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Analyzer-based imaging has improved tissue X-ray imaging beyond what
conventional radiography was able to achieve. The extent of the improvement is
dependent on the crystal reflection used in the monochromator and analyzer
combination, the imaging photon energy, the geometry of the sample and the
imaging detector. These many factors determine the ability of the system to
distinguish between various bone tissues or soft tissues with a specified statistical
certainty between pixels in a counting detector before any image processing.
The following discussion will detail changes in the required number of imaging
photons and the resulting surface absorbed dose when the imaging variables are
altered. The process whereby the optimal imaging parameters to deliver the
minimum surface absorbed dose to a sample while obtaining a desired statistical
certainty between sample materials for an arbitrary analyzer-based imaging
system will be described. Two-component samples consisting of bone and soft
tissue are discussed as an imaging test case. The two-component approach will
then be generalized for a multiple-component sample.

Keywords: analyzer-based imaging; diffraction enhanced imaging; multiple image

radiography.
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1. Introduction

The analyzer-based imaging (ABI) method was pioneered by
diffraction enhanced imaging (DEI) (Chapman et al., 1997)
and was later expanded to include multiple image radiography
(MIR) where three or more images are required and ultra-
small-angle scattering information about the sample becomes
available (Rigon et al., 2007). The additional sensitivity to
density changes provided by the ABI method has enabled soft
tissue imaging that would not be possible or would be dose
prohibitive with conventional absorption imaging. The level of
soft tissue contrast enhancement and dose reduction when
measuring with the ABI method depends on the crystal
refection used, the average refraction angle deviation of the
incident X-rays, the imaging photon energy, and the imaging
detector properties. Studies on human breast tissue using ABI
have indicated a 15-fold reduction in X-ray dose when imaging
at 30 keV while still obtaining a comparable or superior image
than achievable with conventional absorption radiography at
18 keV (Pisano et al., 2000; Keyrildinen et al., 2005). In addi-
tion to soft tissues, recent studies examining bone tissues with
the ABI method have enabled the visualization of micro-
architecture that is not discernible in dual-energy X-ray
absorptiometry (DEXA) imaging and may lead to more
accurate estimates of bone density and bone strength in
osteoporotic patients while delivering less dose than DEXA
systems (Cooper et al., 2011a,b). The following discussion

describes how to optimize an ABI system for imaging biolo-
gical tissues and minimize the surface absorbed dose delivered
to patients or samples.

1.1. Refraction of X-rays

In the diagnostic X-ray energy range the refractive index of
a material may be expressed as n = 1 — § 4+ iB. The § term is
the real refractive index correction, which determines the
refraction angle deviation that occurs at the interface between
heterogeneous materials. The g term is the imaginary refrac-
tive index correction, which determines the amount of
attenuation that occurs through a material. The real part of
the refractive index correction is calculated by
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where r. is the classical electron radius (7. = 2.818 x 10~"° m),
A is the X-ray wavelength, p, is the electron density of the
target material, u is the atomic mass unit, Z is the atomic
number of the target material, A is the atomic mass of the
target material, and p is the mass density of the target material
(Als-Nielsen & McMorrow, 2001). For a composite object with
n elements, (1) is used in a summation over all the components
resulting in
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Af = (8, — &,) tan 6, Figure 1

1 722 Physical properties for soft tissue, adipose tissue, skeletal muscle and compact bone. (a) Real
~_ ¢ (p, — py)tan6,, (3) refractive index corrections. (b) Photoelectric cross sections. (c) Incoherent scattering cross
4 sections. (d) Coherent scattering cross sections.

where A0 is the refraction angle devia-

tion, §; , is the real refractive index correction for the first and
second material, respectively, p; , is the mass density of the
first and second target material, respectively, and 6, is the
angle of incidence of the photon at the material interface
measured from the surface normal. On the right-hand side of
(3) the real refractive index correction terms have been
replaced by mass density terms using (1).

1.2. Tissue compositions and cross sections

To determine the surface absorbed dose associated with
either ABI or absorption-based imaging, where discerning the
difference between biological tissues to a desired statistical
certainty is the objective, a detailed understanding of the
tissue composition is required. Lists of the elemental compo-
sition of soft tissue, adipose tissue, skeletal muscle and
compact bone with fractions by weight are available from
NIST.! The real refractive index correction may be calculated
for these tissues using (1) and (2) and are plotted from 15 to
85 keV in Fig. 1(a).

The photoelectric absorption cross section, incoherent
scattering cross section and coherent scattering cross sections
were taken from NIST? and are plotted in Figs. 1(b)-1(d). The
cross section in barns may be calculated from (Leo, 1994)

N
ﬁ:fd, )
0

where 1t/ p is the mass attenuation coefficient for the specific
interaction, N, is Avogadro’s number, and o is the interaction

IStar database, National Institute of Standards and Technology,
Gaithersburg, Maryland, USA; http://physics.NIST.gov/cgi-bin/Star/compos.
gl?matno:OOl.
XCOM database, National Institute of Standards and Technology,
Gaithersburg, Maryland, USA; http://www.NIST.gov/pml/data/xcom/index.
cfm.

cross section in barns. The total mass attenuation coefficient is
the sum of all three interactions and is denoted w/pr. The
total linear attenuation coefficient is equal to the total mass
attenuation coefficient multiplied by the mass density and is
denoted pr. To be able to determine the surface absorbed
dose delivered to a sample during X-ray imaging the absorbed
energy mass attenuation coefficient is needed and is equal to
the sum of the photoelectric absorption cross section and the
absorption portion of the incoherent scattering cross section.

1.3. Darwin widths of crystal reflections

Each crystal reflection at a particular photon energy has a
unique width of the double-crystal rocking curve. For the same
crystal lattice the rocking curve becomes progressively
narrower going to higher-order reflections, and for the same
reflection higher-energy photons will have narrower rocking
curves associated with them than lower photon energies. This
means that the slope on the side of the rocking curve is greater
in magnitude for higher-order reflections and larger photon
energies and this smaller rocking-curve Darwin width corre-
sponds to an increased sensitivity to X-ray angle deviations.
For silicon crystals in the Bragg diffraction condition the
Darwin width of four common reflections are plotted in Fig. 2
(James, 1962; Zachariasen, 1945).

The value of the Darwin width is calculated from

_ 2hcr, dhk1|Fhkl|
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where /i is Planck’s constant, ¢ is the speed of light in a

vacuum, r, is the classical electron radius, hkl are the Miller

indices of the crystal reflection, d,;, is the crystal lattice

distance parameter for the hkl reflection, F,, is the structure
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Figure 2
FWHM of the double-crystal rocking curve for common ABI silicon
crystal reflections. (a) Si(1,1,1); (b) Si(2,2,0); (c) Si(4,4,0); (d) Si(3,3,3).

factor for the hkl reflection, E is the photon energy, V, is the
volume of the unit cell, and 6 is the Bragg angle.

1.4. Detector properties

The area detectors considered in the following discussion
are taken to be ideal with independent pixels that possess
Poisson statistical characteristics and no inherent background
noise. The detective quantum efficiency (DQE) is defined as «.
For a given number of incident quanta over the surface area of
the detector (N,)) the average number that interact will be N =
aN,, where N, is the mean value or expectation value of N,,.
The gain of the detector is assumed to be unity so that the
mean output signal of the detector, which is given by d =
gaN,, equals the average number of quanta that interact
(Cunningham, 2003; Zanella, 2002). For such an ideal detector
with a beam of monochromatic X-rays incident on it the DQE
of the detector will be approximated by the quantum effi-
ciency of the detector given by

_ UE)/ Pea w*(E)
gy = m |:1 — exp <— or Pdet tdet)]’ (6)

where u%(E)/p,, is the energy absorption mass attenuation
coefficient for the detector scintillation layer as a function of
energy, u%'(E)/ p; is the total mass attenuation coefficient for
the detector scintillation layer as a function of energy, pg. 1S
the mass density of the detector scintillation layer, and #,, is
the projected thickness of the detector scintillation layer. As
an example a detector with a 50 um-thick layer of Gd,O,S is
considered. The fraction of incident X-rays arriving at the
detector which will contribute to the image is calculated using
(6) and plotted in Fig. 3(a) from 15 to 85 keV. Hence the
number of incident X-rays should be increased by the inverse
of the DQE (Fig. 3b) to result in the expected number of
X-rays contributing to the image. To obtain values for a
particular system both the required imaging photon flux and
the resulting surface absorbed dose calculated in the following
section would need to be adjusted for the detector background
noise, DQE and gain.

2. Method

To find the minimum surface absorbed dose to statistically
distinguish between two different tissues with a 1o certainty
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(a) The fraction of X-rays incident on the detector resulting in absorbed
energy for a 50 mm-thick layer of Gd,0,S as a function of photon energy.
This is an approximation of the ideal detector’s DQE. (b) Inverse of (a)
and the DQE correction factor when determining the required number of
incident X-rays.

between pixels before image processing, where one pixel has
an embedded object in the path and the other does not, an
understanding of the geometry of the sample is required. The
case that will be considered is a 1 mm-thick piece of adipose
tissue, soft tissue or bone embedded in the middle of a 5 cm
piece of soft tissue or adipose tissue. These tissue thicknesses
are chosen to correspond to common working distances for
research using animal models utilizing rats and small animals.
For ABI imaging an average angle of incidence at the
boundary interface between the two sample materials is
assumed to be 45° so that tan 6 = 1. All other angles may then
be determined from this case by multiplying by the appro-
priate angle factor. For conventional absorption-based
imaging no propagation phase contrast is assumed and the
angle of incidence at the boundary is not important, only the
total path lengths through the materials (Fig. 4). Poisson
statistical errors are used throughout the analysis so that the
square root of the photon count in each pixel is the standard
deviation.

2.1. Absorption imaging

For the sample geometry shown in Fig. 4 the equation giving
the minimum incident number of photons on the sample per
pixel area allowing the embedded tissue to be resolved with a
1o statistical certainty using absorption imaging at the thickest
part is given by solving (7). If the embedded material has less
stopping power than the surrounding material then the sign of

]. Synchrotron Rad. (2013). 20, 405—412

Brian E. Bewer -

407

Optimization of analyzer-based imaging systems



research papers

t
H
—> oo {EEEEEE. >
No -
e N e m————— >
A1
<>
Material with ooP1 t, Material with 2=.p;

Figure 4

Geometric configuration of a theoretical sample. For ABI the angle with
respect to the incident photon at the density change is important, whereas
only the total path lengths through the materials are important for
absorption imaging.

the last term in (7) is positive. If the embedded material has
more stopping power than the surrounding material then the
sign of the last term in (7) is negative,

abs [ —H
Ng° exp|:— —py(ty — tz)] €xp <— Pztz) =
01 02

—i —u 12
NG exp <_ P1t1> + |:N8hs exp (_ /01t1>:| . (D
01 01

where u/p, , is the total mass attenuation coefficient for the
first and second material, respectively, o, , is the mass density
of the first and second material, respectively, ¢, , is the thick-
ness of the first and second material, respectively, and N3% is
the minimum incident number of photons on the sample that
allows the embedded tissue to be resolved with a 1o statistical
certainty using absorption imaging. Using a monochromatic
beam the value of Ni® would equal the fluence or photon
fluence from which energy fluence and other radiographic
quantities can be calculated (Johns & Cunningham, 1983).
Regardless of which sign is chosen in (7) the resulting
number of required photons per pixel is the same and is given
by (8). The value of N2> calculated by (8) will always be
multiplied by a factor of five in the following discussion to
account for the use of a crossed anti-scatter grid with a ratio of
8, which is common for high-contrast absorption radiographic
images (Hendee & Ritenour, 2002). These grids, when used in
contact between the sample and imaging plate, allow only
X-rays that have been deviated by 7.2° or less to pass through,

Ny™ = eXP[_(M/M)Plll]
/{ eXP[_(M/Pl)Pl(H - [2)]26XP[_(M/102):025]2
- 2exp[_(ﬂ/:01)/01(tl - tz)] eXP[_(M/pz)Pztz]

X eXp[_(N«/Pl)P1t1] + CXP[_(H/M)PM]Z}‘ (8)

2.2. Analyzer-based imaging

The equation giving the minimum number of incident
photons on the sample per pixel area allowing the embedded
tissue to be resolved with a 1o statistical certainty for the
sample shown in Fig. 4 at the thickest part using ABI is given
by (9) (see Appendices A and B),

NPE! = {R(6,,)/I(dR/d6)AG])’
1 1
) eXP{_[(M/M)Pl(H —t)+ (M/Pz)ﬂzlz]} R(el/z)

.(9)

For ABI, when the linear side regions of the rocking curve
are used, the value of dR/df may be approximated as
1/wp =2 1/FWHM for the various crystal reflections (Fig. 2).
ABI measurements using points on the rocking curve other
than the half-intensity positions would require the crystal
reflectivity values used in (9) to be changed to the new posi-
tion, R(0; ,) — R(9;). Lastly, the average angle of incidence of
45° assumed earlier results in AQ = AS = (1/47m)(r. A /u)Ap as
indicated by (3).

2.3. Calculation of the number of required photons

Using (8) and (9) the number of incident photons on the
sample required per pixel area to obtain a raw image with a 1o
statistical variation between tissues was found for bone
embedded in soft tissue, bone embedded in adipose tissue,
adipose tissue embedded in soft tissue, and soft tissue
embedded in adipose tissue [Figs. 5(a)-5(d)]. The thickness
of the embedded material was taken to be 1 mm and the
surrounding tissue was taken to be 5 cm. The embedded tissue
was assumed to be in the middle of the surrounding tissue.

Fig. 5 indicates that using a low-order silicon crystal
reflection with the ABI technique will not result in a signifi-
cantly lower number of required incident X-rays compared
with absorption-based imaging using a crossed anti-scatter
grid with a ratio of 8. However, the difference in incident
photons required between the two lower silicon reflections
and the two higher-order reflections is approximately an order
of magnitude for the entire 15-85 keV energy range and shows
the benefit of a narrower rocking curve with additional
sensitivity to angle deviations.

It can be seen in Fig. 5 that the minimum number of photons
required takes place towards the lower imaging energies. This
may seem counter-intuitive as less absorption would occur in
the sample at higher energies and the Darwin width of each
crystal reflection progressively decreases towards higher
photon energies giving more sensitivity to refraction angle
deviations in the sample. However, the gains from less sample
absorption and a narrower rocking curve is offset by the real
refractive index correction for each material becoming smaller
at higher energies which is proportional to 1/E? as shown in
(3). The change in the crystal reflection Darwin width by
comparison is proportional to 1/E as shown in (5), and Fig. 1
indicates that after 25 keV the dominant photon interaction
is incoherent scattering which is approximately proportional
to 1/E. Therefore any further reductions in photoelectric
absorption at higher energies will not reduce the required
number of incident photons for imaging.

The values in Fig. 5 are for an ideal detector and would be
modified for a true system by the background noise, DQE and
gain values of the detector used during measurements. A
change between different detectors will alter the value of the
ideal imaging energy for that system.
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Number of incident photons on the sample required per pixel area to distinguish between the
embedded object and the surrounding material with a 1o statistical certainty. The presented values
are for an ideal detector with zero background noise and unity DQE and gain at all energies. (a)
1 mm of bone embedded in 5 cm of soft tissue. (b) 1 mm of adipose tissue embedded in 5 cm of soft
tissue. (¢) 1 mm of bone embedded in 5 cm of adipose tissue. (d) 1 mm of soft tissue embedded in
Scm of adipose tissue. (1) Absorption-based imaging using a crossed anti-scatter grid and no
propagation phase-contrast enhancement; (2) ABI using Si(1,1,1); (3) ABI using Si(2,2,0); (4) ABI

using Si(4,4,0); (5) ABI using Si(3,3,3).

2.4. Dose calculations

The X-ray imaging surface absorbed dose in kGy is calcu-

lated using

_ NoEpn 14(Epn)

DS
A

p,  (10)

ea

where N, is the incident photon count
calculated from (8) or (9), E, is the
energy of the incident photons in Joules,
and A is the area and is defined by the
detector pixel size in this discussion.

When the embedded material is
similar in density to the surrounding
material the entrance dose will be the
highest-dosed surface. When a dense
material is embedded in a lighter
material the entrance dose may not
necessarily be the most highly dosed
surface. In these cases the entrance dose
and the surface between the lighter
material and denser embedded material
should both be examined to determine
which receives the highest dose.

Using the number of incident
photons on the sample per pixel area
plotted in Fig. 5, the absorbed energy
mass attenuation coefficient as a func-
tion of energy, the mass density for soft

tissue and a detector pixel size of 20 um,
the resulting surface absorbed dose
values in mGy are shown in Fig. 6. The
dose values given in Fig. 6 are for a
single image using the number of
photons calculated from (9) for
absorption imaging and double the
number of photons given in (10). This
doubling is because the ABI method
requires two images, one at each of the
half-intensity points on the rocking
curve, to solve for absorption and
refraction images. For 1 mm of compact
bone embedded in the middle of 5 cm
of soft tissue the bone surface is the
highest-dosed surface above an imaging
energy of 18.5 keV. For 1 mm of bone
embedded in the middle of 5cm of
adipose tissue the bone surface is the
highest-dosed surface over the entire
image energy range considered. For the
two other cases the entrance surface is
always the highest-dosed surface.

Fig. 6 indicates that for bone
embedded in soft tissues there are only
small differences in the delivered
maximum surface absorbed dose in
the 40-80 keV photon energy range.

However, when only soft tissues are involved there is a clear

minimum that occurs in the 35-50 keV photon energy range.

Thus the Gd,O,S detector discussed in §1.4 would be suitable

= :
& 10000 @
P 1oo.o§ 1
o
() \ . 2)
§ 1vo&3) .
AN
ool 9
15 25 35 45 55 65 75 85
Photon Energy (keV)
=
S ®)
~ 10000 ¢ 3
(0]
(2] i
& 1000} :
2 '\ N
s) 3) /
(;_:% 100 ) 5
e
k A———
% 10 5) -
=
15 25 35 45 55 65 75 85
Photon Energy (keV)
Figure 6

5
£ 100.0 (©)4
@
[
S8 100
@
Q
o
= 1.0
2]
§ 0.1 R T T

15 25 35 45 55 65 75 85

Photon Energy (keV)

3 10000
]
£ C))
® 1000F E
[¢]
= \ 2L /
g 100§\ 3) v E
T w 4
) oF N~ 5) 1
; :
=

15 25 35 45 55 65 75 85
Photon Energy (keV)

Maximum surface absorbed dose resulting from imaging using the incident photon flux numbers
from Fig. 5. (a) 1 mm of bone embedded in 5 cm of soft tissue. (b) 1 mm of adipose tissue embedded
in 5 cm of soft tissue. (¢) 1 mm of bone embedded in 5 cm of adipose tissue. (d) 1 mm of soft tissue
embedded in 5 cm of adipose tissue. Imaging method: (1) absorption imaging using a crossed anti-
scatter grid and no propagation phase-contrast enhancement; (2) ABI using Si(1,1,1); (3) ABI using
Si(2,2,0); (4) ABI using Si(4,4,0); (5) ABI using Si(3,3,3).
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for bone imaging around 50 keV, and would perform reason-
ably well for soft tissue imaging at the same energy for the
example sizes considered.

3. Discussion and conclusions

In the previous sections the analysis determined the number
of incident photons on the sample required per pixel area for a
1o statistical difference in the raw image between a pixel with
the embedded object in the path and a pixel with only the bulk
material in the path. The associated surface absorbed dose
value for both conventional absorption-based imaging and
ABI imaging where the average angle of incidence of the
photons on the surface boundary is 45° was determined. It
should be noted that both the apparent absorption image and
the refraction angle image from the ABI method require
either the sum or the difference of the two raw images, each of
which has 1o statistical variation between tissues. This post-
image processing of the raw data would result in an image
which has less than the original statistical significance by a
factor of 1 /«/f between the embedded tissue and the
surrounding soft tissue. However, all ABI images benefit from
microradian-level scatter rejection compared with 7.2° in
absorption imaging using a crossed grid with ratio of 8. To find
the number of incident photons needed for 2o statistical
certainties we need only solve equations (7) and (18) for twice
the Poisson standard deviation. Bringing this factor of two
inside the square-root term reveals that for 2o statistical
certainty four times the 1o value is required. In general, if an
no statistical certainty is desired between pixels with the
embedded object in the path and those without them, n’N,
X-rays are needed, where N, is the 1o incident number of
X-rays. The surface absorbed dose will also change by the
same n® factor whenever the incident number of X-rays
changes by n%

For ABI a change of the refraction angle deviation term by
integer multiples has an n? effect on the required number of
incident photons. Depending on the geometry of the sample it
may be valid to assume a different value for the average angle
of incidence at the material boundary in the ABI analysis. As
Kiss et al. (2003) demonstrated, if the object of interest is
cylindrical and the curvature of the cylinder is in the diffrac-
tion plane, then the net refraction angle deviation through the
cylindrical object would be doubled. This doubling of the
average 6 value, either by changing 6 from 45° to 63.4° or by
two refractions at 45°, results in twice the refraction angle
deviation,

AB = Adtan 63.4° = 2Atan 45°. (11)

The number of photons required per pixel to achieve the
original level of statistical certainty with this new refraction
angle deviation would then be four times less than before. If
the same number of photons per pixel is used anyway, then the
resulting image would have double the statistical certainty
between pixels with the embedded object in the path and
those without. One of the consequences of relying on larger
refraction angle deviations to achieve the desired statistical

Figure 7
The vertical size of the region where the angles of incidence are greater
than the desired average angle is given by x.

variations between pixels is that the detector pixel size
required to resolve these differences becomes smaller. Using
Fig. 7 as an example, the region on the object where the angle
of incidence measured from the surface normal (0) is greater
than the chosen average value results in a vertical projected
size that is calculable by

x(@) =r—x' =r—rcos(p) =r[l —cos(90° — 0)]. (12)

This vertical size will determine the maximum allowable
detector pixel dimension that can be used and still achieve the
desired statistical variations between materials at the calcu-
lated dose level. Since detector pixel alignment over the
desired feature cannot be assured, the size calculation in (12)
is a limit. Smaller pixel sizes would be preferable assuming the
resulting additional dose is not prohibitive. Using a detector
pixel larger than calculated in (12) could result in a portion of
the pixel being located in a region with lower than desired
X-ray signal. The final value would then be the average of the
region containing the desired signal level (or more) with the
low signal region and may result in a smaller statistical
variation between materials than intended. It should also be
noted that for an object with varying thickness the maximum
thickness (or the most highly absorbing region) should be
chosen when calculating the necessary number of incident
photons on the sample per pixel area so that the thickest or
most dense region has the desired certainty and all other
regions of the object that are less thick or less absorbing have
better than desired statistical differences.

The presented work featured only two materials in the
object, but the absorption and ABI calculations can be
generalized for a composite sample of many materials. For
ABI samples with n materials, each with a well defined real
refractive index correction, mass attenuation coefficient,
density, thickness and n — 1 boundaries between those
materials, (16) and (17) in Appendix A generalize to

- I
Niw =N, 1_[ exp(— ;P:‘E‘)
i=1 i

n—1 dR
X |:R(9¢f):|: E @A‘Si,m tan@i’i+1:|, (13).
pa)

where N y; are the measurements on the low-angle and high-
angle side of the rocking curve, respectively, N, is the number
of incident photons on the sample per pixel area, n is the
number of materials, 1t/ p; is the mass attenuation coefficient

410

Brian E. Bewer -

Optimization of analyzer-based imaging systems

]. Synchrotron Rad. (2013). 20, 405412



research papers

for the ith material, p; is the mass density of the ith material,
t; is the thickness of the ith material, R(6;) are the crystal
reflectivity values on the low-angle and high-angle side of the
rocking curve where the measurements are taken, dR/d6 is the
slope of the rocking curve at the location of a measurement,
AS4; ;. is the real refractive index difference between the ith
and (i + 1)th materials, and 6, ,,, is the angle of incidence of
the X-ray on the boundary between the ith and (i + 1)th
materials. In such an object, caution when predicting the
number of incident photons required would be needed as the
possibility of several overlapping embedded objects, some
perhaps with higher density variations than the one of interest,
are possible and will alter the ability to distinguish the desired
feature.

APPENDIX A
ABI equations

For ABI the measurement locations are the high- and low-
angle half-maximum intensity points on the rocking curve
(N, Np). This allows the assumptions R() = R(0,,) +
(dR/dO)AB, R(0, ;) = 1/2 and dR/d6 = 1/ wy, to be made, where
R(0) is the reflectivity of the crystal at the imaging photon
energy for the angle 6, 6, , is the incident angle at which the
crystal reflectivity is equal to half of the maximum, dR/d6 is
the slope of the crystal reflectivity at the location of the
measurement, and wp is the Darwin width of the crystal
reflection. The photon count measured through the ABI
system at an angle 6 with the geometry from Fig. 4 with the
above assumptions is given by

3 3
Ny =N, exp{— |:— Pty — ) + —Pztzi| }R(Q)- (14)
Py 02
Substituting for the variable R(0) results in

m m
Ny =N, eXP{_[Pl(H —b) +Pztzi|}
L1 1%

X I:R(Ql/z) + j—g AG]. (15)
The two equations for the low-angle side of the rocking curve
and the high-angle side are thus given by taking the positive
and negative sign in (15), respectively.

When the two cases of (15) are summed together, the angle
deviation terms cancel and the result is a formula to form the
apparent absorption image (apparent because scatter extinc-
tion is indistinguishable from absorption in ABI) given by

n n
Ny + Ny = 2N, eXP{_[Io_M(H —bt) +p—:02l2 }R(91/2)
1

2 4

w w11
=2N, eXP{_[—pl(ﬁ —b)+—ph }(‘)
P1 P2 2

n n
=N, eXP{_[p_ pi(ty — ) + p_Pztz] . (16)
1

2

To arrive at the formula for the refraction angle image the
difference of the low- and high-angle measurements is divided
by the sum of the two measurements and is given by (17)

where substitutions from the list of assumptions have been
used,
Ny — Ny (dR/dO)A0
N +Ny  R(6,))
_ R(Ql/Z) Ny — Ny _ @p Ny, — Ny
dR/dO N, + Ny 2 N_ + Ny~

— Af

(17)

APPENDIX B
Minimum number of photons to distinguish between
materials using ABI

To find the minimum number of photons necessary to distin-
guish an embedded tissue from the surrounding soft tissue
with a 1o statistical certainty in the pixel count using the ABI
method, we start with the condition that the refracted beam
photon count is equal to the non-refracted beam photon count
plus the square-root of the non-refracted beam photon count,

1/2
N9|9:91/2+A(9 = N9|9:91/2 + (N9|9:91/2) . (18)

Substituting (15) for the first term in (18) and rearranging
results in

dR A6 1/2
N9|9:91/2 +N9|e:91/2@m = N9|9:91/2 + (N9|9:91/2)
2
R(6,),)
Nolg—y = |———1| . 19
— 9|94}l/2 |:(dR/d9)A9 (19)

Replacing the left side of (19) with (15) and solving for N gives
the equation for the number of incident photons on the
sample needed to resolve the embedded material from the
detector pixel count with a lo statistical certainty (before
detector efficiency corrections) and is given by

N, ex & (t—t)—l—ﬂ t R(Q )_ R(91/2) ’
VP T, M TR T, 12) = | (dR/d6)AO

2

R(6,),) 1
NDEI _ |: 1/2 :|
— Ny (dR/dO)AB exp{ _[pﬁl pi(ty — 1) + 1 ,021‘2] }
1
_ 20
. R(612) 0
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