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and  allowing for the correlations between bond lengths, 
the  e.s.d's of the mean  bond lengths are 0.0028 A for 
naph tha lene  and 0.0021 /~ for anthracene.  The differ- 
ence of the means  is possibly significant  for naphtha-  
lene, but,  even if the theoretical mean  is readjusted,  
i t  is still necessary to postulate theoretical  errors for 
this  molecule up to about  0.020 A to obta in  sat isfactory 
agreement  between theory  and experiment .  
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Approximate formulae are given for the electron-density and slope errors at special positions in 
any space group. An example shows that  the errors at special positions can be several times those 
at general positions. 

D e n s i t y  e r r o r s  

The electron densi ty  Q(x, y, z) is given by  the triple 
:Fourier series of s tructure factors, F(hkl), as 

1 
9(x, y, z) = ~ a/~ IF I cos {2ze(hx/a+ky/b+lz/c)-o~} 

1 
= V ~ a  [FI cos ( 0 - a ) ,  s a y .  (1) 

The F ' s  m a y  be related by  symmet ry ,  and in terms 
of the independent  F ' s  we m a y  write (1) as 

1 
e = ~ 2: [FI 2 cos ( 0 - s ) ,  (2) 

indep, form 

where the inner summat ion  is over all planes of the  
same crystal lographic form. 

If  each independent  IF[ has  a s tandard  deviat ion 
a(F) ,  the s tandard  deviat ion of the error in the elec- 
t ron density,  by  the law for the combinat ion of errors, 
is 

a(Q) l_~ .~, aP(F)[ ~, cos (O-~)]2}½ = . (3) 
V ~indep. form 

Equat ion  (3) shows tha t  the error varies from point  
to point  in the  uni t  cell. However, if there are a large 
number  of terms in the summation,  the error is near ly  
constant  over large regions of the cell, as (3) is the 
sum of squares of cosine terms. These approximate  
values of the error depend on whether  the position 
considered is a general one (x, y, z), or a special one, 
such as (0, 0, z) or (x, ~, z), and on the space group. 

:For the type  of position considered let those planes 
in each form with the same Jcos ( 0 - a ) l  be said to 
consti tute a sub-form. Let 

m = 2 cos ( 0 - a ) / l c o s  ( 0 - ~ ) 1  , (4) 
sub-form 

so tha t  if all  the  planes in a sub-form have  the same 
cos ( 0 - s ) ,  m is just  the number  of planes in tha t  sub- 
form. Let  U be the r.m.s, value of cos ( 0 - a )  in a 
sub-form for positions of the given type ;  then  ap- 
proximate ly  

I{ ..~ [~Tma(F)]2}½ 
~(~) = V ~nsub~o~ , (5) 

since, on squaring the summat ion  for each form in (3), 
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terms involving products of different cos ( 0 - a )  values 
will have r.m.s, value zero. 

For a general (x, y, z) position the sub-forms, ex- 
cept for F(000), will consist only of pairs of terms 

cos (O(hkl)-a)  and cos (0(/~]cl)+a), 

whatever the space group, and so m = 2. In  these 
sub-forms the r.m.s, value of cos ( 0 - a )  = 1/]/2. For 
~'(000), m = 1 and cos ( 0 - a )  = 1. Hence 

o . (Q/=  o .~(F(ooo/)+ 2 ;  l 2 ~ ( F /  , 
half lattice 

or  
1 

o(Q) = (6) 

This is the equation (11.10) given by Cruickshank 
(1949a), when A F  is taken as an estimate ~of O.(F). 

E x a m p l e s  

As an illustration of (5) for a special position, consider 
the c projection of P21/a. Here for 

h + k even, .F(hk) = .F(hfc) ; 

h + k odd, .F(hk) = -F(h]c) . 

For a position of the type (x, 0), O(hk)= O(h]c), so 
tha t  the errors for these two planes co-operate when 
h + k  is even (m = 4), and cancel when h + k  is odd 
(m = 0). Thus the terms in the summation for o.(~), 
corresponding to the four planes of a form {hk0}, are 

h + k even, • 4o" (F) ; 

h + k  odd, 0 .  

For the pairs of planes of the forms {h00}, .h even 
only, m = 2 and ~ = 1/]/2. For the forms {0k0}, 
k even only, m = 2 and cos O(Ok) = 1 = ~. Hence 

1{ ] 
o.(Q(x, 0)) = ~  a2(F(000))+ 2 :  1 ×2o.(F(hO0)) ~ 

{h00) 

+ 2 : [1  × 2a(F(0k0))] 9 
{o~o) 

+ 2 ;  1 x4o . (F(hk0/ )  . (71 
{hkO) 

h+k even 

A more complicated application of (4) was encoun. 
tered in the analysis of dimethyl_triacetylene (Jeffrey 
& Rollett,  1952), space group R3m.  The general form 
{hkil} consists of twelve equivalent planes, all of whose 
F ' s  have the same sign. At  (x, y, z) the general form 
splits into six sub-forms of two planes each. At  less 
general positions the sub-forms increase in size, and 

= 1 for the sub-forms of some non-general forms. 
Table 1 gives the contributions to o.(~) of the general 
form for various positions. The last column gives the 
density errors actually estimated, using a(F) 's  ap- 

Table 1. o.(~)for dimethyl triacetylene 

General form 

No. of Planes in Term in ~(~) 
Position sub-forms sub-form a(O) (e.A -a) 

(x, y, z) 6 2 6 ( ~  2 )9 × 2a(F) 0.018 

(x, 0, z) 6 2 6 × 2a(F) 0-018 

(x, ~, z) 3 4 3 ( ~  2 )2 x 4a(F) 0.030 

x 12a(F) 0-042 

(0, 0, 0) 1 12 (1 x 12a(F)) 9 0.053 

propriate for the random errors of intensity estimation, 
and shows tha t  o.(~) at a special position can be 
appreciably greater than at (x, y, z). 

O. 

w h e r e  

Slope errors  

The error in the slope of the electron density is often 
needed in estimating the error of an atomic coordinate. 
The slope in the x direction is 

~ 1 2~ 
2: hlFI sin (O-a), 

~x V a  a 

and the s tandard deviation of the error in the slope is 

' F a (indep. form 

The approximate value of this is 

~x" [~ na(F)]2 / , (9) 
a t~l  sub-~o~ 

where V' is the r.m.s, value of sin ( 0 - a )  in a sub-form 
averaged over all positions of the given type,  and 

n -- 2 :  h sin (0-a) / ] s in  ( 0 - a ) l  • (10) 
sub-form 

For a general (x, y, z) position the approximate value 
in any space group is 

a ( ~ )  =12~ ' -V -a-'/a'~" h2o.~ (F)} ½ (11) 

(Cruickshank, 1949a, (11.9)). In  space groups where 
no form has terms with the same ]sin (0 -a ) ]  values, 
but  different Ihl values, (9) may  be writ ten for any 

position 

~xx = V-a -  (an sub~-for [ ~  m ho.(F)]9~ , (12) 

m' = 2 ;  sin ( 0 - a ) / [ s i n  ( 0 - a ) l  • (13) 
sub-form 

This equation may  be used for triclinic, monoclinic 
and orthorhombic space groups. 

An instance of the use of (9) in place of (11) was 
given by Cruickshank (1949b). 
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In  the simplest  case, when the peaks are well re- 
solved without  overlapping in an orthogonal cell of 
a cent rosymmetr ic  structure,  the atomic coordinate 
errors are obta ined by  dividing the slope error by  the 
peak curvatures.  For  non-eentrosymmetr ic  s tructures 
the divisor is a funct ion such as (3.16) of Cruickshank 
(1952). An exact  discussion of coordinate errors under  
general  conditions has  been given by  Cruickshank & 
Rober tson (1953). 

Conditions of validity 

For positions close to but  not  exact ly  on special po- 
sitions the densi ty  and  slope errors are in termedia te  
between the  special and general  values, and it  m a y  be 
necessary to use the exact  formulae (3) and (8). 
'Close' here means  wi th in  approx imate ly  half  the 
distance apar t  a t  which two point  atoms would be 
resolved in a similar  Fourier  analysis  containing terms 
of the same indices. 

The approximate  formulae also depend on there 
being a large number  of terms in the series, and  on 
there being no plane with a(F) much greater  t han  
for any  others. The approximate  formulae should 
ordinar i ly  be sufficient if there are more t han  about  
30 different  sub-forms. 

One of us (J. S. R.) wishes to acknowledge a Fur the r  
Educat ion and Training Grant  from the  Minis t ry  of 
Educat ion,  which enabled h im to take par t  in this  
work. 
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The crystal  s t ructure  of a- th iopyr idone has been determined by  means of electron-densi ty projec- 
t ions on the (001) and (010) planes. The (001) project ion was solved by  direct de terminat ion  of the 
signs of Fourier coefficients. Bond lengths of the pyridine ring are interpreted in terms of a reso- 
nance structure and hence a value is deduced for the bond order of the C-S bond. The C-S 
order/length curve is discussed with reference to the results from this structure analysis and that  
of thiophthen, a-Thiopyridone molecules are linked in pairs across centres of symmetry by what 
appear to be weak hydrogen bonds between nitrogen and sulphur atoms. There are several points 
of similarity between this structure and that  of a-pyridone. 

1. Introduction 

In  a previous communica t ion  (Penfold, 1953), the 
crysta l  s tructure of the  tautomeric  compound c~- 
pyr idone was reported, the existence of the pyr idone 
tau tomer  being established by  accurate electron- 
densi ty  measurements  which led to direct location of 
hydrogen atoms. The molecule of ~-thiopyridone,  
which differs from tha t  of c~-pyridone only in tha t  the  
oxygen a tom has been replaced by  a sulphur  atom, 
is also tautomeric  in a similar  way, the two forms 
being shown in Fig. 1, I being th iopyr idone and  I I  
thiolpyridine.  I t  is therefore of some interest  to com- 
pare  its crystal  s tructure with tha t  of c~-pyridone. The 
possibil i ty of a reliable determinat ion of the C-S bond 
length is of some impor tance  because of the addi t ion 
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i t  would provide to the  very  meagre body of informa- 
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Fig. 1. Tautomeric forms of the molecule. 
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