3c11z + 2¢123)

Table 17
Number of independent second-, third-, fourth- and fifth-order elastic
coefficients for all Laue classes.

The second-order results are given, e.g. in IEEE Standard on Piezoelectricity
(1987), Cady (1946), Nye (1985). Those of the third order are given by Fumi
(1951), Brugger (1965). Krishnamurty (1963) provides the fourth order, and
those of the fifth order are found in Krishnamurty & Gopalakrishnamurty
(1968). For isotropy, the number of independent coefficients is equal to one-
half the tensor rank.

Laue — 1 I III IVa IVb Va Vb VIa VIb VIla VIIb Isotropy

Rank | Number of independent coefficients

4 21 13 9 7 6 7 6 5 5 3 3 2
6 56 32 20 16 12 20 14 12 10 8 6 3
8 126 70 42 36 25 42 28 24 19 14 11 4
10 252 136 78 68 44 84 52 46 33 26 18 5
Table 18

/"

Indices of the 24 finite, averaged, elastic stiffnesses (CAW) for triclinic
Laue group L.

111 112 113 122 123 133 144 145
155 166 222 223 233 244 245 255
266 333 344 355 366 446 456 556

Tables 20-43 provide the x; rotation results for these (¢’),
factored as powers of C". In the even-order ranks, terms such
as (C*" + §°") occur. These may always be reduced to a finite
polynomial in (C>S?). The polynomial appears in the form 1 —
n(C*S?) + R(C*S?), where R(C*S?) is a finite polynomial with
all positive coefficients, and of order no greater than n/2. For
example, because (C* + §%) = 1, it follows that (C* + §%)* =1 —
2(C*8%); (C* + 8% = 1 — 3(C%S%), etc. However, with the
exception of the results for cubic class 43m given subsequently,
it appears simpler to display the results factored as powers of
C". Note that the table entries are to be divided by 16; that is,
the expressions are to be read as 16(c} ) = [1C°+[1C°+-- -+

Table 19

Number of rank 6 elastic coefficients for all Laue groups.

Table 20
Expansion of rank 6, x; rotation, Laue group I (triclinic) averaged elastic
stiffness (c{).

The expansions in Tables 20 to 43 are to be read as: 16(cj\’/w) =
COIT+ C[1+ CH] + C[1+ C[]+ C[]1+]]. C and S are cos(6) and sin(6),
respectively, where 6 is the facet angle.

c S

c 30248

c 3c120 + 12¢266 + 1522387 + 60c244S?

C3 1201245 + 2402565 + 246‘4665 + 606‘23453 + 406‘44453

c 3cin + 12166 + 6¢1235 + 1201448 + 15¢2335* + 12055557 + 60c344S*
+ 126366S2 + 486456S2

c' 6¢114S + 24c¢156S + 12¢1348° + 30c3348° + 243565° + 24cy55S°

c’ Scinn + 311387 + 3¢1338* + 12¢1558% + S¢3338° + 12¢3555*

Table 21

Expansion of rank 6, x; rotation, Laue group I (triclinic) averaged elastic
stiffness (c{;,).

See expansion rule in caption to Table 20.

c €222

C5 6C224S

c Tein — 4caes + 3020387 + 1200087

C3 286]245 - 862565 - 8C4665 + ]26‘23453 + 80444S3

c Tern — deies + 14¢1238% + 28¢14aS” + 302338* — 4255 S + 120344 *
- 4(,‘3(,6S2 - 16(,‘45(,32

Cl 1461 145 — 861565 + 28613453 + 6C334Ss - 8035653 — 8(‘44553

c’ et 4 TeisS? + TersaS* — deyssS* + 333 S8° — desss S

[1C°. For nano- and micro-electronic application, the most
useful results are those in hexagonal class 6mm (Laue VIb),
and cubic class 43m (Laue VIIb).

Hexagonal, Laue VIb, class 6mm has ten independent
coefficients: ci11, €112, €113, €123, €133, C144, Ci55, C222, €333 and
C344. Table 44 contains the 20 extant 6mm, x; rotation, (c¢”)
coefficients in terms of these. The table is split into two parts

The row labeled ‘total’ lists the number of c;,,, entries; the row below it lists the number of these that are independent. The last row gives the number of finite
(c;: nv> entries. In Laue groups I, II, IVa, Va and VIa all of the 24 entries enumerated in Table 18 exist. In Laue groups III, IVb, Vb, VIb, VIIa and VIIb the relations
(clas) = (Chas) = (Clyg) = (cfs6) = 0 reduce the number of finite entries to 20. In Laue groups VIb and VIIb the following equalities occur: (cf};) = (c5,,), (c]}p) =
(1), (l13) = (Eh3)s (€1a3) = (553), (clss) = (haa)s {cle6) = (Chee)> and (chy,) = (chss), further reducing the number of relations to 13; see Tables 44 and 45. For
isotropic substances, all 20 finite (c;fw) are obviously equal to the corresponding unrotated c;,,, values.

System — Triclinic Monoclinic Rhombic Tetragonal Trigonal Hexagonal Cubic Isotropic
Laue — 1 11 111 IVa IVb Va Vb VIa VIb VIla VIIb (VIII)
Total 56 32 20 28 20 50 31 28 20 20 20 20
Independent 56 32 20 16 12 20 14 12 10 8 6 3

Finite (¢}, ) 24 24 20 24 20 24 20 24 20 20 20 20

Acta Cryst. (2026). B82
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Table 22
Expansion of rank 6, x; rotation, Laue group I (triclinic) averaged elastic
stiffness (cf,5).

See the expansion rule in caption to Table 20.

Table 26
Expansion of rank 6, x; rotation, Laue group I (triclinic) averaged elastic
stiffness (cfyy)-

See the expansion rule in caption to Table 20.

C® 6ems
C‘s 2462345 - 1262245
C4 4()123 + 86‘365 + 6022252 + 126233S2 - 480244S2 + 24034452
C 8c134S — 801248 + 163568 — 16¢466S + 2402248 — 2402348 + 243348
— 48C444S3
C2 6()113 + 46122S2 + 40133S2 + 12(,‘22354 - 16(,‘14452 + 6C333S4 + 246244S4
— 486344S4 + 86355S2 + 8(}2(,6S2 — 32()456S2
Cl 8C124S3 — 12C1]4S — 8013483 + 24623455 - 12633455 + 16625653 - 16C45553
C*  601128% 4 413 S* + 6023386 + 8cassS*

Table 23
Expansion of rank 6, x; rotation, Laue group I (triclinic) averaged elastic
stiffness (cf,).

See the expansion rule in caption to Table 20.

C6 €222

C5 662245

C4 76122 — 40266 + 3()223S2 + 12C244S2

C3 4(7(’124 - 2C255 - 2(14(,(,)S + 4(36‘234 + 2C444)S3

c Teina — 4eigs + 14012387 + 28¢1448% + 3¢2338* — deassS? + 1203448
- 4C365S2 - 16()45552

C] 2(76‘1143 - 4615(,5 + 146‘13453 + 3C334S5 — 46356S3 - 4C455S3)

C cin 4 7ensS 4 Tern St — 41558 + 33380 — desssS?

Table 24

Expansion of rank 6, x; rotation, Laue group I (triclinic) averaged elastic
stiffness (c)3).

See the expansion rule in caption to Table 20.

C® 2

C 42003 — c24)S

C' 2(6c123 — de366 + €208 + 2023357 — 80244 8% + 43445%)

C 8(3c13aS — 31248 — 2e3565 + 24668 + €2048° — 2345 + €3345° — 204145°)

C* 2(ci13 + 6c1228? + 6¢1338% + 200038* — 24¢1448? + 3338* + dcrua St —
8c3aaS* — desssS? — deaesS” + 16¢4565%)

C' 4(6¢1248% — 1148 — 61348 +202345° — €3348° — de236S° + deassS?)

C* 2(c1128% + 601238 + €2338° — 455 S*)

Table 25

Expansion of rank 6, x; rotation, Laue group I (triclinic) averaged elastic
stiffness (cfs;).

See the expansion rule in caption to Table 20.

c 8ca33

c 16(c334 — 2¢234)S

c 8(c133 + 2¢2038% + 33357 + 4¢244S? — 8c3445%)

c 32(c2348° — €248 — €138 — €3348° + 2c4045°)

c 8(2¢1235% + €220 8* + 4144 S* + 202335 — 8cruaS* + dc3uaS?)
Cl 16(C224SS — 2C124S3 - 2C234SS)

0 8(c2038° + c1225%)

for reasons of formatting, and is to be read as
M(c},,) = [letn + [Jenz + -+ -+ [Jesss + [lesas. In this
expression the multiplier M = 16, except it is 32 for (c},,),
(clss) = (chaq), (hss) and (c)sq). For each c; ,,,, the table entries,
given schematically as square brackets above, contain four
numbers, (a,,), in the expansion [a, cos>"(6)], where n = 3,2, 1,
0. Taking (c{};) = (¢},,) as an example, the expansion reads:
16(cf,,) = 16(c},) = [9C*—6C*+S5lcyyy  +
[0]C112 + [—15C6 —+ 9C4 —+ 3C2 —+ 3]6113 + ...+ [—5C6 + 15C4
— 15C? + 533 + [60C® — 108C* + 36C? + 12]c344, Where C =
cos(6), and 6 is the facet angle.

o 2¢944
C Acxss — coma + caan)S
C' 2(3ciag + 3cass — deass + 0 S? — 200338 + 23357 — 602448 + Sc3445?)
c 4(3c134S — 3c124S — 2568 — 2¢356S + CassS + 2¢a66S + 2624 5°
— 4c234S® + 2¢3348° — 2¢404S%)
C2 2(6155 + 3C12252 - 6612352 + 36133S2 + ()223S4 - 60144S2 — 2()233S4
+ 03338* + 502048 + 425587 — 63448t — €3555% — 26657 + 4c3668”
— 4cy5657)
c' 4(3¢1248° — €156 — 3¢1348° + €2348° — €3348° — 202565 +
C4asS® — €3368° + 2¢4555° + c4665°)
C'  2(BciaaS! + c1668% + 348 + 3eageSt — deuseSt)

Table 27
Expansion of rank 6, x; rotation, Laue group I (triclinic) averaged elastic
stiffness (cf,s)-

See the expansion rule in caption to Table 20.

o

C Acus — cus)

C* Acams — a5 — Coap + 20346 — Caas)S

C Aciss — css6 — €2365° + 2557 + 33657 — c3455%)

C* HeizsS — c1sS — crapS — 5555 + 2¢5668 + €058 — €2358° — €246S°
+ C346S3)

C' derneS? — c1365% — 14557 — 2368t + 202458* + €3365* — c3455* — caseS*
+ 255657 — Co665%)

C' d(c146S® — 3465° + cas5S® — c5665%)

Table 28
Expansion of rank 6, x; rotation, Laue group I (triclinic) averaged elastic
stiffness (c{ss)-

See the expansion rule in caption to Table 20.

C® 6eru
C® 12(cass — cooa + casa)S
C* 2(crag + cass + deass + 32008 — 62035 + 3¢2338% — 1824487 4 15¢3445%)
C3 4(C134S — 6124S — 36‘2565 + 26355S + 36‘4553 - 2C466S + 6()22453 - 12()23453
+603345% — 6¢4445°)
C* 2(ciss + €18 — 201238% + €13382 + 3¢2038" — 2014487 — 6¢2338"
+ 3C333S4 + 15(:244S4 - 46255S2 - 18034454 + 56‘355S2 + 5626652
— 4c36687 — 12¢45657)
C' 4c1248® — 31568 — 1348 + 302348% — 3¢3348° + 2025687 + 3444 S
— 3c3565° — 2€4558° + 3c4665°)
C® 2(c14aS* + 3c1665% 4 3¢3448° + 3668 + dcaseSt)

Table 29
Expansion of rank 6, x; rotation, Laue group I (triclinic) averaged elastic
stiffness (c{g)-

See the expansion rule in caption to Table 20.

C6 €222

CS 66224S

C' dexs — cim 4 362238% 4 12624487

C° 82568 — 4¢124S + 8cae6S + 1202348% + 8cqqaS*

C* deies — iz — 2012387 — 4c1448? 4+ 302338 + depssS? + 12¢3448* + desesS?
+ 16645652

Cl 86155S - 20114S — 46134S3 + 6C334S5 + 8C356S3 + 86‘45553

C’ o — e3S? — c133S* + deissS? + 33380 + desss St

Cubic (Laue VIIb) class 43m has six independent coeffi-
cients: 111, €112, €123, C144, C155 and c4s6. In Table 45 are given
the 20 surviving 43m, x, rotation, (c”) coefficients, formatted
with two values for each ¢, ,,, an integer plus the coefficient of
(CS)>.
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Table 30
Expansion of rank 6, x; rotation, Laue group I (triclinic) averaged elastic
stiffness (c5,,)-

See the expansion rule in caption to Table 20.

Table 34
Expansion of rank 6, x; rotation, Laue group I (triclinic) averaged elastic
stiffness (c,s).

See the expansion rule in caption to Table 20.

C° Semn

C‘s 3062245

c 3(c122 + 4cae6 + 5622352 + 20C244SZ)

C 4(3c124S + 62565 + 6Ca66S + 15¢2345° + 10c4445°)

C2 3(5112 + 4ci66 + 2C123Sz + 4614452 + 5623354 + 4C25552 + 20C344S4 + 4635552
+ 16¢4565%)

C' 6(ci14S + 4ei56S + 201348% + 53348 + de3seS” + deassS®)

CO 56[[1 + 3C]]3Sz + 3C133S4 + 12(‘]5552 + 5(:33356 + 12C35554

Table 31
Expansion of rank 6, x; rotation, Laue group I (triclinic) averaged elastic
stiffness (ch)3).

See the expansion rule in caption to Table 20.

C() 6C223

C 12Q2er4 — c24)S

Ct 2(2c1ns + desss + 36 S? + 6023387 — 24094487 + 12¢34457)

C 8(c134S — c124S 4 2¢3568 — 2¢466S + 3¢2048> — 32348 + 33348 —
6c4445”)

C* 2(3cns + 2¢1228 + 2013357 + 60203S* — 8¢1448% + 3c3335* + 1200448 —
24634454 + 4C355S2 + 4C255S2 - 166455S2)

Cl 4(2()124S3 - 3C114S — 2613453 + 66234S5 — 36‘334S5 + 4C256S3 — 4C455S3)

C% 2(3ci1nS? + 2¢135* + 3¢233.5° + 4erss St

Table 32
Expansion of rank 6, x; rotation, Laue group I (triclinic) averaged elastic
stiffness (c533)-

See the expansion rule in caption to Table 20.

o} 8ca33
c 16(c334 — 2¢234)S
c 8(c133 + 2622387 + 33357 + 4c2aS” — 8c3uuS?)
c 32(c2348° — €2048® — c134S — €334S° + 2¢4445°)
Cz 8(20123S2 + 622254 + 4()144S2 + 26233S4 - 8()24454 + 4C344S4)
c 16(c2048% — 2¢1248° — 2¢2345°)
c 8(c2035° + c125%)
Table 33

Expansion of rank 6, x; rotation, Laue group I (triclinic) averaged elastic
stiffness (c)y,)-

See the expansion rule in caption to Table 20.

C° 6eag
C 12(casa — aoa + €aa)S
C' 2cras + coss + deass + 36208 — 6022387 + 3023357 — 1824482 + 15¢3445%)
C3 4(C134S — C124S — 302563 + 2C35(,S + 3C455S — 2(‘456S + 6622453 — 12C23453
+ 6¢334 8% — 6C4445°)
C* 2(3ciss + 12282 — 2012557 + €1338% + 3¢2038* — 2¢14482— 6233 5"
+ 36333S4 + 15C244S4 — 4()255S2 — 18(,‘344S4 + 5C355S2 + 56‘255S2
— dc3668” + 12€45657)
Cl 4(0124S3 — 361565 - (,‘13453 + 3623455 — 3C334SS + 26256S3 + 3644455
— 3c33565° — 2¢4555° + 3cu665%)
C 2c1aaS* 4 3c1668% + 3c3aaS® + 3668 + deyseSt)

All the rank 6, x; rotation formulas may be obtained from
those for x; rotation simply by making the following substi-
tutions of the ¢, ,,, in Tables 20-45:1 — 2,2 — 1,3 — 3,4 —
—5,5 —>4and 6 - —6.

5.5. Ferroelectricity: a different type of nonlinearity

Of the 32 crystallographic point groups, 21 are noncen-
trosymmetric (acentric). Fig. 1 in Halasyamani & Poeppel-

¢ 0

c 4(coas — Caa6)

C' eass — cas + Caas — 20346 + Caas)S

C® desss — cras + 23657 — s S? — 3365 + €34557)

C* AcisS — c1358 + 1468 + €555 — 265668 — 2258° + €2358° + €2468°
— c465%)

c' 4(c1368% — 12657 + 14587 + 2368 — 202458 — 3365 + c3a5S* + cassS*
— 2c5568% + Co6657)

C" Ac3468° — 1468 — caasS® + c56657)

Table 35
Expansion of rank 6, x; rotation, Laue group I (triclinic) averaged elastic
stiffness (c)ss).

See the expansion rule in caption to Table 20.

C° 200

C 4eass — 4 + cana)S

C* 2(3cias + 3coss — deass + €208” — 2000387 + 23357 — 6C2048? + Sc3445%)

C3 4(3C134S — 361245 — (,‘256S - 2C35(,S + C4555 + 2C4(,(,S + 2622453 — 4(,‘234S3
+ 203348 — 2¢4148%)

C* 2(ciss +3¢1228 — 612357 + 3013387 + 2038 — 6¢144S? — 202335* + €333
+ 5624434 + 4625552 — 6(,‘344S4 — C355S2 - Cz(,(,Sz + 4635652
— 4cy565?)

C' 4(3c1aS® — c1568 — 3c1348% + €234S° — €3348° — 22568° + ca1aS® — C3568°
+ 2¢4555° + €1665°)

CO 2(3()14454 + 0166S2 + C34456 + 3':366S4 + 4()456S4)

Table 36
Expansion of rank 6, x; rotation, Laue group I (triclinic) averaged elastic
stiffness (chg)-

See the expansion rule in caption to Table 20.

o €222

CS 662245

C* dexs — cim + 363 8? + 12024482

C’ 4202568 — €1248 + 24668 + 3¢2348% + 2¢444 %)

Cz 40166 —C112 — 20123S2 — 4()144S2 + 3623354 + 4625552 + 126‘344S4 + 46366S2
+ 16¢4565?

Cl 2(461565 - 6114S - 2613453 + 3633455 + 4(,‘35653 + 4C455S3)

C" cin — i3S — 1338 + deissS? + €338 + desssS

Table 37
Expansion of rank 6, x; rotation, Laue group I (triclinic) averaged elastic
stiffness (c4;3).

See the expansion rule in caption to Table 20.

C6 1 66333

e —96¢3348

c 48(ca33 + 4c344)S?
c —64(3¢234 + 2C444)S°
c 48(cans + 4cagg) St

c' —96¢924S°

CO 166222S6

meier (1998) provides an insightful Venn diagram showing
various property interrelationships between these noncen-
trosymmetric (acentric) point groups. With the exception of
class 432, all noncentrosymmetric (acentric) groups allow
linear piezoelectricity. The 20 piezoelectric classes are further
divided according to whether they do, or do not, possess a
spontaneous electric dipole moment, i.e. are polar or non-
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Table 38
Expansion of rank 6, x; rotation, Laue group I (triclinic) averaged elastic
stiffness (chy4)-

See the expansion rule in caption to Table 20.

C® 8z

C° 16(c334 — €234 — Caa4)S

C' 8(esss + 0382 — 2003382 + 33387 + ScauaS? — 6c34457)

C3 16(4()234S3 - C455S - 2622453 - C35GS — 2C334S3 + 2C444S3)

C 8(canS* — 2e038* 4 2338 — 602448 + 25587 + 5c3448t + 36657
+ 4C455S2)

C' 16(c24S° — c23aS° — 2568 — aasS® — c4665°)

€% 8(cuaS® + c2665%)

Table 39
Expansion of rank 6, x; rotation, Laue group I (triclinic) averaged elastic
stiffness (jss).

See the expansion rule in caption to Table 20.

C° 8ca

CS 16(C334 — (234 — C444)S

C 8(esss + €2038% — 202335 + 33382 + Sc2uS? — 6¢3445%)

C 16(4c234S° — cassS — 20248 — 3565 — 2033487 + 2€4445°)

C 8(cmS* — 202038 4 €2338* — 60244S* + 25557 + 5c3045* + 36657
+ 4c45687)

C' 16(c24S° — 23S — 25687 — aasS® — c4665°)

C 8(c24aS® + c2668*)

Table 40
Expansion of rank 6, x; rotation, Laue group I (triclinic) averaged elastic
stiffness (Chqq)-

See the expansion rule in caption to Table 20.

o} 293
c 4(2c234 — €24)S
c 2(4csss — 2¢123 + €2008% + 2023357 — 8causS? + dczuaS?)
c 8(c1248 — c1348 4 2c3568 — 2c4665 + €2048° — 0248” + c3:4S” — c4uaS?)
c 2(cis — 201287 — 2013387 + 202038 + 8c14aS* + 3338 + derusS*
— 8C344,S4 + 4C35552 + 4626682 - 16645652)
c 4201348 — 201248 — €148 + 202348° — €3345% + 4c2565° — deyssST)
o 2(c1128? — 21238 + 2335° + 4cpssS*)

polar. Materials in the ten polar classes exhibit pyroelectricity,
a rank 1 (vectorial) effect relating charge production and
temperature change (Chynoweth, 1956; Mason, 1971; Lang,
2005). The pyroelectrics are further subdivided into those
whose electric polarization is, or is not, reversible upon
imposition of a sufficiently strong electric field. Those allowing
reversible polarization are called ferroelectrics. The relation-
ship between polarization and the applied electric field
describes a hysteresis loop, so the polarization depends on the
material’s previous history, and thus this nonlinearity is not
readily amenable to a power series formulation like the other
recoverable effects treated herein. Another example of
nonlinear hysteretic behavior occurs with coupled elastic
modes in finite piezoelectric resonators, where so-called
‘activity dips’ occur (Li et al., 2026).

Discovery of the ferroelectric hysteretic effect is attributed
to Valasek (1920, 1921, 1922, 1971) by Jaffe (1964, 1975). Jaffe
also discusses unrecovered, classified reports, dated 1918, to
the National Research Council by J. A. Anderson (Stanford
University) and W. G. Cady (Wesleyan University) that he had
seen; the contents of these reports, if subsequently recovered,

Table 41
Expansion of rank 6, x; rotation, Laue group I (triclinic) averaged elastic
stiffness (clyq)-

See the expansion rule in caption to Table 20.

¢ 0

c 4(caa6 — €245)

C' exms — cas — g + 2346 — Caas)S

C Alciss — 0556 — 23657 + CusS? + 3365 — c3a5S%)

C* HerasS — ciosS — c1apS — 5555 + 265665 + €258 — 2355 — €246
+€3465°)

c' 4(c1268% — 13657 — c1asS? — 236" + 20258t + 3368t — €3455* — c446S*
+ 2655657 — ca6657)

C" Hc1a6S® — c3465° + caasS® — c5665°)

Table 42
Expansion of rank 6, x; rotation, Laue group I (triclinic) averaged elastic
stiffness (cjs)-

See the expansion rule in caption to Table 20.

C° 2co4
C° Acxs — cooa + can)S
C! 2(deass — 55 — Crag + S — 260238% + 23357 — 6244 S? + 5¢34457)
C* 4(c1o4S — 1348 — 2568 + 2€3565 + CassS — 2ca66S
+ 2C224S3 — 4-(,'2345’3 + 20334S3 — 26444S3)
C* 2(ciss — €128 + 2012357 — €1338% + €23 8* + 214487 — 202335* + 3338
+ 56‘244S4 — 4C255S2 — 6C344S4 + 3C355SZ + 36266S2 — 4C366S2 — 4645652)
C' 41348 — 1248 — 1568 + €2348° — €3348° + 2¢2565° + cauS® — €336S°
— 2¢4555% + C4665°)
C” 2ci668% — c14aS* + c304S° — c3668* + deaseSh)

Table 43
Expansion of rank 6, x; rotation, Laue group I (triclinic) averaged elastic
stiffness (cZs).

See the expansion rule in caption to Table 20.

¢ o

c 4(c245 — Ca46)

c 4(ca3s — €205 + Coa6 — 2C346 + Cas5)S

C* Alcsss — c1as + 023657 — €24557 — 33687 + €34557)

C* HensS — c13sS + c16S + 5558 — 205668 — €2258° + €2355°
+ 2465 — €3465°)

c' 4(c1368% — c1268% 4 1458% + 2368 — 202458 — 3368 + c345S* + cas6S?
— 2c5568% + Co665%)

C" Ac3065° — c1a6S® — caasS® + c5665°)

would furnish material for a lively debate regarding priority.
From his personal interactions with Jaffe, one author (AB),
has no doubt as to the existence and contents of the reports.

5.6. Linear pyroelectric coefficients

Soon after the discovery of this effect, it was found
experimentally that those few ferroelectric materials then
known had much larger linear pyroelectric coefficients than
ordinary polar crystals. This spurred a search for additional
ferroelectrics, and determinations of their phenomenological
elastic, piezoelectric, dielectric, and pyroelectric material
coefficients (Shirane et al., 1955; Pepinsky et al., 1956;
Pepinsky & Jona, 1957). The suitability of materials such as
triglycine sulfate (TGS, monoclinic space group P2;) for
thermal devices utilizing the pyroelectric effect was recog-
nized in the early 1960s (Hoshino et al., 1957; Konstantinova et
al., 1960; Ballato, 1961). Since then the gamut of useful
pyroelectric materials has dramatically increased (Srinivasan,
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Table 44
Hexagonal, VIb, class 6mm (¢} coefficients, x; rotation.

Entries are to be divided by 16, except (c],,), (c]ss) = (ch44), (c555) and (c}s); these are to be divided by 32. For typographical clarity, the table is divided into two

parts; see text for details.

C111 C112 C113 C123 C133

() = (k) 0/9/=6/5 0 ~15/9/3/3 0 157211913
(el = () 0/5/2/1 0/8/8/0 —3/5/-9/7 0/—16/16/0 3/1/-11/7
(cl3) = (s 0/—8/8/0 0/—2/—4/6 18/—20/18/0 0/4/—8/4 —18/26/—14/6
(cls) 0/—8/8/0 0/—14/12/2 6/—12/6/0 0/28/—24/12 —6/-2/6/2
(]33) = (hs3) 0/8/—16/8 0/8/—16/8 —24/40/—24/8 0/—16/16/0 24/—24/16/0
(el 0/—10/12/-2 0/—13/14/—1 12/-18/0/6 0/26/—20/—6 —12/-8/4/0
(clss) = (s 0/—14/20/—6 0/1/2/-3 36/—38/0/2 0/—2/4/-2 —36/56/—20/0
() = (hgq) 0/1/-2/1 0/—2/-2/0 —3/1/3/—-1 0/4/—4/0 3/—=715/—1
(clss) 0/—10/12/-2 0/—13/14/—1 12/-18/0/6 0/26/—20/—6 —12/8/4/0
(c333) 0 0 48/—-96/48/0 0 —48/48/0/0
() = (Ciss) 0/4/—-8/4 0/—2/4/-2 —24/36/—12/0 0/4/—4/0 24/-32/8/0
(Ce6) 0 0/6/—8/2 6/—4/6/0 0/—12/8/—4 —6/14/-10/2
(clise) 0/—2/4/-2 0/7/—6/—1 12/-10/0/ -2 0/—14/12/2 —12/24/1-12/0

C144 Ci55 €22 €333 C344
(1) = () 0 —60/36/12/12 5/—6/9/0 —5/15/-15/5 60/ —108/36/12
(el = () 0/—32/32/0 —12/20/ —4/ —4 1/—6/-3/0 —1/3/-3/1 12/ —28/20/ —4
(]13) = (ha3) 0/8/—16/8 72/—80/8/0 —6/12/—6/0 6/—12/6/0 —72/112/—40/0
(ch) 0/56/—48/—8 24/—48/24/0 —2/12/-10/0 2/—4/2/0 —24/48/—-24/0
(clz3) = (has) 0/—32/32/0 —96/160/ —64/0 8/—24/24/—8 —8/8/0/0 96/—128/32/0
(el 0/52/—40/20 48/—72/32/—8 —4/15/—14/3 4/—-8/4/0 —48/84/—40/4
(css) = (cHus) 0/—4/8/—4 144/-152/32/8 —12/21/—18/9 12/-24/12/0 —144/220/—88/12
(clse) = () 0/8/—8/0 —12/4/4/4 1/0/3/0 —1/3/-3/1 12/—20/4/4
(chss) 0/52/—40/20 48/—72/32/—8 —4/15/—14/3 4/—-8/4/0 —48/84/—40/4
(e 0 192/—-384/192/0 —16/48/—48/16 16/0/0/0 —192/192/0/0
() = (css) 0/8/—8/0 —96/144/—56/8 8/—18/12/—2 —8/8/0/0 96/—120/40/0
(o) 0/—24/16/8 24/-16/—8/0 —2/0/2/0 2/—4/2/0 —24/32/-8/0
(cllse) 0/—28/24/—12 48/—40/0/8 —4/3/-2/3 4/—8/4/0 —48/68/—24/4

Table 45 B
Cubic, VIIb, class 43m (¢} coefficients, x; rotation.

All (") entries are to be divided by 16. The entries are to be read as, e.g. 16(c]};) = 16{cyy,) = (10 — 15C*S*)cyyy + (6 + 9C*S)cypy + ..

(48C%8%)c4s56, Where C is cos(0), and S is sin(6), and @ is the facet angle.

.+ (24 + 36C%8%)cys55 +

16(CKW> C111 C112 C123 Cl44 C155 C456
(1) = () 10/ —15 6/9 0/6 0/36 24136 0/48
(1,) = (c]) 2/-3 14/ —11 0/14 0/20 —8/20 0/-16
(c]13) = (chhs) 0/6 12/2 4/-8 8/—32 0/-8 0/-32
() 0/2 4/22 12/ 24 —8/-32 0/—24 0/32
(c]33) = (hs3) 0/8 16/ —24 0/16 0/32 0/-32 0/0
(cl) 0/2 0/10 0/-12 12/ =20 4/-12 —8/8
(clss) = () 0/6 0/—-2 0/—4 4/-28 12/ —4 8/ —40
(clee) = (Che) 2/-3 —2/5 0/-2 0/4 8/4 0/16
(chss) 0/2 0/10 0/-12 12/ =20 4/-12 —8/8
() 16/ —48 0/48 0/0 0/0 0/192 0/0
(Cas) = (C5ss) 0/8 0/-8 0/0 0/16 16/ —48 0/32
Kes) 0/2 4/-10 —4/8 8/0 0/8 0/-32
(chse) 0/2 0/—6 0/4 —4/—4 4/4 8/ —24
Table 46 Table 47

Linear pyroelectric coefficients (p;) referred to the unrotated crystal axes.

System — Triclinic Monoclinic Rhombic Tetragonal Trigonal Hexagonal

Averaged linear pyroelectric coefficients for both x; and x, rotations.

The averaged (p;) and (p,) coefficients vanish identically: (p;) = (p,) = 0.

Laue — I I 111 IVa IVb Va Vb VIa VIb System — Triclinic Monoclinic Rhombic Tetragonal Trigonal Hexagonal
HM-—> 1 2 m  mm2 4 4mm 3 3m 6  6mm Laue — 1 11 11 IVa IVb Va Vb VIa VIb
Pyroelectric matrix HM— 1 2 m  mm2 4 4mm 3 3m 6  6mm
P1 0 141 0 Rotation (p3)
P2 P2 0 0 X1 —p2S  —p2S 0 +psC
P3 0 ps P3 +p3C
X +p1S 0 +p1S +p3C
+p3C +p;C
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1984; Lang, 2005), although TGS still remains the material of
choice for many thermal applications such as in sensors/
detectors (temperature measurement, UV/IR detection,
motion sensing, spectrometry), energy harvesters, and parti-
cularly in thermal imagers (medical diagnostics, building
inspection, surveillance) (Velarde et al., 2021).

The pyroelectric vector arrays are given in Table 46 for the
ten crystal classes in which this effect can exist. Table 47
displays the results resulting from the averaging procedure, for
both x; and x, rotations. It is worth noting that these results
are identical for the electrocaloric effect (Forsbergh, 1956;
Newnham, 2005) and for the pyromagnetic effect (Chynoweth,
1958).

6. Conclusions

The rotating substrate method of crystallite deposition applied
in the prequel to linear material coefficients of ranks 2, 3 and
4, has been extended to certain nonlinear effects characterized
by coefficients of ranks 3, 4, 5 and 6. These include general
triclinic versions of dielectric, piezoelectric, and elastic effects,
as well as linear, rank 1, pyroelectricity.
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