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F-test in EXAFS fitting of structural 
models 
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The meaning and the way to estimate these quantities is discussed 
elsewhere (Lytle, S&C report, 1988 and present XAFS 
conference, 1998). 
We want to compare two fits noted AX2~ and AX22 with 
respectively the degrees of freedom v~ and v2.  In order to avoid 
confusing notation we shall not use A%zv in the following 
formulas. 
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The principles of the statistical F-test, used in EXAFS fitting in 
order to compare different models and eventually choose the 
more likely, are summarized. Examples, taken in the fields of 
inorganic chemistry and biochemical applications are discussed. 
F-test is shown to be very useful to check the statistical limits of a 
model and to discriminate between physically acceptable models. 
However, this tool is useless when the choice involves physically 
unrealistic solutions since it cannot prevent parameter variations 
out of their physically significant limits. 

Keywords : EXAFS fitting, Statistical tests, best fit 
significance. 

1. Introduction 
One of the most efficient use of EXAFS modelling is the 
comparison of different models in order to choose the << best >> 
one and discard, with convincing arguments, the worse one. 
Since choice by eyes may lead to mis-interpretations of the 
results, a quantitative method deserves to be proposed. The F-test 
has been proposed as a statistical test of EXAFS fitting for the 
first time by Joyner (Joyner, 1987). The main principles of this 
test is that, if statistical AZ 2 is the good function to be fitted, it is 
not the good number to use if one needs to compare and decide if 
two fits are significantly different and which one is the best. The 
test is based on the comparison of the reduced A% 2, noted A%2v. 

2. The principles. 
The test is based on the calculation of the statistical A~ 2 

AZ 2 = (Nind/Npts) Z(~th.-~(.,exp)Z/F_. 2 (1) 

where Nmd is the number of independant points in the fitted 
EXAFS spectrum , Not., the total number of points (when raw 
data is used Ni,,o = Not.,), Zth and X~xp respectively the theoretical 
and the experimental EXAFS signals and e the standard 
deviation. If the number of fitted parameters is Np..,r, v = Nin d - 
No.,, is the degree of freedom of the fit. The reduced AX 2 is then 
AX2v 

A%2v = A ~ 2 / v . ( 2 )  

The general definition of the quantity F is : 
F= (Ax21 / V I ) / (Az22 / V2) (3). 

In this notation fit 2 should be the best : 
AX21 / VI > AX 2 2 / V2 (4) 

and thus F >1. 

When the fit improvement does not involve any change in the 
number of fitted parameters one must use only this expression 

In order to improve the fit, the number of fitted parameters may 
be increased : Npah < Npar2 and vt > v2. 
It is still possible to use equation (4) but it is preferable to test the 
variation of AZ,,, (Az21-Ax22) / (VrV2) ,  versus its final value 
A)~22/V2 : 

F -  [(A%21-A~2 2 )[ (v I- V2) ] ] (Ax22/V2) (5). 
The equation F > 1 is exactly identical to (4). Thus there is no 
difference between the two cases if one uses only a qualitative 
comparison of the two fits. However the probabilities calculated 
from the two sets of variables are different. 

Let's call Fexp the experimental value of the variable F. The 
probability that F is greater that Fexp obeys to the so-called F 
probability law P(Fexp,V~, v2) (replace vl by vl-v2 in the second 
case). Some values of P for a set of Fex p and v~, v2 values are 
tabulated (Bevington, 1992). However it is very easy to calculate 
these values for any probability. The subroutines can be found in 
Numerical Recipies (Press, 1986). We have written a code 
adapted to the study of EXAFS fits (but usable for any fitting 
study). The code is available on the web of LURE (Orsay, 
France): 
hnp://www.lure.u-psud, fr/sections/chimie/xafsmac/xafsmac_main.htm 
One should remark that in all the cited books, the tables give the 

probability P' that F does not exeed Fexp. In order to compare to 
the results given in this work, one should write P '=I-P.  
How can these P values be used ? 
P is the probability that F > Fexp. Since F is the ratio of the two 
reduced AZ 2 , which is related to the estimation of the best fit, we 
can assimilate P to the probability that fit n°2 is better than fit 
n°l ,  or, in the second case, the probability that the AZ 2 
improvement while increasing the number of parameters is 
significantly greater than its final value. 

It is important to remark that all these formulas can be applied 
rigourously only when then added parameters are not correlated. 
In EXAFS it is not the case for the couples (R, AEo) or (N, or). 
Even parameters belonging to different shells can be significantly 
correlated. Future developement of other tests, including the 
treatment of correlated parameters is planned and one should use 
the F-test as a simple first semi-quantitative approach to the 
statistical tests. Even if the calculated probabilities should not be 
used as rigourous numbers, their values can help to estimates the 
limits of a fitting improvement by adding new parameters. 
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Moreover, F-test is rigourously usable only if the errors are 
randomly and normally distributed. When EXAFS fits are 
dominated by systematic errors, statistical tests are unrelevant. 
In this case Ag2v is much greater than the statistical value (= 1) 
The fit should be improved by a serious change in the structural 
model until Az2v reaches values close to 1 and the F test should 
be used only to choose between models obeying to these 
statistical laws. 

3. Examples 
3.1 Distorded metallic oxide octahedral site 
The first example deals with the modelling of the first 

coordination sphere of metallic oxides, such as WO3, studied, for 
example, tor their electrochromic properties. The question is to 
check if this octaedron is regular or distorted. The strategy 
consists to try first a regular octahedron WO6, and compare this 
fit to the one obtained by adding a second shell of oxygens. 
While filtering the first EXAFS peak (Ak = 10/~,~ AR = 1.5) the 
number of independent points is reduced to Nind=2*Ak*AR//t = 9. 
Each shell needs 4 fitted parameters (N,o, R, AEo). However 
fitting 8 parameters with Nind=9 for the two shell fit is not very 
reasonable. It is possible to reduce Npar : The total number of 
neighbours N~ + N2 can be fixed to 6. It is possible to assume a 
common Debye-Waller value and it is reasonable to use identical 
Eo for signals involving the same kind of atoms in the first shell. 
Energy anisotropy may occur, but within reasonable limits (a few 
eV). In most cases, a single Eo value is sufficient to get a good 
fit, and it is a good rule in order to avoid unreasonable variations 
of this parameter. Within these constraints the number of 

parameters added for fit 2 is 1 (R2). Finally, vl = 9-4 = 5 ,  v2 = 4 
and v~ - v 2 = 1. The fittin~ results are displayed in table 1. 

N c~ (A) R (A) AE, (eV) v, A~ 2 
One shell 2.3(2) .03(1) 1.76(1) -6.4(3) 5, 7.2 
shelll 3.9(2) 0.06(!) 1.79(I) -2.9(1.8) 4, 3.9 
shell2 2.1(2) 0.06(1) 2.07(2) -2.9(1.8) 

Table I Comparison between one and two shells fits for WO3 

Both fits are close to the statistical limit. The use of F-test is justified, 
although the treatment of the parameters correlations may change slightly 
the quantitative evaluation of the probability. 
AX21 = 7 .2 ,  A X 2 2  = 3.9, Fexp = 3.38 and P(F~xp,5,1)= 86 %. The 
two shell fit is found to be significantly better than the fit with 
only one shell. It is noticeable that this result is consistent with 
the well known tendency of WO6 octahedra to undergo strong 
distortions• One may remark also that the number of oxygens 
round in fit 1 is too small, as expected tbr distorted sites wrongly 
modelled by a single gaussian distribution of distances. This 
example of the F-test use can be generalized each time a test of 
site distorsion is needed, for example in Jahn-Teller coordination 
complexes. If the distorsion is small, the result of the test may be 
negative. 
In the previous fit 2 we have let NI vary freely, and we have 
lbund N~ -- 4 , N2 --- 2. It is possible to use the F-test in order to 
check which is the more likely distribution of oxygens between 
the short (1.78A) and the long one (2.06/~). We have compared 
three fits with the same total number of neighbours 6, and 
different repartitions : ( Ni = 4, N2=2), ( Nl = 3, N2=3) or ( Ni = 
5, N2=I). Thus the number of parameters for the three fits is 
identical • v= = v2 = v3 = 5. The corresponding AX 2 are 
respectively equal to 4.1, 32.8 and 20.6, which is undoubtedly 
lavorable to fit 1 with a probability of 95% compared to fit 3. 
Such an analysis has been used by one of us in order to find the 
best structural model in Ce/Zr oxydes studied for their catalytic 

properties (Vlaic, 1997). In this case the best fit choice was less 
obvious and the help of F-test necessary. 

3.20ctahedral site in inorganic biological nu~lecules 

The second example is extracted from the study of the cobalt site 
of a coordination complex involved in biochemistry : Vitamin B ~2 
• The local structure of this molecule is composed once more of a 
non regular octahedron, CoNsC. Four nitrogens are located in 
planar macrocyclic ligand and the two resting ligands are axially 
bound. The question is to check if the Fourier filtered first peak 
contains a sufficient amount of information (statistically 
speaking) to be able to fit the two axial distances accurately. 
The statistical study is performed in four steps and the fitting 
results displayed in table 2 : 
1) fit the shell with 6 nitrogen ligands (N fixed). 
2) compare fit 1 with a fit where the number of nitrogen is free. 
Fexp = 39, P(Fcxo,9,1) = 99.9%. 
3) compare fit 2 with a two shell fit, one for the equatorial ligands 
(4N) and one for the axial ligands considered as identical (2N). 
Fcxp = 3.75, P(F~xp,8,2) = 91%. 
4) compare fit 3 with a 3 shells fit, including the two axial ligands 
free to vary independently. 
Fexp = 0.42, P(Fexp,6,2) = 31%. Fit 4 is worse than fit 3. 
This study leads to a series of remarks: 
i) Fit 1 is obviously out of the statistical limit. The use of a 
statistical test in order to compare this fit with the others is 
useless• On the contrary, fits 2, 3 and 4 are close to the statistical 
convergence. 
i) In the litterature, step 2 is often missing (Sagit, 1992). 
Obviously, fit 3 is better than fit 1. But this is not a good proof 
that 4+2 ligands is better than 6, if step 2 is not included in the 
discussion• In some cases, octahedral sites can be fitted with only 
4 ligands. Such a result is due to a poor data resolution and to the 
statistics• In such cases missing step 2 should be considered as an 
over-interpretation of the data. 
ii) step 3 seems to improve the fit, but the results obtained for the 
axial ligands are physically questionable : what is the meaning of 
a shell of 2 nitrogens with a Debye-Waller coefficient greater 
than 0.14 A, ? Probably an actual Co-Ligand signal, but distorted 
by a Fourier filtering truncation effect. 
iii) adding a third shell should be definitely discarded. Although 
AZ 2 is improved, the price paid for this improvement is too high • 
3 more )arameters. 

N (~ (/k) 
One shell 6 (fixed) .080(5) 
One shell 3.5(2) .05(1) 
shell l 3.75(40) 0.05(I ) 
shell2 2.25(40) 0.14(3) 
shell l 4.0(4) 0.05( 1 ) 
shell2 1.0(4) 0.07( 1 ) 
shell 3 1.25(40) 0.06(4) 

Table 2. Fits for a vitamin B=2 derivative : meth, 

R (A) AE,, (eV) 
1.900(5) -1.2(8) 
1.89(1) -2(1) 
1.89(1) -2.5(1) 
2.31(6) -2.5(i) 
1.89(1) -2(I) 
2.31(6) -2(1) 
2.22(3) -2(1) 

,I-Cobalamin 

v ,~r  ~ 
9, 40.0 
8, 6.8 

6, 3.02 

3, 2.5 

The conclusion of this study is that one should take care of the 
statistical meaning of their fits. Trying to get more informations 
than given by the data makes no sense, even if the results seem 
apparently correct. 

3.3 Mixing of two different kinds of atoms in the same shell. 

The last example illustrates the danger of using any comparative 
tool, eyes, F-test, or any other method when one of the fits ~s 
obviously physically inacceptable. We have studied the case of a 
very simple and well known coordination complex ion : 
[Co(NH3)sCI] 2+ . The crystal structure gives RI(Co-N) = 1.97 ]k 
and R2 (Co-CI) =2.27 A (Messmer, 1968). 
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We have tried two different fits : fit 1 with free Ni and N 2, and fit 
2 with fixed values of N~ and N2 to the known ones (5 and 1). 
The fittin~ results are ~iven in table 3. 

N ] a (,/~) R (A) AE,, (eV) v, A~ 
Nt(CI) and 4.5(1.8) 0.15(2) 2.20(2) -7(I) 
N2(N) f ree 2.5(!.8) 0.05(2) 1.95(6) -3(2) 4, 1.4 
N~(C]) and l 0.08(I) 2.29(1) -2(1) 
N, (N) fixed 5 0.0?(3) 1.97(3) -2.1(I) 6, 5.0 

Table 3 Fitt ing results for the two shells of  [Co(NH3)sC]] + 

Obviously fit 1 is the best : the F-test gives him a probability of 
95%. It is the wrong one because letting the number of nitrogen 
to vary, we have permitted the fit to fall in the so-called << false 
minimum trap , (Michalowicz, 1998), particularly dangerous in 
this case because of a mixing of two shells (N and CI) having 
opposite phases. This solution provides false number of 
neighbours, false Debye-Waller factors, false distances and 
doubtful AEo for a model based on FEFF phase shifts. Although 
it is quite easy to avoid this trap (Michalowicz, 1998), it is clear 
that in such a case, the F-test is totally powerless. This example 
illustrates the tact that << goodness of fit >>, even evaluated by 
quantitative tests, is not an absolute criteria that a model is 
acceptable. The only valuable limits in EXAFS parameters 
variations should be physical and chemical limitations. Statistical 
tests are unable to decide if a << good fit >> lies within these limits 
or not. 
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