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A teaching tool is proposed to help beginner students of crystallography
understand how crystallographic calculations work. Examples of the most
important methods taught in X-ray crystallography courses have been adapted
to a one-dimensional hypothetical structure. All calculations can be carried out
in class with a scientific calculator or by using a simple spreadsheet.

1. Introduction

One of the challenges in teaching crystallography is to provide
a digestible explanation of what goes on inside the very
powerful black boxes that we all currently use for structure
solution and refinement. The student is typically faced with
indigestible mathematical formulae involving triple summa-
tions concerning multitudes of atoms and reflections in direct
or reciprocal space. Stout & Jensen (1968) showed how the
principles of this daunting mathematical landscape could be
clarified by examining the calculation of structure factors and
Fourier series for a hypothetical one-dimensional one-atom
problem. We have taken this approach and extended it to the
Patterson function, direct methods and least-squares refine-
ment. By simplifying the three-dimensional expressions to
analyze a one-dimensional one-atom problem, it is possible to
carry out all relevant calculations with a pocket calculator or
simple spreadsheet in class. In common with Stout & Jensen,
the chosen one-dimensional structure has a unit-cell length of
10 A, has an inversion center and contains two carbon atoms
at x = £0.1833, as shown below. The hypothetical experiment
was carried out with Cu Ko radiation, A = 1.5418 A.
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As this is proposed as a teaching aid, minimal information is
provided to introduce each section, but the transformation of
three-dimensional (3D) to one-dimensional (1D) equations is
given, followed by numerical or partial numerical examples.
For class use, it is simple to remove calculated numbers from
the tables to allow hand calculations as exercises or as
homework. Details of the underlying theory may be found in a
number of standard books or from web-based materials (see
http://iycr2014.org/learn/educational-materials).

2. Bragg’s law

The following table of ‘experimental’ observations may be
generated for the hypothetical structure, along with the
corresponding reciprocal lattice below.

J. Appl. Cryst. (2015). 48, 901-905

http://dx.doi.org/10.1107/S1600576715007116

901


http://crossmark.crossref.org/dialog/?doi=10.1107/S1600576715007116&domain=pdf&date_stamp=2015-05-22

teaching and education

6 sin 6 sin /A h |El A b A’
0.00 0.000 0.000 0 12.00 1 00l 1 4 9 16 25 36 49 64 81 100 121 144
442 0.077 0.05 +1 4.68 . 4 004
8.86 0.154 0.10 + 6.83 : 9 009 Ta _
1336 0231 0.15 +3 820 2 d_silll'g‘isn’: 16 016 AATI; - 28;110
17.94 0308 020 +4 0.75 : 25 025 - ’ 2
264 0385 025 +5 5.11 2sinf/A=n=h 30 g3 R A} = L5478 10
T IAT *2
2752 0462 030 +6 4.04 d=a=10 A 49 049 (A"A)"A™b = a” = 0.0100
3262 0539 035 +7 0.90 Symmetry 1 64 0.64 @ =10.00 4
38.02 0.616 0.40 +8 3.81 Positions x, —x 81 081
43.87 0.693 0.45 +9 2.11 Contents 2C 100 1.00
50.35 0.770 0.50 +10 1.68 21 121
57.89 0.847 0.55 +11 3.19 144 144
67.52 0.924 0.60 +12 0.95

Note that F), the total number of electrons in the unit cell, is never an observable.
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3. Unit-cell refinement

Given the observed Bragg angles for the series of indexed
reflections shown above, we can obtain the best values for the
unit-cell dimensions using a linear least-squares approach. The
following treatment is numerically equivalent to minimizing

2 2 \2
Z (d(tbs - d)ckalc

%2 Sinze 2 %2 27 %2 2 x2 * % *
3D: d” =d4——={W"a” +I°b" + I'c” + 2klb"c" cosa

+ 2hla*c* cos B* + 2hka*b* cos y*}

sin 6

)\'2 — h2a*2

1ID: d*¥ =4

For n observations, we can write

h? sin® @, /A2
(@) =

sin” 6, /A2
A v b

We may thus solve for v in the following way:

(ATA)'(ATA)v = (ATA)'ATb

v=(ATA)'A"p

Using the values of sinf/A and /& given above we obtain the
results tabulated below:

4. Patterson function

Taking the square of the structure factor amplitudes given
above, we may calculate a Patterson map. A partial map is
given below. Given the equivalent positions, x, —x, the
Patterson vectors will be at 2x, —2x. From the observed
maximum at 0.36, we obtain x = 0.18 for one carbon atom.

1
3D: Pu,v,w)=— |F |20052nhu+kv+1w
v hkl
nok 1

1
1D: Pu) = 7 3" |F,|? cos 2m(hu)
h

1 12
P(u) = 7 [lFOI2 +2 3" |F,|* cos 2n(hu)}
h=1

Partial
Patterson
map 1D u

h R |FP 0 0.1 02 03 032 034 036 038 04 05

0 12.00 144.00 144.00 144.00 144.00 144.00 144.00 144.00 144.00 144.00 144.00 144.00
1 468 21.88 4375 3540 13.52 —13.52 —18.63 —23.44 —27.89 —31.90 —35.40 —43.75
2 683 46.70 9340 28.86 —75.56 —75.56 —59.53 —39.77 —17.50 5.87 2886  93.40
3 820 67.25 134.50 —41.56 —108.81 108.81 130.27 133.44 117.86 85.73 41.56 —134.50
4 075 056 111 —0.90 034 034 -021 -0.71 —-1.03 —1.10 —0.90 111
5 511 2608 5216 —52.16 5216 —52.16 —42.20 —16.12 16.12 4220 52.16 —52.16
6 404 1629 3259 -2636 10.07 10.07 2856 3156 17.46 —6.11 —26.36  32.59
7 090 081 162 —050 -131 131 010 —1.18 —1.61 —0.87 050 —1.62
8 381 1452 29.04 897 —2349-2349 -27.00 —544 2117 2813 897 29.04
9 211 445 891 721 275 =275 649 828 056 —7.81 -721 —891
10 1.68 283 567 567 567 567 175 —458 —458 175 5.67 5.67
11 319 10.17 2034 1645 628 —6.28 —20.17 —1.28 19.70 8.66 —16.45 —20.34
12 095 091 1.81 056 —147 —147 097 159 —-0.77 —1.69 0.56 181

Sum/10 56.89 12.56 242 950 1444 2263 2835 26.69 19.60 4.63

Note that F, the total number of electrons in the unit cell, is never an observable.
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5. Structure factor calculation

If the structure is known, then we can calculate structure
factors from the atomic positions and the scattering power of
the atoms. The following example uses the result of the
Patterson function [x(Cl) = 0.18] to calculate the corre-
sponding structure factors and compare them with their
observed values. The comparison of the two sets of values
provides the traditional crystallographic R factor.

3D:  Fyy =Y fexp[2mi(hx; + ky; + Iz;)]
j

ID:  F, =Y fexp[2mi(hx))]
J

2
= ]; fi(cos 2hx; + isin 27thx))

= 2f - cos 2mhx;,
h sinf/ fc F(calc) |F(obs)|
1 0.05 5.749 4.89 4.68
2 0.10 5.107 —6.51 6.83
3 0.15 4311 —8.35 8.20
4 0.20 3.560 —1.33 0.75
5 0.25 2.949 4.77 5.11
6 0.30 2.494 4.37 4.04
7 0.35 2171 —0.28 0.90
8 0.40 1.948 —-3.62 3.81
9 0.45 1.794 —2.61 2.11
10 0.50 1.685 1.05 1.68
11 0.55 1.603 3.18 3.19
12 0.60 1.537 1.64 0.95
R_Z|AF| _ YlIFo| = |Fcl —0.108
> IFol 2|Fol

6. Fourier summation

Using appropriate phases computed as above coupled with the
observed structure factor amplitudes, a Fourier map will have
maxima at the atomic positions. The details of a partial Fourier
summation assuming Friedel’s law are shown in the table
below, followed by a plot of the function. The maximum is
found at x = 0.18.

1
3D: p(x,y,2) == 2> Fycos2n(hx + ky + Iz)

V&%

1
1D:  p(x) = T > F, cos 2m(hx)
T

ox) = % [FO +2 Xh: F), cos 27'[(hx)i|

Partial

Fourier

map 1D X

h F(obs) O 0.1 014 016 018 02 022 03 04 0.5
0 12.00 12.00 12.00 12.00 12.0012.00 12.00 12.00 12.00 12.00 12.00
1 4.68 935 757 596 5.01 398 2.89 1.75 —2.89-7.57 —9.35
2 —6.83 —13.67 —4.22 2.56 5.82 871 11.06 12.71 11.06 —4.22 —13.67
3 —820 —16.40 5.07 14.37 16.2715.89 13.27 8.79 —13.27 —5.07 16.40
4 —075 -149 121 139 095 0.28-0.46-1.09 —0.46 1.21 —1.49
5 511 10.21-10.21 -3.16 3.16 826 10.21 8.26—10.21 10.21 —10.21
6 4.04 8.07 —6.53 433 7.82 7.07 249-344 249-653 8.07
7 —090 -1.80 0.56-1.79-1.31 0.11 146 175 —1.46-0.56 1.80
8 —3.81 —7.62 —236-556 143 7.09 6.17-048 6.17—-2.35 —-7.62
9 —2.11 —422 —-341 027 392 3.08—130—-4.19 130 341 422
10 1.68 337 337-272-272 1.04 337 1.04 337 337 337
11 319 638 5.16—6.18 040 6.33 1.97-559 —1.97-5.16 —6.38
12 095 1.90 0.59-0.81 1.67 1.02-154-121 —1.54 059 1.90
Sum/10 0.61 088 207 544 749 6.16 3.03 0.46-—0.07 —0.10

Note that Fj, the total number of electrons in the unit cell, is never an observable.
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7. Direct methods

Direct methods for phase determination use probabilities
based on normalized structure factors (E), which are calcu-
lated from F for stationary point atoms. The following sections
define the appropriate E values, show how the origin is
defined, employ the probabilities obtained from X; and X,
relationships to obtain probable phases for a few reflections,
use symbolic addition to extend these phases, and then use this
subset of phased E values to compute a Fourier map.

7.1. E values

The following expressions remove the dependence of
structure factors on sin 8/A and normalize with respect to the
total number of electrons in the structure.

N
3D: Eikl = Fikl/;fiz

2
1D: E; :Fﬁ/;f%:
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h [Ful fe |Enl

0 12.00 6.000 1.414
1 4.68 5.749 0.575
2 6.83 5.107 0.946
3 8.20 4.311 1.345
4 0.75 3.560 0.148
5 5.11 2.949 1.225
6 4.04 2.494 1.144
7 0.90 2.171 0.293
8 3.81 1.948 1.383
9 211 1.794 0.832
10 1.68 1.685 0.706
11 3.19 1.603 1.407
12 0.95 1.537 0.438

Note that F, the total number of electrons in the unit cell, is never an observable.

7.2. Origin definition

As shown in the following table, the phases of reflections
with all even indices are invariant with respect to the choice of
origin, whereas all other parities may change phase in a
predictable manner. Thus a suitable choice of a few phases
may be used to define the origin of the structure.

Reflection kind

Origin  Shift eee oee €oe eeo0 00e O0e0 €00 000
3D

1 0 + + + + + + +

2 al2 + — + + - - + -
3 b2 + + - + - + - -
4 c/2 + + + - + - - -
5 (a+ D)2 + - - + + - - +
6 (a+c)2 + - + - - + - +
7 (b +0)2 + + - - - - + +
8 (a+b+0)2 + — - - + + + -
1D

[N
[e=}
+
+

al2 +

7.3. Probabilities from X; and X, relationships

In the following, H and K represent different values of &
forming triples, whereas in the three-dimensional case the
triples would contain A, k, I. The values of P, indicate the
probability that the product of the phases is positive. For ¥,
(involving only pairs of reflections) the most probable result is
highlighted in bold. For X,, only a selection of triples has been
calculated. Again the most probable results have been high-
lighted in bold, plus two more of more modest probability in
bold italics.

S, P,=1/2+1/2tanh[(|E,E E; _«|)/2"?]

H K H—-K P, H K H-K P, H K H—-K P,
1 3 =2 0738 2 3 -1 0727 3 4 -1
1 4 =3 0526 2 4 2 3 5 =2
1 5 —4 0520 2 5 =3 0889 3 6 3 0.949
1 6 =5 0644 2 6 —4 37 —4
1 7 -6 0568 2 7 =5 3 8 =5 0.987
1 8 -7 2 8 —6 088 3 9 —6
1 9 -8 2 9 -7 3 10 -7
1 10 -9 2 10 -8 3 11 -8 0.975
1 11 -10 2 11 -9 079 3 12 -9
1 12 -11 2 12 -10
5 11 -6 0.968

7.4. Structure solution

Define origin — choose /& odd with high E.

h =5, E=1223, phase +.

Insert known phases for the high-probability triples such
that the product is positive, and add symbols for unknowns:

P

.
¥, 3 34 6t 0.947
x, 57 11t 6F 0968
34 11t 84 0975
34 84 5t 0987
24 5t 34 (.889
24 84 6F 0.868
Thus A = —, or else all would be + (the ‘uranium’ disaster).

Calculate a Fourier map using only the phased E values —
o(x) = (1/L)[E, + 2", E, cos 2nt(hx)].

E map

1D phased

reflections 2

h E 0 0.1 0.14 0.16 0.18 0.2 022 03 0.4 0.5

0 1414 141 141 141 141 141 141 141 141 141 141
2 —0946 —1.89 —0.58 035 0.81 121 1.53 176 1.53 —0.58 —1.89
3 —1345 —2.69 0.83 236 2.67 2.61 2.18 144 —2.18 —0.83 2.69
5 1225 245 —245 —0.76 0.76 1.98 245 198 —2.45 245 —-245
6 1.144 229 —-1.85 1.23 222 201 0.71 —0.97 0.71 —-1.85 2.29
8 —1.383 —2.77 —0.85 —2.02 0.52 2.57 224 —0.17 224 —0.85 —2.77
11 1407 281 228 —2.72 0.18 2.79 0.87 —2.47 —0.87 —2.28 —2.81

Sum/10 0.16 —0.12 —0.01 0.86 1.46 1.14 0.30

0.04 —0.25 —0.35

Note that E, is never an observable.

1.60
" 1.40 I.\
T, P, =+1/2+41/2tanh [(|E E,Eyy|) /2] 120 R

1.00 7

0.80 s |
H H 2H P, 0.60 [\

P 040 ll | I.’.‘\
1 1 2 0.609 020 o b1 8
2 2 4 0.547 0.00 u.;.r.'_,_\_.&q..gﬁh.li\.j_
3 3 6 0.949 0204 NSt NS\
4 4 8 0.511 -0.40 ® ..
5 5 10 0.816 -0.60
6 6 12 0.694 0.1 0.2 0.3 0.4 0.5
X
Thus the maximum in the density is again at x = 0.18.
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8. Structure refinement

When atomic positions have been determined by any of the
methods described above, it is common practice to refine this
structure model using nonlinear least-squares methods. Shifts
in atomic coordinates are thus calculated to iteratively obtain
the best fit between the model structure and the experimental
data. The following equations are mathematically equivalent
to minimizing Y (|F | — [Feuel)’. All Fs in the following
expressions represent amplitudes.
For the general case
all

parameters
oF, calc

: ? 8)([ = Fobs - Fcalc
A bx AF
8Flcalc aFlcalc
axl ’ 8xm 8]61 Flobs - Flcalc
aF;lCa C aFi;Ca C .
9 1 : % ! me Fnobs - Fncalc
1 m
A ox AF
For one parameter in one dimension
oF calc
W&x = Fobs - Fcalc
A ox AF
oF 1calc
8xl Flobs - Flcalc
(6x) =
oF,
#alc Fnobs - Fncalc
1
A ox AF

We may solve for éx as follows: (ATA)_l(ATA)8x=
(ATA) 'ATAF, thus 6x = (ATA) 'ATAF.

h f Fobs Fcalc AF A

1 5.749 4.677 4.231 0.446 —67.184
2 5107 6.834 —7.448 —0.614 87.846
3 4311 8.200 —7.800 0.401 —69.275
4 3.560 0.746 0.451 0.294 178.608
5 2949 5.107 5.611 —0.504 57129
6 249 4.036 3.176 0.861 —145.020
7 2171 0.901 —2.096 —1.195 167.271
8 1.948 3.810 —3.865 —0.054 —24.788
9 1794 2111 —0.887 1.223 —196.618
10 1.685 1.683 2.729 —1.046 124.210
11 1.603 3.189 2.704 0.485 —119.064
12 1.537 0.952 —0.582 0.370 227.617

AT —67.184 87.846 —69.275 178.608 57.129 —145.020 167.271 —24.788
—196.618 124.210 —119.064 227.617

% = —4mhf sin2whx x sign(F )
Starting x = 0.18 (from Patterson or Fourier)
ox = (ATA)'ATAF
(ATA) =207198.5
ATAF = 686.90
8x = 0.0033
A shift of 0.0033 gives x = 0.1833

9. Conclusion

By simple extrapolation of the one-dimensional example
proposed by Stout & Jensen (1968), we have provided a
teaching tool that covers the basics of structure determination
and refinement in a way that should be digestible to a beginner
student of X-ray crystallography.
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