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Gaussian statistics. In the future, this approach could be extended to even
shorter time scales with the implementation of ultrafast streak cameras.
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1. Introduction

Studying fast dynamics with X-rays is of ultimate importance
in many areas of research including chemistry (Bressler et al.,
2009), condensed matter physics (Trigo et al., 2013) and atomic
physics (Young et al., 2010). The recent development of new
generation X-ray sources allows for the combination of atomic
resolution due to X-ray wavelengths and fast time scales due
to the pulsed nature of these sources. Conventional X-ray
photon correlation spectroscopy (XPCS) measurements rely
on correlating sequential intensity measurements. For this
reason, the time separating the individual pulses of the source
(of the order of 100 ns) is often viewed as a lower limit on the
time scales that can be measured. Pump—probe experiments
at storage ring sources are inherently limited by the pulse
duration, about 100 ps, and suffer from the low repetition rate
of pump laser systems. To go beyond this limit, slicing tech-
niques are applied with an increase of temporal resolution by
two orders of magnitude, however, at a significant expense of
photon flux (M&hr-Vorobeva et al., 2011). The development of
X-ray free-electron lasers (XFELs) (Ackermann et al., 2007;
Emma et al., 2010; Ishikawa et al., 2012; Allaria et al., 2012)
with ultrashort pulse durations (10-100 fs) has led to an
improvement in time resolution by about three orders of
magnitude. However, today XFELs suffer from intrinsic
fluctuations and are still rare and highly overbooked. Here we
propose an alternative method of utilizing coherent X-ray
scattering to enhance the time resolution at synchrotron
sources and go below the pulse duration without sacrificing
flux, and to study equilibrium dynamics of various systems.
Coherent X-ray radiation is a superb probe for studying
dynamics on the atomic scale. In a typical XPCS experiment,
© 2015 International Union of Crystallography speckle is observed due to interference (Sutton et al., 1991)
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and small changes of the sample can be tracked using intensity
correlation techniques. Dynamics for times ranging from
fractions of a microsecond to hours (Griibel & Zontone, 2004;
Shpyrko et al, 2007; Sikharulidze et al., 2003) have been
studied using XPCS. However, similar to intensity inter-
ferometry experiments (Brown & Twiss, 1956) at synchrotron
sources, the time resolution is limited by the pulse duration of
the source (Ikonen, 1992). This is significantly shorter than the
time scales that can be observed using conventional XPCS,
with which it is not possible to study time scales shorter than
the interpulse separation. Synchrotrons are nowadays the
principle sources of high-brilliance X-ray beams and we
anticipate that our technique can extend the application of
these sources to the sub-100 ps time regime, without using
pump—-probe methods. At present, only pump—probe experi-
ments are able to access time scales shorter than the pulse
separation, but these are inherently out-of-equilibrium
studies.

Studying dynamics at time scales of the order of the pulse
duration at synchrotron sources will necessitate working in a
low photon regime. At the very low photon limit, the basis for
assessing the dynamics within a sample will naturally be cast in
terms of the relative frequency of single and double photon
events measured at a detector. Single and double photon
events can be counted using an avalanche photodiode (APD)
point detector (Kishimoto et al., 1998). Such a device can be
read out rapidly, so that a separate measurement is possible
for each synchrotron pulse. For synchrotron X-ray intensities,
the vast majority of the recorded intensities will be dark noise,
along with some rare single photon events. Also, very rarely,
an intensity corresponding to two photons from the same
pulse will be recorded. We will call such an event a ‘double’,
whereas measurements registering a single photon will be
called ‘singles’ and those with a dark noise value ‘zeros’.
Fig. 1(a) depicts these three possibilities.

Recently, the feasibility of making XPCS measurements
within the time scale of a single synchrotron pulse has been
considered by employing a ‘streak camera’ (Namikawa et al.,
2009; Itatani et al., 2002; Chang et al., 1996). Simplistically, such

Single
Double
Zero *
[
Single =
* Double 74, ////7////5/ L
- -
L .
s H 1 | #Sweeping
D L Direction
M 1 (Time)
\}Q\\\\\\ — .
— e B
Separate Point oL
]
Detector Measurements L]
(@) )
Figure 1

Two approaches to studying intrapulse dynamics: (a) depicts separate
measurements made with a simple point detector, and three possible
outcomes. (b) shows the streak-camera approach to the same measure-
ments. A single point detector measurement is equivalent to integrating
the counts on the streak camera.

a device ‘sweeps’ the signal along a column of pixels over the
duration of a single pulse so that the vertical direction
represents time [see Fig. 1(b)]. Unlike the point-detector
approach, this allows the time separating individual photons
that arrive in a single pulse to be identified. This can be done
with an area detector as well so that multiple measurements
are made simultaneously. To be attractive, such a device would
need to be read out at the ring repetition rate of present
synchrotron sources (often about 6.5 MHz), which may prove
the most difficult aspect of its implementation. However, it
should be noted that this might be made less challenging by
the extremely sparse nature of the data, which may lend itself
to reduction by some appropriate hardware.

The approach we develop for studying sub-pulse dynamics
does not require the implementation of the streak camera
concept, although it is a very exciting prospect that we discuss.
We show that sample dynamics can still be studied without
resolving the temporal separation of the two photons that
comprise the doubles, and this is our most important result.
Existing APD point detectors are the best candidate for the
first measurements to implement our approach. By varying the
time scale (7) of the dynamics of interest, for instance by
changing the temperature, one could establish a crossover
point for the type of relaxation being studied. The signature of
the crossover will be a transition in the relative frequency of
the doubles.

Because the APD technique does not depend on correlating
individual intensity measurements in time, it becomes possible
to go below the ‘fundamental’ limit of roughly 100 ns imposed
by the pulse frequency all the way into the 100 ps regime. This
is an impressive three orders of magnitude improvement in the
measurable time scale. However, because all of the photons
are concentrated into short pulses, no extra flux is required to
make a measurement with comparable signal-to-noise as the
case where intensities from sequential pulses are being
correlated. The proposed technique fully utilizes the capabil-
ities of synchrotron sources.

The feasibility of studying dynamics that occur within a
single pulse has already been demonstrated at XFEL sources
(Gutt et al., 2009; Hruszkewycz et al., 2012). The much larger
coherent flux from such sources results in multiple photons
frequently being counted per pixel. Our method is very similar
conceptually, but our analysis differs as a result of the lower
flux from synchrotrons, which necessitates that we only
consider one and two photon events.

2. Estimating number of measurements and time
required

We reduce the correlation analysis applied in XPCS to
counting single and double photon events. The statistical
distribution that generates the speckle will determine how
rare the doubles are relative to the singles and will form the
basis of our analysis. Our goal here is to estimate the minimum
amount of time required in order to draw statistically signifi-
cant conclusions about the presence of dynamics in a sample
of interest. To do so, we perform some straightforward
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Figure 2

(a) A simulated speckle pattern from a quasi-static sample. (b) The
average of 1000 such random speckle patterns, representing a dynamic
sample.

statistical calculations comparing the relative frequency of
doubles to singles for two extreme cases: speckle from a
sample with dynamics significantly slower, and much faster,
than the pulse length. In these extreme cases, the spacing of
the two photons that make up the double is irrelevant (all
spacings are equally probable), so it is best to have in mind
point detector measurements for the following.

We begin our analysis by presenting the distributions
corresponding to the two extreme cases. A quasi-static sample
(static on the time scale of the pulse) will generate a persistent
speckle pattern, as in Fig. 2(a), whereas a highly dynamic
sample will produce a speckle pattern that is ‘washed out’, as
in Fig. 2(b). For speckle generated by a quasi-static sample,
illuminated by a beam with r transverse coherent modes and
scattering an average of m photons per speckle, the prob-
ability of k photoevents' per speckle is given by the negative
binomial distribution (Goodman, 2007)

where I'(k) is the gamma function. The negative binomial
distribution applies to the intensity distribution of each point
in a single speckle pattern. However, it will also describe the
distribution in time for one individual speckle in that pattern if
the entire pattern varies on time scales (even many decades)
longer than the pulse duration. This will clearly be the case for
any system being investigated in the ultrafast regime. It would
also be true for a completely static sample if either the sample
or detector were translated occasionally.

For X-rays scattered by a sample that de-correlates much
faster than the duration of a pulse, there will no longer be
genuine speckle, and the distribution of intensities will simply
be given by the well known Poisson distribution

exp(—m) m*
k! )

The ratio of doubles to singles forms the basis of our
analysis, as it allows one to determine whether some given
data are generated by one distribution or the other. The

Pp(X =k) = (2

! Here, the term photoevent means the detection of a single photon.

probability of a double, in the quasi-static case, is Pg(X = 2),
given by equation (1). If 7 is the time scale of the physical
process of interest, then in the 7 — 0 limit (the ‘dynamic’
sample), the probability of a double will be Pp(X = 2),
according to equation (2). In both cases, the number of
doubles will be binomially distributed (Ross, 2006), with the
expected number of doubles given by p; = NP,(X = 2), and
a variance of o; = NP(X =2)[1 — P(X =2)] around this
value, where j is D or S. In the low photon limit, both distri-
butions have an expected number of singles equal to Nm.?

We now want to calculate how many individual measure-
ments need to be made to discriminate between data coming
from the quasi-static and dynamic samples for a given set of
parameters. To do so, we suppose that our sample is in fact
quasi-static (our null hypothesis), and ask how long one must
measure in order to rule out the T — 0 case at a statistically
significant level. A standard #-test (Ross, 2006) for this null
hypothesis would then compute t = (Y — up)/op, where Y'is
the actual number of doubles collected. The expected value of
this quantity, if the sample is truly quasi-static, will be

E() =22, 3)

Using equation (2), we calculate the number of measure-
ments N required to discriminate between a quasi-static and
dynamic sample. We choose to use a 30 confidence level for
the calculation. Fig. 3 shows a plot of the value of N that solves
E(r) = 3 for different numbers of modes r on a log-log scale.
The linear shape of the curve at low m indicates an inverse-
square dependence. In fact, it can be shown by a straight-
forward calculation that for m <« 1, the solution can be
approximated by

No—— 18 (@)

N m?(r2 +r — 1)

Notice that there is a minimum in N for each of the curves,
which occurs at about m = 0.19 for the r = 1 case. The reason
for the minimum is that, as m increases beyond this value, the
probability of a double for the Poisson distribution approaches
that of the negative binomial. The probability of a double
becomes more likely with Poisson statistics when m reaches
about 0.47, for the r = 1 case (see Fig. 3).

To estimate actual measurement times for a realistic
example we consider the Advanced Photon Source (APS),
which is a state-of-the-art synchrotron source. In our calcu-
lation we assume full coherence, so that » = 1. We then esti-
mate the coherent flux, m, and compute the time required to
discriminate between quasi-static and dynamic systems for
four situations, which are summarized in Table 1. The first case
corresponds to an approximation for a generic experiment
performed at APS with current operating parameters. We
consider optimized experimental geometry with the speckle
size being matched to one pixel (Falus ef al., 2006) and m is
calculated by assuming ten photons scattered into our point

2 In principle, one could consider number of triples, ezc., but in the low photon
limit considered here these will almost never occur.
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the same as the first two, but are esti-
mated for the proposed APS upgrade,

where coherent flux is expected to be
about two orders of magnitude higher.

Table 1
Time required for a 3o result for selected values of m.

Photons per pixel = Measurements
Source per pulse, m required, N Time required
APS, typical experiment 1.5 x 107° 8 x 102 330 h (150 ns pulse spacing)
APS, partial direct beam 0.015 9 x 10* 7 ms (150 ns pulse spacing)
APS upgrade, typical experiment 7.5 x 107° 32 x 10° 4 min (75 ns pulse spacing)
APS upgrade, partial direct beam  0.191 1400 240 ps (75 ns pulse spacing)

In all cases, if the sample is indeed
quasi-static, and one collects the
number of pixel values listed in Table 1,

+ m should actually be 0.75 in this approximation; the smaller value used corresponds to a minimum in N [see

Fig. 3(b)].

x 10
8 T T T T
=1
== —r=10 il
6 ....... r=100 |

10 10 10” 10°

(b)
Figure 3
(a) The difference in the probability of a double for the two distributions.
(b) The expected number of measurements, N, which must be collected
for a 3o result.

detector (or each speckle) per second. Whether this amount of
scattering can be achieved in a geometry that is suitable for
measuring length scales that correspond to the time scales in
question can be determined by the experimentalist. However,
this level of scattering represents an important cutoff, as it
results in the measurement being achievable on the order of
several days, which is the length of a typical beam time. The
second situation would correspond to 10° photonss™' of
coherent flux and a fraction of 10~* of the direct beam being
scattered into the detector.® The third and fourth scenarios are

3 This second situation is not intended to represent an achievable scattering
cross section for a realistic experiment, but rather to set a sort of lower bound
on the measurement time for comparison.

the expected total number of doubles is
about 20, compared with about ten in
the Poisson case.

It is worth discussing how the
measurement times computed here change if we do not
assume full coherence. This is a practically important question,
because synchrotrons are not currently fully coherent sources.
It is possible, however, to apply spatial filtering to reduce the
number of coherent modes at the expense of flux. Our
calculations show that if one is in a linear regime where modes
and flux can be scaled by the same factor, it is always
preferable to have fewer coherent modes. However, for low
values of m, such as those listed as typical experimental values
here, there is almost no change (<0.3%) in measurement time.
For the values of m corresponding to partial direct beam (see
Table 1), measurement times could be reduced by more than a
factor of two for spatially filtered beams. Importantly, spatial
filtering becomes less effective in the high-coherence regime
(Singer & Vartanyants, 2011) and an optimization of the
experimental parameters will be required in this case.

3. Numerical simulations

To confirm our analytical findings we perform simulations in
the frame of Gaussian statistics (Goodman, 2007). In parti-
cular we simulate an ensemble of scatterers, whose dynamics
can be represented by a predefined time scale. If we illuminate
such a system with coherent X-rays and the typical geome-
trical conditions for XPCS are met (Falus et al., 2006), the time
dynamics can be studied by intensity evolution of the speckle.
For simplicity, we consider only a single momentum transfer
vector and assume the evolution of the speckle behaves
according to Gaussian statistics. This can be simulated using a
model presented by Pfeifer er al. (2010). The starting point of
the model is a signal in time with constant amplitudes and
completely randomized phases. To induce correlations in time,
one can apply filtering in the Fourier space, i.e. the signal is
Fourier transformed, multiplied by a filter function, which is a
Fourier transform of the desired autocorrelation function in
time, and Fourier transformed back. To obtain a negative
exponential autocorrelation function of the form exp(—at),
which is typical for diffusive dynamics with a time constant
7 = 1/« and is found in many systems (Berne & Pecora, 2000),
we use a filter function of the form 1/(« + iw), where w is the
frequency. By modifying the width (7) of the autocorrelation
function, we are able to define the time scale of the system.
Fig. 4 shows the simulated time evolution of a speckle for the

4 So that one could choose between 10 photons s™' and one coherent mode or
100 photons s~* and ten modes.
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A time series from the random Gaussian signal that generates the data
and the location of the discrete photoevents from the Poisson filter.

case of T = 10 ps time dynamics, if we interpret each data point
as corresponding to 1 ps. The width of the ‘spikes’ corresponds
to the aforementioned time scale. Note that for the limiting
case of fast dynamics, this intensity profile is simply replaced
with a flat line.

In the point detector approach to studying dynamics, it is
not possible to measure directly the spacing between
photoevents within the sample; it is only possible to say how
many photons were incident on the detector per pulse. But by
varying a physical parameter related to 7, such as the
temperature, the time scale of the dynamics can still be
studied. This can be demonstrated by varying the ‘spike’ width
in our simulations. We interpret each point in the time series as
a separate pulse/measurement, the absolute duration of which
is arbitrary. Fig. 5(a) shows the relative probability of a double
versus T for different numbers of measurements.’ For this
figure, and the other simulation results shown here, we have
chosen m = 0.01. As the number of measurements increases, it
becomes possible to see the transition from the dynamic to the
quasi-static regime. This occurs at about N = 10° for the
simulations shown, which is consistent with our analytical
calculations. In future experiments of this nature, given a
sufficient quantity of data, it will be possible to estimate
relaxation times using this analysis.

If the data instead come from a streak camera device, with
time resolution better than the pulse duration, it will be
possible to measure directly the spacing of photoevents that
make up our doubles, and traditional XPCS methods become
possible. This is equivalent to interpreting the data shown in
Fig. 4 as a single pulse (which would be a double in this case),
rather than a sequence of separate APD measurements (in
which case it would count as two singles). In XPCS, the
quantity of interest is

o (o) = O+ D), “

? {q@y
where () is the intensity measured at time ¢ and 7 is the time
delay. Typically, g, has its maximum value for zero time delay

5 The time signal is stationary and the simulation in Fig. 4 is statistically
equivalent to a series of individual single pulse measurements stacked
together in a time series.
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(a) The relative frequency of a double versus the time scale of the system,
for different sample sizes. The horizontal lines represent the limiting
quasi-static (solid black) and dynamic (dashed red) cases. (b) A
normalized histogram of the number of doubles versus the time
separating them, plotted alongside g,.

and the width of the function represents the time scale of the
dynamics of the system. In the extremely low photon regime
we consider here, the numerator will take on values of 0 or 1
almost exclusively, because nearly all pixel values are either 0
or 1. In this case, g, simply becomes the probability of a double
at fixed t plus one and should, therefore, reduce to a simple
(normalized) histogram of the number of doubles versus
separation time, 7. Any small difference between the histo-
gram values and the g, function arise from the presence of a
few pixels with a value greater than 1. Fig. 5(b) shows a
comparison of equation (5) with the histogram approach for
the simulations for T = 10 ps and a time resolution of 1 ps. That
the histogram approach is essentially equivalent to traditional
XPCS methods in the low photon regime may prove impor-
tant, as it potentially allows for the reduction of very large sets
of data.

4. Conclusion

In conclusion, our analytical findings and numerical simula-
tions show that the analysis of sample dynamics shorter than
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a synchrotron pulse duration is possible using current tech-
nology. The analysis of sample dynamics in such a regime
consists of the study of the relative frequency of single and
double photon events. We forsee that with the future imple-
mentation of streak cameras, the determination of the
complete shape of the autocorrelation function will be
achievable. Also, the results typically obtained through XPCS
analysis become possible using a simpler, less data-intensive
histogram-based approach. Extending the time scales acces-
sible at synchrotron sources into the picosecond range would
be a major advancement; many important physical and
chemical processes (Vaterlaus et al., 1991; Kamat et al., 1998;
Harris et al., 1988; Beaurepaire et al., 1996; Scholl et al., 1997,
Raksi et al., 1996; Shank et al., 1982; McCammon et al., 1979;
Cavalleri et al., 2001; Serpone et al., 1995) take place in an
intermediate regime that is much slower than FEL pulse
durations (femtoseconds), but much faster than the synchro-
tron pulse spacing (nanoseconds).
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