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X-ray phase-contrast imaging has emerged as an important method for

improving contrast and sensitivity in the field of X-ray imaging. This increase

in the sensitivity is attributed to the fact that, in the hard X-ray regime, the phase

shift is more prominent as compared with the attenuation for materials having a

low X-ray absorption coefficient. Among all the methods using the X-ray phase-

contrast technique, in-line phase-contrast imaging scores over the other

methods in terms of ease of implementation and efficient use of available

X-ray flux. In order to retrieve the projected phase map of the object from the

recorded intensity pattern, a large number of algorithms have been proposed.

These algorithms generally use either the transport of intensity or contrast

transfer function based approach for phase retrieval. In this paper it is proposed

to use multiple wavelengths for phase retrieval using the contrast transfer

function based formalism.
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1. Introduction

The conventional absorption-based X-ray imaging techniques

suffer from the drawback of low sensitivity to small density

variations and low X-ray absorption contrast for materials

such as polymers, foam and carbon composites. X-ray phase-

contrast imaging has emerged as a new tool in probing such

kinds of materials. These techniques can offer up to a 1000-

fold increase in sensitivity with hard X-rays. A large number of

techniques and methods have been developed to obtain the

phase contrast (Wilkins et al., 1996; Momose, 2003; Bonse &

Hart, 1965; Chapman et al., 1997; David et al., 2002; Snigirev et

al., 1995; Pfeiffer et al., 2006; Cloetens et al., 1996) using hard

X-rays. Among these the propagation-based technique offers

a unique advantage in terms of its simplicity and ease of

implementation. In this method, phase contrast is achieved

by allowing a spatially coherent X-ray beam to propagate a

sufficient distance in free space after the object. The contrast

in the recorded image depends upon parameters such as X-ray

wavelength, propagation distance, complex refractive index,

etc. The transport-of-intensity equation shows (Teague, 1982,

1983) that variables, namely the phase shift induced by the

sample, the contrast recorded at the detector and the sample-

to-detector distance D, are related by a simple differential

equation. This equation can be easily solved using suitable

boundary conditions to retrieve the projected phase map or

refractive index of the material (Nugent et al., 1996; Gureyev

& Nugent, 1997; Barty et al., 1998; Paganin & Nugent, 1998).

This technique in turn can be coupled with conventional

tomography methods to find the full volume or the three-

dimensional distribution of refractive index of the material

(Bronnikov, 2002; Groso et al., 2006). More complicated

phase-retrieval algorithms to facilitate accurate retrieval of

the phase have also been proposed (Gureyev, Pogany et al.,

2004; Meng et al., 2007; Allen & Oxley, 2001). These algo-

rithms relax some of the constraints of the transport-of-

intensity equation and tend to be more stable, and are valid for

a large class of samples and large propagation distances. In this

paper we investigate the use of a multi-wavelength-based

phase-retrieval approach for quantitative phase retrieval. The

motivation for the present work comes from an earlier

proposed multi-wavelength approach to retrieve the phase

distribution using the transport of intensity equation (Gureyev

et al., 2001). The robustness of this method has already been

demonstrated within the framework of the transport-of-

intensity equation (Gureyev et al., 2002; Gureyev, Paganin et

al., 2004). We propose to investigate this approach to retrieve

the projected phase map for contrast transfer function (CTF)-

based methods. The multi-wavelength approach seems to be

more attractive for retrieving the phase map for CTF-based

phase-retrieval methods as compared with the transport-of-

intensity approach. The major reason for this is that in the

transport-of-intensity approach, in order to retrieve the phase,

one needs to collect data at two different object-to-detector
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distances. However, the projected phase map of the object in

CTF-based methods is retrieved by collecting data at different

object-to-detector distances and then processing the data

using suitable algorithms. This approach is akin to least-

squares minimization with respect to distances. The change in

object position results in the misalignment of the acquired

images (linear and angular) and hence one has to again align

all the data before actual computation. Thus it not only

increases the computational complexity but also decreases the

efficiency of the CTF-based phase-retrieval techniques. The

complexity of this approach increases if one has to obtain a

full three-dimensional distribution of the refractive index of

the object (Cloetens et al., 1999). In this case such a process

has to be repeated for every angle for which the data have

been collected. In contrast to the variable-distance approach,

the multi-wavelength approach does not involve any motion

of the sample or detector. Moreover, the change in wavelength

can be made more precisely and easily owing to the avail-

ability of high-quality X-ray monochromators. Thus by using

the multi-wavelength approach the requirement of motion of

detector or sample and associated problems such as mis-

alignment of images is obviated. This would not only decrease

data collection time but also reduce the complexity of the

retrieval process.

In this paper we demonstrate the suitability of this approach

for phase retrieval of weakly absorbing material using simu-

lated and experimental data.

2. Method of the CTF-based phase-retrieval approach

Let us consider an object with complex refractive index nðr; �Þ
= 1� �ðr; �Þ � i�ðr; �Þ where r = ðx; zÞ, x = ðx; yÞ. Let this be

illuminated with coherent X-rays of wavelength �. The weak

interaction of X-rays with the object allows us to neglect the

diffraction effects within the object, and its transmission

function can be modeled as

TðxÞ ¼ aðxÞ exp½i’ðxÞ� ¼ exp½M þ i’ðxÞ�

where M = �ð2�=�Þ
R
�ðx; z0; �Þ dz0 is the attenuation and ’ =

�ð2�=�Þ
R
�ðx; z0; �Þ dz0 represents the phase shift.

In the in-line phase-contrast imaging, the contrast is

obtained due to the free-space propagation of the beam which

transforms phase variations in the object plane into detectable

intensity variations in the image plane. Depending upon the

distance between the detector and the object, one can classify

the region as the near-field region and far-field region. In the

near-field region the recorded pattern is very similar to the

exit wavefield convolved with the free-space propagator or the

Fresnel propagator ð1=i�zÞ exp½ið�=�zÞjx0j2Þ�. Mathematically

the intensity at the distance z from the object plane is

described by the following equation,

Iz ¼ Tðx0Þ � ð1=i�zÞ exp i �=�zð Þ x0
�� ��2h i��� ���2: ð1Þ

The Fourier transform of the intensity pattern in the detector

plane can be expressed as [(Guigay, 1977)]

~IIzðfÞ ¼

Z
T x�

�zf

2

� �
T� xþ

�zf

2

� �
expð�i2�x � fÞ dx; ð2Þ

where f = ð fx; fyÞ are the spatial frequency co-ordinates, x � f

denotes the scalar product, and z is the distance between the

object and detector.

Under the assumption of weak absorption and slowly

varying phase [MðxÞ � 1 and j’ðx + �zfÞ � ’ðx � �zfÞj � 1],

equation (2) can be simplified to (Turner et al., 2004; Zabler et

al., 2005; Guigay et al., 2007)

~IIðfÞ ¼ ~��ðfÞ þ 2 sinð��z fj j2Þe’’ðfÞ � 2 cosð��z fj j2Þ
�z

2�
eMMðfÞ; ð3Þ

where e’’ represents the Fourier transform of the bracketed

quantity ’, eMM represents the Fourier transform of the

absorption, and ~IIzðfÞ is the Fourier transform of the intensity

at distance z. This equation can be solved in the sense of least-

squares minimization by collecting the data at various

distances using the following equation (Langer et al., 2008),

e’’ðfÞ ¼ 1

2ðBC � A2Þ

h
C
X

z

~IIzðfÞ sinð��z fj j2Þ

� A
X

z

~IIzðfÞ cosð��z fj j2Þ
i

ð4Þ

where

A ¼
X

z

sinð��z fj j2Þ cosð��z fj j2Þ;

B ¼
X

z

sin2
ð��z fj j2;

C ¼
X

z

cos2
ð��z fj j2Þ:

3. Multi-energy approach for the weak absorption case

The solution of equation (3) was achieved by collecting data at

different distances and then processing the data. In order to

derive the formulation based on the multiple-wavelength

approach, we make a few approximations. It is assumed that

the data are collected away from the absorption edge of any

material that may be present in a given material. The depen-

dencies of the real and imaginary parts of the complex

refractive index on the wavelength of the incident radiation in

the absence of absorption edges between � and �0 for any

elements present in the sample are assumed to follow the

following relation (Arndt & Willis, 1966),

�ðr; �Þ ¼ �=�0ð Þ
4
� r; �0ð Þ; ð5Þ

�ðr; �Þ ¼ �=�0ð Þ
2
� r; �0ð Þ: ð6Þ

It may be noted that these relations hold good in the X-ray

energy region where photoelectric effects dominate. Hence

the following results may not be applicable where these

relations do no not hold good. When the above conditions are

satisfied, then the following relation between the absorption

and phase at these two different wavelengths exists,
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’ðr; �Þ ¼ �=�0ð Þ’ r; �0ð Þ; ð7Þ

Mðr; �Þ ¼ �=�0ð Þ
3
M r; �0ð Þ: ð8Þ

Now consider equation (3). Let us assume the data have been

collected at the wavelength �1 , having phase ’1 and absorp-

tion coefficient M1,

~II�1ðfÞ ¼ ~��ðfÞ þ 2 sinð��1z fj j2Þe’’1ðfÞ � 2 cosð��1z fj j2ÞeMM1ðfÞ:

ð9Þ

Similarly let the data be collected at the wavelength �2 , with

phase shift ’2 and absorption coefficient M2,

~II�2ðfÞ ¼ ~��ðfÞ þ 2 sinð��2z fj j2Þe’’2ðfÞ � 2 cosð��2z fj j2ÞeMM2ðfÞ:

ð10Þ

By virtue of equations (7) and (8), equation (9) can be written

in terms of the parameters eMM1 and e’’1 as follows,

~II�2ðfÞ ¼ ~��ðfÞ þ 2� sinð��2z fj j2Þe’’1ðfÞ � 2�3 cosð��2z fj j2ÞeMM1ðfÞ;

ð11Þ

where � = ð�2=�1Þ. Thus there exists a definite relationship

between the intensities at different wavelengths as defined

by (11). Hence by collecting the data at different wavelengths

one can again solve (3) by minimizing it with respect

to the wavelength, i.e. min
P

� j2� sinð��z fj j2Þ ~’’ðfÞ �

2�3 cosð��z fj j2ÞeMMðfÞ � ~II�ðfÞj
2 for the data collected at

different wavelengths. This gives the following equation,

Fð’1ÞðfÞ ¼
1

2ðB0C0 � A02Þ

h
C0
P
�

~II�ðfÞ sinð��zjfj2Þ�

� A0
P
�

~II�ðfÞ cosð��zjfj2Þ�3
i
; ð12Þ

where

A0 ¼
P
�

�4 sinð��z fj j2Þ cosð��z fj j2Þ;

B0 ¼
P
�

�2 sin2
ð��z fj j2Þ;

C0 ¼
P
�

�6 cos2ð��z fj j2Þ:

This equation is very similar to equation (4) except for

wavelength-dependent weight factors. This equation was used

to retrieve the distribution of the projected phase map in the

subsequent sections.

We have carried out some simulation studies to validate the

correctness of this approach. A mathematical phantom as

shown in Fig. 1(a) was simulated as an example of a weak

phase object. The data were simulated to have a pixel pitch of

1 mm and 256 � 256 pixels were constructed. The maximum

phase shift was restricted to [0, �1] rad for the simulated data.

First we use equation (4) which relies on the variable-distance
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Figure 1
(a) Simulated phantom for illustration of the phase-retrieval approach. (b) Retrieved phase map using the variable-distance approach. (c) Retrieved
phase map using the multi-wavelength approach. (d) Retrieved phase map using the multi-wavelength approach with 0.2% additive noise. (e) Retrieved
phase map using the multi-wavelength approach with 0.5% additive noise. ( f ) Plot of normalized-mean square error (NMSE) (%) as a function of peak-
to-peak signal-to-noise ratio (PPSNR) (dB).



approach for retrieving the phase from the simulated Fresnel

diffraction. The Fresnel diffraction pattern was simulated

[using equation (1)] for object-to-detector distances of 5 mm,

10 mm, 15 mm and 20 mm. Fig. 1(b) shows the retrieved phase

map using the variable-distance approach. Fresnel diffraction

at three different energies, E = 16 keV, 18 keVand 20 keV, was

simulated and the phase map was retrieved using the variable-

wavelength approach (Fig. 1c). It can be seen that the phase

retrieved using the multi-wavelength approach is in agreement

with the existing variable-distance approach.

We have also tested the phase-retrieval technique by adding

white noise with zero mean to the simulated phase-contrast

images. The simulations were repeated by adding 0.2% and

0.5% noise to the simulated phase-contrast images and then

the multi-energy phase-retrieval method was applied. The

results of the retrieved phase map are shown in Figs. 1(d) and

Fig. 1(e). The technique of Tikhonov regularization (Tikhonov

& Arsenin, 1977) was applied to these data so as to reduce the

effect of noise. These results show that, in order to retrieve the

phase map using this technique, very good signal-to-noise

ratio is required. A plot of the normalized-mean square error

(NMSE) (%) as a function of peak-to-peak signal-to-noise

ratio (PPSNR) (dB) is shown in Fig. 1( f) to highlight the

influence of noise in the reconstruction process

4. Experimental results

We have used the SYRMEP beamline at Synchrotron Trieste

(Italy) (Nugent et al., 1996) for these studies. This is a third-

generation synchrotron facility, which can run at 2.0 or

2.4 GeV with a maximum ring current of 320 or 140 mA,

respectively. The cross-sectional dimensions of the electron

bunches circulating in the storage ring are approximately

1100 � 140 mm (full width at half-maximum). A monolithic

channel-cut Si (111) crystal is used to choose the monochro-

matic X-rays from the incoming white beam. A monochro-

matic beam, within the energy range 8–35 keV and an energy

resolution of about 0.2%, is thus available in the experimental

area. The beamline is characterized by a large source-to-

sample distance of 22 m, a monochromatic laminar-section

X-ray beam with a maximum area of 120 � 4 mm. The

provision to vary sample-to-detector distances up to 1.8 m is

available for the in-line phase-contrast imaging experiments.

A CCD detector and fiber-optic combination having an

effective pixel pitch of 4. mm were used for collecting high-

resolution phase-contrast images.

Silicon aerogel was chosen as a low-absorption sample for

application of the multi-wavelength formulation. Silicon

aerogel with fibrous structure was prepared to study the

wavelength-based approach for phase retrieval. These aero-

gels have some very interesting properties such as low density,

high strength, etc. They are used to produce clean fuels, to

insulate windows and even clothing, to study the percolation

of oil through rock, and as drug-delivery systems. Fig. 2 shows

a phase radiograph of the sample at different energies. The

object-to-detector distance was kept at z = 50 cm. It can be

seen from Figs. 2(a)–2(c) that, as the energy of the X-ray

increases, the edge contrast decreases. This is in accordance

with the fact that the phase shift decreases with increase in

energy. Moreover, even with the flat-field correction, the effect

of an inhomogeneous background owing to a beryllium

window was not properly corrected. The noticeable variation

in background across the image can be seen in these phase

radiographs.

The phase radiographs at three different energies (E =

16 keV, 18 keV and 20 keV) were used as input to equation

(12). The retrieved projected phase profile is shown in Fig. 3.
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Figure 2
Phase radiographs of the fibrous structure within silicon aerogel at E = (a)
16 keV, (b) 18 keV and (c) 20 keV.



As reported in the simulation, the quality of reconstruction

critically depends upon the signal-to-noise ratio. In this

experiment we could not properly remove the effect of

inhomogeneous absorption of the beryllium window, thereby

achieving a poor signal-to-noise ratio, which resulted in an

inhomogeneous variation of the background in the recon-

structed image. However, the major features such as fiber

structures can be easily recognized and located. This experi-

ment shows that within the framework of the CTF-based

approach one can retrieve the projected phase map using the

multi-wavelength-based formulation. This method can be used

as an alternative approach to the existing method of phase

retrievals when variations with respect to different distances

are difficult to perform, owing to constraints of the experi-

mental set-up, and retrieval of the phase information is

important.

5. Conclusion

We have proposed a variable-wavelength-based phase-

contrast approach for retrieving the phase of weakly

absorbing objects using a CTF-based formulation. This

approach helps to eliminate any motion of the sample, thereby

eliminating any misalignment during data collection, and thus

making it more computationally efficient. This approach may

also be useful in phase retrieval using other sources of

radiation where the option of change of the wavelength of

radiation exists.

This work was carried out under ICTP-ELETTRA (Trieste)

proposal No. 2006667 at the SYRMEP beamline. The authors

are grateful to Giuliana Tromba, Fulvia Arfelli, Luigi Rigon

and Diego Dreossi for their help during the experiment.
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Figure 3
Retrieved phase map of the fibrous structure of silicon aerogel using the
multi-wavelength approach.
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