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In condensed-matter scattering, especially under grazing incidence, complex

scattering vectors account for absorption and evanescent waves. Form and

structure factors, by definition, are analytic functions of the scattering vector q

and therefore can be continued from real to complex q. Specifically, |q| must be

continued as
ffiffiffiffiffiffiffiffiffi
q � q
p

. For an isotropic scatterer, the square root is spurious as

F(q) is an entire function of q · q . This justifies the existing implementation in

IsGISAXS and BornAgain and confirms that one must not take the sesquilinear

product q* · q.

1. Complex wavenumber

When waves propagate through a medium, absorption and

other forms of attenuation can be described by an imaginary

wavevector component. Nonetheless, in the standard treat-

ment of neutron and X-ray scattering, the scattering vector q is

usually assumed to be real. Attenuation terms are drawn out

of the computation of the differential cross section and are

treated, if at all, by classical transport theory, on par with

multiple scattering (Sears, 1989).

This approximation loses all justification if the incident or

scattered wavefield arises as the sum of partial waves that

represent different radiation trajectories. Essentially the same

condition decides whether the standard Born approximation

must be replaced by the distorted-wave Born approximation

(DWBA).

A literature search for ‘complex scattering vector’ returned

papers on synthetic-aperture radar polarimetry. In that field,

however, a ‘scattering vector’ (López-Martı́nez & Pottier,

2021) encodes a scattering matrix that expresses scattering

amplitudes and phases; it has nothing to do with our q. To

date, the only important application of form and structure

factors of complex q seems to be grazing-incidence small-

angle scattering (GISAS), a standard method to study

nanostructures in stratified materials (Renaud et al., 2009).

In GISAS, incident (Vineyard, 1982) and scattered

(Dietrich & Wagner, 1984) radiation undergo refraction and

reflection, so the radiation is a superposition of two plane

waves with vertical wavevector components pointing up and

down. The two partial waves follow different trajectories and

hence suffer different attenuation. For small grazing angles,

path lengths within a layer can become large, making

attenuation quantitatively significant. As scattering ampli-

tudes from different partial waves add coherently, attenuation

cannot be a common prefactor but yields a different complex

factor for each of the four DWBA terms. Furthermore, even in

the absence of attenuation, q acquires an imaginary compo-

nent if the incident (Marra et al., 1979) or scattered (Dietrich
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& Wagner, 1984) wave is evanescent in a classically forbidden

sample layer.

For these reasons, form and structure factors must admit

complex scattering vectors q 2 C3.

2. Form or structure factor

The form factor of an embedded particle, or the structure

factor of a particle assembly, can be written as

FðqÞ :¼

Z

d3r expðiq � rÞ gðrÞ; ð1Þ

where gðrÞ is the indicator function of a hard particle, or the

scattering-length density of a soft particle, or the pair distri-

bution function of an assembly. We take for granted that the

decay g! 0 for r!1 is sufficiently fast so that convergence

is not an issue.

Repeating an argument from Wuttke (2021), by equation

(1) and Leibniz’s rule for differentiating under the integral,

FðqÞ is infinitely complex-differentiable for all q 2 C3.

Thereby it is entire in each Cartesian component of q, i.e.

holomorphic (= analytic) everywhere. By the same token,

F : C3 ! C is an analytic continuation of the more standard
eF : R3 ! C that is well known for many specific density

distributions gðrÞ.

However, closed expressions for eF often involve the abso-

lute value q :¼ jqj, which is not an analytic function. There-

fore, in this note, it is shown how to rewriteeF so that it can be

analytically continued as F. To arrive at closed solutions, I

consider the special cases of an isotropic scatterer and a

scatterer with cylindrical symmetry.

3. Isotropic densities

I consider isotropic densities, gðrÞ � gðrÞ with r :¼ jrj. This

comprises the form factor of hard and soft spheres, and the

structure factor of liquid-like random assemblies.

The standard computation for real q starts from the

observation that the isotropy of g allows us to freely choose

the orientation of the r coordinate system. With the z axis

chosen along q̂ :¼ q=q, equation (1) becomes

eFðqÞ ¼

Z

d3r expðiqzÞ gðrÞ: ð2Þ

With r expressed in spherical coordinates, two of the three

integrals can be resolved:

eFðqÞ ¼ 2�

Z1

0

dr r2

Z�

0

d# sin# expðiqr cos#Þ gðrÞ ð3Þ

¼
4�

q

Z1

0

dr r sinðqrÞ gðrÞ: ð4Þ

The appearance of a q� 1 singularity is misleading as it is

compensated by the first term in the power series of the sine

function. The regularity of eFðqÞ becomes clearer if one uses

the cardinal sine function sinc x :¼ ðsin xÞ=x:

eFðqÞ ¼ 4�

Z1

0

dr r2sincðqrÞ gðrÞ: ð5Þ

As anticipated in Section 2, this result involves q ¼ jqj,

which precludes a straightforward analytic continuation of
eF 7! F. Worse, the above derivation cannot be justified for

complex q because a complex q̂ does not specify a coordinate

direction in R3.

From equation (1) with isotropic g, I infer Fð� qÞ ¼ FðqÞ for

any � 2 SOð3Þ and all q 2 C3. For any real q 6¼ 0, there exists

� 2 SOð3Þ with � q ¼ ðq; 0; 0Þ, so FðqÞ ¼ Fðq; 0; 0Þ ¼: AðqÞ.

Since Að� qÞ ¼ Fð� q; 0; 0Þ ¼ AðqÞ, A is even, and its Taylor

series is AðqÞ ¼
P

k akq2k ¼
P

k akðq � qÞ
k. The right-hand

side is entire and agrees with F on R3, so by analytic conti-

nuation FðqÞ ¼
P

k akðq � qÞ
k for all q 2 C3. In view of equa-

tion (5), I conclude that

FðqÞ ¼ 4�

Z1

0

dr r2sincðqrÞ gðrÞ; ð6Þ

provided the scalar q be defined as

q :¼
ffiffiffiffiffiffiffiffiffi
q � q
p

: ð7Þ

The resulting q reduces to jqj when q is real.

For the complex square root in equation (7), one would

normally have to choose a branch. Here, however, it does not

matter because the square root is spurious; its appearance is

only due to the conventional definition of the sinc function. As

sinc is an even entire function, its power series involves only

squares of the function argument, here ðqrÞ2 ¼ ðq � qÞr2.

4. Densities with cylindrical symmetry

I now consider densities with cylindrical symmetry,

gðrÞ � gðrk; zÞ where rk :¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
. This comprises the form

factor of cylinders, cones and other shapes with a symmetry

axis.

For real q, I choose the z axis along the cylinder axis. Let

rk :¼ ðx; yÞ be the in-plane component of r, and similarly

qk :¼ ðqx; qyÞ with magnitude qk :¼ jqkj. Cylindrical sym-

metry resolves one of the three integrals in equation (1):

eFðqÞ ¼

Z

dz expðiqzzÞ

Z

d2rk exp iqk � rk
� �

g rk; z
� �

ð8Þ

¼

Z

dz expðiqzzÞ

Z1

0

drk rk

Z2�

0

d’ exp iqkrk cos ’
� �

g rk; z
� �

ð9Þ
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¼ 2�

Z

dz expðiqzzÞ

Z1

0

drk rk J0 qkrk
� �

g rk; z
� �

: ð10Þ

This is as far as one can go for generic g; for specific g, one or

both of the remaining integrals may be solvable analytically.

For the analytic continuation, the same reasoning as in the

isotropic case applies. Since FðqÞ is entire and invariant under

rotations about the z axis, its power series contains only

rotation-invariant homogeneous polynomials. These depend

only on qz and qk � qk ¼ q2
x þ q2

y. Therefore, FðqÞ depends on

qk only through qk � qk. Since eF from equation (10) has

this property when q 2 R3, and since analytic continuation is

unique, the analytic continuation is

FðqÞ ¼ 2�

Z

dz expðiqzzÞ

Z1

0

drk rk J0 qkrk
� �

g rk; z
� �

; ð11Þ

provided

qk :¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
qk � qk
p

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

q2
x þ q2

y

q

: ð12Þ

Again, the square root is spurious because J0 is even and

entire.

5. Conclusions

Complex scattering vectors q are needed whenever absorption

affects the coherent superposition of partial waves. Software

for simulating GISAS must at least support a complex

component qz, as does the program IsGISAXS (Lazzari, 2002,

2006). Our program BornAgain supports fully complex q,

which facilitates the rotation of particles [Pospelov et al., 2020;

Scientific Computing Group of Heinz Maier-Leibnitz

Zentrum, Garching, 2014–2026; for polyhedral form factors,

see Wuttke (2021)]. The present communication documents

and justifies the mathematics implemented in this software

long ago.

Form factors FðqÞ are given by integral (1), which is an

analytic function of q. If a solution eFðqÞ is known for

q 2 R3, then FðqÞ can be obtained by analytic continuation

ofeF. This holds even if the derivation ofeF involves a concept

like the direction of q that has no unique generalization from

q 2 R3 to q 2 C3. However, if a closed expression for eF

contains a non-analytic function like jqj or jqkj, then it must be

replaced by an analytic function (like jqj ¼
ffiffiffiffiffiffiffiffiffi
q � q
p

, which

agrees for q 2 R). Alternatively, to get rid of the spurious

square root, one could replace conventional function nota-

tions like sincðzÞ or J0ðzÞ by equivalent functions of z2.

One must not use the standard norm kqk, almost every-

where in mathematics defined via the sesquilinear (Hermitian)

product q* · q, which is not an analytic function of q. The

bilinear form q � q is not positive definite, and therefore

equation (7) is not a norm, but it is the correct analytic

continuation of q ¼ jqj from real to complex q.
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