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1. Introduction

For high-intensity radiation, theoretical and experimental
investigations of nonlinear diffraction and other nonlinear
effects of monochromatic waves are provided for X-ray
synchrotron sources and X-ray free-electron lasers (XFELs).
For these sources it is necessary to consider not only the
diffraction of monochromatic waves: investigation of the time-
dependent diffraction of X-ray pulses becomes essential.
X-ray linear dynamical diffraction of monochromatic waves is
described by Takagi’s equations (Takagi, 1969). Linear time-
dependent dynamical diffraction of X-rays in crystals is
described by the time-dependent Takagi’s equations. These
equations for perfect and deformed crystals were first
obtained by Levonyan & Trouni (1977, 1978). The corre-
sponding solutions for both the Bragg and Laue geometries in
perfect and deformed crystals based on the Laplace transfor-
mation of the time-dependent equations are presented by
means of the Green function formalism by Levonyan & Trouni
(1978). In particular, the explicit forms of solutions in perfect
and uniformly bent crystals are presented. The solutions in
perfect crystals for an incident infinite plane wavefront pulse
are analysed for both the Laue and Bragg geometries by
Levonyan & Trouni (1979). Concerning the new-generation
X-ray synchrotron sources and XFELs, linear dynamical
diffraction of X-ray pulses in crystals has also been investi-
gated (He & Wark, 1993; Chukhovskii & Forster, 1995; Wark
& Lee, 1999; Missalla et al., 1999; Shastri et al., 2001a,b; Graeff,
2002, 2004; Bushuev, 2008, 2009, 2011, 2013; Bushuev &
Samoylova, 2011). The cases of incident §-functions and
Gaussians in time pulses are considered for both the Bragg
and Laue geometries.

The nonlinear diffraction of monochromatic X-rays is also
investigated. Nazarkin et al. (2003), using the cold collisionless

Rz (t
A D l max( ) plasma model, studied the linear dynamical diffraction of the
S formed X-ray second-order harmonic in a perfect crystal
© 2016 International Union of Crystallography under the two-wave diffraction conditions. The backward
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influence of the two Bragg-diffracted waves on the amplitude
of the incident wave is not considered. Tamasaku & Ishikawa
(2007a,b), without using the cold plasma model, investigated
the kinematical diffraction of an X-ray plane wave under the
second-order nonlinearity conditions with the parametric
down conversion of an X-ray photon into an X-ray low-
frequency photon and a UV photon. Conti et al. (2008), using
the third-order nonlinear cold plasma model, investigated the
direct propagation of an intense X-ray beam. Starting from the
wave equation for a monochromatic component and replacing
the linear susceptibility by the third-order nonlinear one, the
nonlinear Takagi’s equations in perfect and deformed crystals
can be obtained as well (Balyan, 20154,b). In those papers the
third-order nonlinear dynamical diffraction of monochromatic
X-ray waves was investigated.

Other X-ray nonlinear effects (two-photon absorption,
radiation damage, and so on) have been investigated as well
(Tamasaku et al., 2014; Doumy et al., 2011; Son et al., 2011, and
references therein).

XFELs will emit X-ray bunches of duration 100-200 fs (see,
for example, Bushuev, 2008, and references therein). These
bunches will have an irregular multi-peak structure. Each peak
is a pulse (sub-pulse) with a Gaussian time amplitude. The
preliminary phases and the amplitudes of the pulses (sub-
pulses) randomly change from pulse to pulse. Each pulse is
spatially full coherent. The sub-pulses have duration 0.1-0.2 fs
separated by time intervals 0.3-0.5 fs. We shall consider the
time-dependent diffraction of a pulse (sub-pulse). Until
diffraction of a single pulse or a bunch is considered, thermal
heating and radiation damage of the crystal may be ignored
[for thermal heating during the diffraction see Bushuev (2013)
and for radiation damage see Son et al. (2011)].

In this paper the third-order nonlinear time-dependent
Takagi’s equations are obtained. The crystal, as in the linear
theory of diffraction, is considered as an isotropic medium. A
method of solving these equations is presented for both the
linear and nonlinear diffraction cases. Based on this method
the solutions of the time-dependent equations are presented.
The ultra-short pulse and the definite-duration Gaussian pulse
cases are analyzed. The wavefront of the incident pulse, in
contrast to other works, is restricted in the diffraction plane.
Based on numerical calculations, the nonlinear time-depen-
dent dynamical diffraction is compared with the linear
diffraction case.

2. Derivation of the third-order nonlinear
time-dependent Takagi’s equations

In the general case the incident wave is a wave-packet,
containing frequencies near a frequency w, > 0. In a nonlinear
non-magnetic medium the wave equation for the electrical
field strength E(r, £) is (Boyd, 2003)

1PE 1 #P

rotrotE+ 2 81‘2 = @¥7

)

3)
where the polarization P(r t)= P (r )+ P( (r, 1) is presented
as the sum of the linear and the third-order nonlinear ones, c is
the velocity of light in free space and g, is the permittivity of
free space. Let us present E(r, t) and the polarizations as
Fourier integrals,

= 1 7 ~
E(r, 1) =— / E(r, w) exp(—iwt) dw,
21
e @
~(1.3) 1 ~ (1.3
P (rt)= 7 / P! q)(r, ) exp(—iwt) dw.

E(r, 1) and P(r, 1) are real quantltles From here and equatlon
(2) it follows that E(r, w) = E (r, —w) and P(r, ) = P’ (r, —w).
For the linear polarization, p" (r, ) = £, xV(r, w)E(r, ). The
crystal may be considered as an isotropic medium. In isotropic
media the linear susceptibility xV(r, w) is a scalar. According
to equations (1) and (2) the propagation equation for E(r, )
will be

rot rot E(r, o)

k(:)) 2. )

®)

— k(@)'[1+ xV(r, ) |E(r, 0) =
0

where k(w)® = w?/c. In the two-beam diffraction case,

E(r, t) = (,(r 1) exp[lKO(a)O)r iw, ]
+E,(r, 1) exp[th(a)O)r — za)ot] + c.c. 4
Here, c.c. means the complex conjugate quantity; Eo(r, t) and
E,(r, ?) are the slowly varying amplitudes of the transmitted
and the diffracted wave, respectively. The wavevectors are
chosen so that they satisfy the exact Bragg condition K3 = K;, =

k(w,)* = (2/A,)’. Here A, is the wavelength corresponding to
the frequency w,. For the Fourier transforms we have

oo

E,(r,0) = / Eo’h(r, 1) exp(iwt) dt. (5)

—0o0

For w > 0, taking the inverse-Fourier transform of equation
(4), one finds

E@r, 0) = E)(r, » — w,) exp(iK,r)

Ej(r, —w — w,) exp(—iK,r)
+ E,(r, o — w,) exp(iK,r)
+ E;(r,
~ E(r, v — w,) exp(iK,r)

+ E,(r, o — w,) exp(iK,r).

—w — w,) exp(—iK,r) ©

Here the approximation used is valid according to the
assumption that the amplitudes are slowly varying functions
on ¢ and cannot have higher-order harmonics (Boyd,
2003). For @ < 0, according to E(r,w) = ]:]*(r, —w) and
equation (6), E(r,w) =~ Ei(r, —w— w,)exp(—iK,;r) +
E;(r, —o — w,) exp(—iK,r).

On the other hand,

920 Minas K. Balyan

+ Third-order nonlinear and linear dynamical diffraction

J. Synchrotron Rad. (2016). 23, 919-928



research papers

~(3 P (r,t)=¢, f K()(rl,rz,r3)E(r t—1)

¥ E(r,t — 1) E(r,t — 1) dr, dy dzy,  (7)

where «® is the third-order nonlinear response function and is
a fourth-rank tensor (Boyd, 2003). From (2) and (7),

oo

1
W‘go f X @; 0, 0, 0 — @ — @y, 1)
—00

x E(r, w,)E(r, 0,)E(r, o — 0, — w,) dw, dw,, (8)

PV, ) =

where the fourth-rank tensor of the susceptibility

3. _
X( )(U)» W, Wy, O—W] — W, ¥) =

o0
f K(3)(T1v T, T3, 1) explio; 7)) exp(io, T,)

—00

X exp[i(a) —w, — a)z)r3] dr, dr, dz,. )

In (3), near the Bragg condition, the approximations k(w)* ~
[2(0 — @)y + /e and k(@) x(r, @) ~ k(wy) x(r, @)
are valid. Additionally, on the right-hand side of equation (3),
k(w) =~ k(w,). After these approximations, equation (3) takes
the form

E(r, o)

. 2w —
rotrot E(r, w) — w

k(wo)

0

— k(wo)’[1 + XV (x, w) |E(r, ») = PV 0. (10)

Multiplying (10) by exp[—i(w — wy)t]/(2m) and integrating
over ® — w, in the limits (—o0, 00), we obtain

8E(r f)

rotrot E(r, f) — k(a)o) [1 + xW(r, a)o)] E(r, 1) — 2ik(w,)

:ﬂ?lfiﬁnwwﬂﬁw—wﬂﬂhmw—%lOD
0

Here,

E(r, £) = Ey(r, 1) exp(iK,r) 4+ E, (r, 1) exp(iK,r). (12)

In the integral (8) the main contributions give the regions
A, ,; near the three pairs of frequencies (v, = w, = ),
(0, = —wy, w, = wy) and (w; = Wy, w, = —w,). Under the
Bragg diffraction conditions the susceptibilities at these three
pairs of frequencies may be taken out under the integral signs.
Then one may use the intrinsic permutation symmetry (Boyd,
3

2093) qul(wo» Wy, Wy, — W, T) Xz(’jll)c(w(); Wy, —@y, @, T)
Xﬁlk](wo, —wy, Wy, Wy, ¥). After these manipulations it may be
shown that

[ PO, ) exp[—i(w — wy)t]/21) d(@ — w,) =
30 Xiu(@oi g, @y, — @, 1) Ey(r, 0) Ex(e, O (1), (13)

where over all the dummy indices the summation is
performed. The indices i, j, k and / can have values 1, 2 and 3,
corresponding to the Cartesian coordinates x, y and z,
respectively. From (11) and (13),

E(r, ¢
rot rot E(r, 1) — k(w,)*[1 + xV(x, 0y)|E(r, 1) — 2ik(e,) (‘ )
k 2
— ﬂp@)(r’ Wy, 0, (14)
0
where

PO(r, w,, 1) = £,A(r, w,)E(EE*) 4 £,B(r, w,)E*(EE). (15)

In (15), A = 3)(?1)22 +3X12217 B = 3)(1221 According to the
classical theory of polarization, X(ﬁ)zz = X1221 and A = 6)(531)22
(Boyd, 2003). Using (14), repeating the deduction of the third-
order nonlinear Takagi’s equations (Balyan, 2015a) and
introducing the amplitudes E; ;, = E, , exp[—ikx}'z/(2 cos 0)],
the following third-order nonlinear time-dependent Takagi’s
equations (o-polarization) are obtained,

2OE 208 Ty (|Eaf + )
k 0s, = k cor 0 L

+ B+ 0 EfEy | (—z/ cosOE]
) + [ EE ) (|5 + |E) + e E

x exp(—uz/ cos 9)}E;, =0, (16)

2i 8Eh %% (3)( /12 ’ 2)
k ds, +kc31+[ B[ + |E]

+ r]f)E E’ + n(g)E/*E/] exp(—uz/ cos0)E,

o+ BB+ ) (|E + | Eil7) + 0BG E

x exp(—uz/ cos 9)}E6 =0,

where k = k(w,), n® = A(r, w,) + B(r, w,), xV = xV(r, w,),
= kxg) is the linear absorption coefficient of the crystal, s,
and s, are the coordinates along the propagation directions of
the transmitted and diffracted waves, respectively, 6 is the
Bragg angle, xf)%;, are the Fourier coefficients of the linear
susceptibility for the diffraction vectors 0 and h, respectively,
7)83,2,,2;, are the corresponding Fourier coefficients of the third-
order nonlinear part of the susceptibility, the z axis is oriented
along the reflecting planes, and the x axis is oriented anti-
parallel to the diffraction vector h.

2.1. Third-order nonlinear time-dependent Takagi’s
equations form in the stationary frame

Boyd (2003) described a method of solving the nonlinear
diffraction equations in visible-light optics for the one-beam
diffraction case. In this method the problem is solved by
passing to the stationary frame of diffraction. Here we modify
this method to be suited for the Bragg time-dependent
diffraction case. In the Bragg diffraction case we have two
coupled equations and the method cannot be directly applied.
Let us introduce the retarded time t =t — z/(ccosf) =t —
(so + s,)/c. Let us note that, in visible-light optics, in the
expression of the retarded time, instead of z the coordinate
along the propagation direction of the beam is taken; in
adition, ¢ is taken instead of ccos® (Boyd, 2003). Now the
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amplitudes are functions of (x,z,7) or (sy,s,, T), Le.
Egu(x, 2, 1) = Eq (505 S 1) = E ji(x, 2, T) = Eq (o, 83, 7). The
differentiations in (16), 0E;,/ds,, = O0E,,/0s,, +
(OEy 4,/ 07)(3T/ 35y ) = OE 1,5/ 08, — OE, /0T and OE ;, /0t =
0E, ,,/0t, bring the time-dependent equations (16) to the
stationary third-order nonlinear Takagi’s equations,

2i 0F,,
k 0s,
+ 77%3)E&Ehs] exp(—uz/ cos ) Ey

2 2 %
+ |:77(()3)(|E03| + |Ehs| ) + nEIB)EOSEhS
2 2
+ {X%l) + I:n(()B)EOSEZS + 775‘,3)<|E03| + |Ehsi ) + n;;)ESAEha]
x exp(—uz/ cos «9)}Ehs =0, 17)
2i9E),
k Os,

+ ng)EgsEhs:I exp(_ﬂz/ Cos Q)Ehs

+ [ng3)(|EOs|2 + |Ehs|2> + nf)EOSEZs

ok 3 2 2 3 K
+ {Xﬁzl) + I:n(()\%)EOsEhx + 7753)<|E0v| + |Ehv’ ) + ng2E0thv]
x exp(—pz/ cos 9)]E0s =0.

Equations (17) may be integrated numerically using the half-
step algorithm (Authier, 2001; Epelboin, 1977); but in equa-
tion (17) the effective Fourier-coefficients of the susceptibility
are functions of the amplitudes. This difficulty can be over-
come if, for each step of the calculations, at the exit surface of
a layer the obtained amplitudes at the entrance surface of the
same layer are used for evaluating the effective Fourier-
coefficients of the susceptibility. This method is called the
modified half-step algorithm (Balyan, 2015a,b). It will be
noted that solving of the third-order nonlinear time-depen-
dent Takagi’s equations (16) by means of the Fourier method
will bring to the integral equation (11), which is very difficult
to solve numerically or analytically. In the case of deformed
crystals, including time-dependent deformations, in (17), one
must replace x, by x, exp(—igu) and n, by 1, exp(—igu). Here
g is an arbitrary vector of the reciprocal lattice and u is the
displacement vector of atoms from their equilibrium positions
in the ideal crystal. Thus, these cases may also be solved
analytically and numerically using the stationary equations
7).

3. Linear time-dependent diffraction of an X-ray pulse
restricted in the diffraction plane wavefront

Usually the time-dependent equations (16) in the linear case
(n® = 0) are solved by performing the Fourier or Laplace
transformations of the amplitudes (Levonyan & Trouni, 1978;
Chukhovskii & Forster, 1995). After finding the solution of the
obtained equations by means of the Green function, the
Fourier or Laplace transforms of the solutions give the solu-
tions of (16). Here the equations (16) for the linear case are
solved by passing to the linear case stationary equations (17).
The Fourier or Laplace transformations are not used. The
linear form of (17) has the form of the standard stationary

Takagi’s equations. Let us for simplicity consider the symme-
trical Laue-case of diffraction, o-polarization. According to
the Green function formalism (Takagi, 1969; Authier, 2001;
Pinsker, 1982),

+o00
E,(x,z,7) = f G(x — X', 2) Epy(x, 0, T) dx', (18)
—00
where the Green function

1/2

G(x,z) = ikxg)JO [JT cot 6(12 tan® 6 — xz) /A]

X H(ztan 6 — |x|)/4sin 6. (19)
Here A = Acos 0/[)(511))(%')]1/2 and A, = Re A = Acos 9/|x§,l,)| is
the extinction length in linear theory. It is necessary to
determine E(x', 0, ). Since 7 is fixed, then 7 = ¢ — z/(c cos 6)
=t,. Here ¢, at z = 0 corresponds to ¢ at depth z. According to
the definition, E(x, 0, ,) = E,(x, 0, 7). The incident wave has
the form

Eé[) (x, 1) = Ey(x)Fy(t — xsinf/c) exp[iK(()Qx] (20)

(see, for example, Bushuev, 2008), where K(()’z = ksin(6 + A0)
and A0 is the deviation from the Bragg exact angle. At the
moment ¢ = 0 the centre of the incident pulse intercepts the
origin of the coordinate system. The origin is situated on the
entrance surface of the crystal. Using the continuity conditions
on the entrance surface and equation (20) one finds

E((x, 0, 1)) = Eg(x)F,[t, — x/(csin 0)] exp(ik cos 0Abx)
= E,(x, 0, 7). (21)
Inserting (21) into (18) brings
+o0
E,(x,z,7) = [ G(x —x, z)exp(ik cos 0Abx")

—00

x Ey(x")Fy(t — x'sin6/c) dx', (22)
and finally

E,(x,z,0) = exp[ikxgl)z/(Z cos 9)]
+00
x [ G(x —x, z) exp(ik cos AOx')

x Ey(x)Fot — z/(ccos ) — x'sinf/c]dx’.  (23)

3.1. Diffraction of an incident Gaussian time pulse

Consider the incident wave to be Gaussian in time
(Bushuev, 2008) and the wavefront of the incident beam to be
planar. The size of the incident beam in the diffraction plane
along the entrance surface of the crystal is in the range (—a, a),
ie.

Ey(x) = Eg[H(x +a) — H(x — a)],
F,(t) = exp(—t2/102).

Here E; is the constant amplitude of the incident pulse and
H(x) is the Heaviside step-function. Let us denote the inten-
sity of the incident pulse as I, = |E,|*. In contrast with other

(24)
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works we consider the time-dependent diffraction for incident
waves with a definite size wavefront in the diffraction plane.
Inserting (24) into (23),

E,(x,z,1) = exp [ikxf)l)z/(z cos 9)]
min[a,x+z tan 6]
X i G(x — x', 7) exp(ik cos O Abx")
max[—a,x—z tan 6]

x exp[—(x' — x,)’ sin’ 6/t ] dx, (25a)

where

X, = ct/siné. (25b)

3.1.1. Diffraction of an ultra-short pulse. An important
case of the incident wave is the ultra-short pulse case
(Chukhovskii & Forster, 1995). The formula (254) brings to
the solution (the function G may be taken out under the
integral sign at the point x’ = x,)

E,(x, z, 1) = (v/7mct,/ sin 0) exp [ikxf)l)z/(Z cos 9)]
x G(x — x,, z) exp(ik cos 0AOx,) Ey(x,). (26)

From the expression Ej(x,) of (24) and from (26) we conclude
that the field is non-zero when —a < x, < a. Thus at a fixed
depth z the field exists in the time interval

—asinf/c+ z/(ccosh) <t < asinb/c+ z/(ccosb). (27)

Correspondingly for a fixed ¢ the field exists in the following
interval of z,

Zmin(t) <z < zmax(t)7 (28)

where z,...(f) = max[0, —asin20/2 4 ctcosb], z...(f) =
asin26/2 + ctcos 6. From (28) it follows that for a fixed ¢ the
pulse length A, along the z axis is

A (Jt] < asinf/c) = asin26/2 + ct cos 6,

. . (29)
A (t > asinf/c) = asin26.

For a fixed ¢ the boundaries z,, ...(¢) of the pulse are deter-
mined by (28). For ¢ > asinf/c these boundaries move at
velocity dz/dt = ccos 6. Thus, the velocity of the pulse along
the z axis is c cos 6. As follows from (27), the back-front of the
pulse emerges from the crystal at the moment ¢, = (T/ cos 6
+ asin6)/c. Here T is the thickness of the crystal.

Inside the boundaries (28), the pulse form and the intensity,
according to (26), are determined by the behaviour of the
Green function. As follows from (19) and (26), the field is non-
zero when |x — x| < ztan6. Combining this condition and
the condition (27), one finds

sin @ max[—a, x — ztan6]/c + z/(ccosb) < t <
sin @ min[a, x + z tan6]/c + z/(c cos H). (30)

Thus, the pulse duration at a fixed point (x, z) is different in
the different regions of the diffraction (Fig. 1). According to
(25a) these regions are obtained by means of the character-
istics passed through the edges of the slit as in the stationary
theory (Slobodetskii & Chukhovskii, 1970). For the whole

Figure 1
Diffraction regions of a definite-size incident plane wavefront pulse
inside the crystal.

time of the diffraction at depth z the field is non-zero in the
limits —a — ztanf < x < a + ztan@ (Fig. 1). In region 1 of
Fig. 1 the amplitude of the pulse electrical field is zero for all
times of observation [formula (25a)]. According to (30) the
pulse duration in region 2 at a fixed point is 2z tan6sin6/c,
in region 3 it is (z tan 6 4 a) sin 6/c and finally in region 4 it is
2asin@/c. From |x — x| < ztan# it follows that for a given z
and a given ¢ the field is non-zero in the base of the triangle
with the aperture angle 26. The apex of the triangle is at the
point —a < x, < a on the entrance surface and the width of
the triangle base along the x axis is 2ztan 6. Inserting the
expression (25b) of x, into the condition |x — x| < ztan®,
one finds

ct/sin® — 2z(1 +sin?@)/sin20 < x < ct/sinh — z cotf.
(1)
Let us determine the form of the pulse for ¢ > asin8/c (by the
same way the moments |f| < asinf/c may be analyzed as

well). According to (31) on the back-front z = z,, (¢) of the
pulse we have

min

—ctsinf + a(l + sin’ 9) <x <ctsinf@+acos’6.  (32q)

Thus, the coordinate of the centre of the pulse on the back-
front is

X(Zpin) = a. (32b)
On the face-front z = z,,,(¢) of the pulse
—ctsinf — a(1 +sin’6) < x < ctsinf —acos’6,  (33a)
and consequently
X(Zmax) = —a. (33b)

Thus the x coordinates of the centres of the pulse on the back-
and on the face-fronts do not depend on time. The line
connecting the centres is inclined with respect to the x axis by
an angle ¢ given by the relation

= Zpin()]/ [ Zamin) = Xc(Zmay) ] = (1/2) 5in 26.

(34)

tan @ = [Z,(1)

In Fig. 2 the diffracted pulse form ABCD for a fixed time
t > asinf/c is presented. This form of the diffracted pulse is
obtained using (29) and (31)-(34). In Fig. 2, AD =2z, tan @ s
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Figure 2

Diffracted pulse form ABCD inside the crystal for a fixed time
t > asinf/c. Incident ultra-short pulse case. AD and BC are parallel to
the x axis. The inclination angle ¢ of the pulse is shown. The arrow s is
directed along the z axis and indicates the propagation direction of the
pulse.

parallel to BC = 2z,;, tan 6. Since AD > BC then AB is not
parallel to CD. Thus the pulse has a trapezoidal form.

In the same way it may be established that for |¢| < asinf/c
the form of the pulse is a triangle. In this case BC (Fig. 2) is
reduced to a point which is situated on the entrance surface of
the crystal. This point lies between the points (—a, 0) and (a, 0)
and its x coordinate is x = ct/ sin 8. The base of the triangle is
AD. The inclination angle is determined by the same relation
(34) as for the previous case. For t < —asinf/c the field
inside the crystal is zero.

For details of the inclination angle and the form of the pulse
for the case of an incident infinite wavefront pulse, see
Bushuev (2008) and Graeff (2002), respectively.

3.1.2. Diffraction of a pulse with definite duration. As
follows from (25a) the diffraction region inside the crystal may
be divided into four regions [as for monochromatic waves
(Slobodetskii & Chukhovskii, 1970)]. These regions are shown
in Fig. 1 and have been mentioned in the previous section. The
diffracted pulse form, the duration and the inclination angle
will be approximately the same as for an ultra-short pulse if
cTy/sinf « a. For the case a — 0 (simultaneously
cty/sinf > a), according to (25a),

Eh(x, zZ,1) ® 2a exp[ik}(gl)z/@ cos 9)]
x G(x, z) exp[—x,2 sin® 6/ (cztoz)]. (35)

According to (35) the inclination angle is zero. The pulse
propagates along the z axis with velocity c cos 6. The pulse for
a fixed z fills the triangle’s base having aperture angle 26. The
apex of the triangle is situated at the point (0, 0). The pulse
duration is 27, and its longitudinal size along z is 27)c cos 6.
This is the pulse duration at a fixed point (x, z) as well. Thus,
the inclination angle and the pulse duration inside the crystal
are functions on the aperture of the used slit.

3.2. Propagation of the pulse in free space

The pulse propagation in free space has been discussed by
Bushuev (2008) and Kohn (2012). The discussion in those
papers is based on the Fourier transform of the pulse electrical
field strength. Below an approach is given based on the pulse
propagation equation in the frame in which the pulse is nearly
stationary (Boyd, 2003). Inserting (4) into (1) and taking the
polarization equal to zero, the following propagation equation

in free space is obtained for the diffracted wave slowly varying
amplitude,

7 aE » ) 7t
AE,(x. v, 2. 0) + 2ik 2Er Y- 2 D)
0s),
OE,(x,y.z,0)  PE,(x.y,z.1)
2ik — = 0. 36
e cot 2ot (36)
Using the retarded time 7 = t—¢/c, where ¢ =

—xsinf+ (z — T)cos® and passing to the amplitude
E,(x,y,z,1) = E,(x,y, 2, 7,) from (35) one finds the propa-
gation equation in the frame in which the pulse is nearly
stationary,

&FE,,)dy* + PE,,/ox* + 8E,, 3z

1 + (i/w,)0/ 0T E,,
0s,

+2ik =0. (37

Near the exit surface of the crystal, equation (37) is approxi-
mately

oE

=0. 38
. (38)

According to (38) and the continuity conditions on the exit
surface of the crystal,

Eh(x’ y’ 2, t) =
EJlx+(z — T)tanb,y, T, — (z — T)/(ccosH)].  (39)

Here the superscript (e) indicates the field on the exit surface
of the crystal [formulas (254) and (26)].

The Fourier spectrum F,(w) of the amplitude (39) is
essential. It may be compared with the Fourier spectrum of the
incident wave. For an ultra-short pulse using expression (26)
one finds

F(w) = (ikle)ﬁfoﬂ sin 6) exp [ikx(()l)T/(2 cos 6)]
X exp{iw[T/(c cos ) + g/c]}

min(a, T tan 6) 1n
X i Jo[ncot O(T? tan? 0 — 12)"/ /A]

max(—a,—T tan 0)

x exp(iowt sin 6/c) dt. (40)

When a > T'tan6 one may use the corresponding tabular
integral (Prudnikov et al., 1986). In this case

F,(0) = i/7T, Xg,l)/XE;D exp [ikxgl) T/(2cos 9)]

X sin {(nT/A)\/[Zw sin’ 9/ (, / Xg)x;,l)wo)]z + 1}
/\/[Za) sin’ 9/ (,/ X;l)xg)a)o)]z + 1. (41)

The frequency range |Aw/wy| = [ Xﬁ;l) X / sin’ O effectively

exists in the spectrum of the diffracted wave. In the case
a < Ttan@ the integration may be performed only numeri-
cally; but when a < Atan6/m the Bessel function may be

1)491/2
gl)]/
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taken out under the integral sign at the point ¢ = 0 and in this
case

F,(0) ~ [2ikaﬁro XD /4sin 0]

X exp[ik)(f)l)T/Q cos 0)] exp{ia)[T/(c cos0) + g/c]}
x Jo(rT/A)sin(wasin 8/c)/(wasin 6/c). (42)

The frequency range is determined from the relation
|Aa)/a)0| = 27c¢/(wpa sin 6). (43)

The analyses of the pulse form and of the pulse duration may
be performed as that inside the crystal. As already mentioned,
the back-front of the pulse emerges from the crystal at the
moment t,, = (T/cos @+ asinf)/c. The analyses show that
for t > t,,, the centers of the back- and of the face-fronts
x, + (z — T) tan € = =a move with velocity —csin 6 along the x
axis and move with velocity ccos 8 along the z axis. The pulse
form outside the crystal is the same as that inside the crystal
(Fig. 2), but outside the crystal AD = BC =2T tan6 and AB is
parallel to CD. The height of the pulse along the z axis is the
same as that inside the crystal and is equal to asin26 [see
formula (29)]. The inclination angle of the pulse is given by the
same relation (34) as inside the crystal. So, outside the crystal
the pulse form is a parallelogram. This parallelogram near the
exit surface of the crystal without changing its dimensions
moves along the propagation direction of the diffracted wave
with velocity ¢

4. Third-order nonlinear time-dependent diffraction
of an X-ray pulse restricted in the diffraction plane
wavefront

After analyzing the linear case let us pass to the third-order
nonlinear time-dependent diffraction case. The third-order
nonlinear time-dependent Takagi’s equations (16) may be
solved by passing to the stationary third-order nonlinear
Takagi’s equations (17) and using the modified half-step
algorithm. The boundary conditions (20) must be used. We
will compare the results of the linear and third-order
nonlinear time-dependent equations in all regions of the
diffraction (Fig. 1) for incident Gaussian time pulses. The time
will be presented in fs units, the x coordinate in units of
A, tan 0 and z coordinate in units of A,. The intensities will be
given in units of /. /3, where I, is the critical intensity. For this
value of the intensity the contribution of the nonlinear part of
the scattering equals that of the linear one [(Balyan, 2015a,b);
in these references the value of I, is also estimated]. We shall
consider the dependence of the diffracted pulse reflectivity on
time at a fixed observation point (x,, z,),

R, (xg, 29, 1) = {Eh(x()’ Zp» t)}z/lr (44)

Let us introduce the time-integrated transmission coefficient,

o |7 2
./;oo ‘Eo(xo, 20> t)’ dt
I 75, exp(—21%/73) dt
o | % 2
_ <2)1/2 ffoo |E0(x0, 20, t)| dt

b4 I;T,

To(xp, 29) =

(45)

and the time-integrated reflection coefficient

2)1/2 L7 | En(xgs 2o, 1,‘)|2 dt

R, (x,, =|-
(X0 20) (7‘[ 17,

= <3>1/2foooo thz(x()» 20, t) dt . (46)

b4 7

The results will be obtained using the numerical integration of
(17) both for the linear and nonlinear cases. The incident pulse
duration 7, = 0.2 fs (short pulse). Two cases of the slit widths
will be considered: a = 10 and a = 1. The reflection Si(220) for
the wavelength A = 0.71 A (17.46 keV) is taken. The intensity
of the incident pulse /; = 0.5 (in units of /,/3). Let us, for the
case a = 10 (~70 um), take three observation points (—a, 1.5),
(0,1.5) and (a, 1.5). The first and the third points of the
observation are in region 3 and the second point is in region 2
(Fig. 1). The depth is z, = 1.5A, &~ 55 pm.

The numerical calculated reflectivity dependence (44) on
time is shown in Fig. 3. Fig. 3(a) depicts the reflectivity at the
point (—a, 1.5), Fig. 3(b) at the observation point (0, 1.5) and
Fig. 3(c) at the observation point (a, 1.5). In all figures the
dashed lines correspond to the linear case and the solid lines
to the nonlinear case. As can be seen in Fig. 3(a), the intensity
dependence and the duration are the same for both the linear
and nonlinear cases, but the reflectivity in the nonlinear case is
less than that in the linear case. For point (0, 1.5) (Fig. 3b) the
duration for linear and nonlinear cases is the same, but the
form of the pulse is different. In contrast to the case of
Fig. 3(a), the pulse form at the point (a, 1.5) is different for
linear and nonlinear cases.

In Fig. 4 the reflectivity (44) is shown for the case a = 1
(~7 um) at the observation point (0, 1.5). This observation
point lies in region 4 (Fig. 1). As can be seen in this figure, the
pulse form is different for the linear and nonlinear cases but
the duration is the same.

In Figs. 5(a), 5(b) and 5(c) for the case a = 10 the depen-
dence of the time-integrated intensities (45) and (46) on the
intensity of the incident wave at the points (—a, 1.5), (0, 1.5)
and (a, 1.5), respectively, are shown. These time-integrated
intensities correspond to the regions of Figs. 4(a), 5(b) and
5(c), respectively. As can be seen from these figures, the
energy flux is concentrated in the transmission direction
(Fig. 5¢).

In Fig. 6 the time-integrated intensities are shown for a = 1
at the point (0, 1.5). These time-integrated intensities corre-
spond to the diffraction region of Fig. 4.

The behavior of the time-integrated transmission coefficient
is not monotonic; meanwhile the time-integrated reflection
coefficient monotonously decreases.

Summarizing, one may say that for the short incident pulse
case the pulse duration in all regions of the observation is the
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Temporal dependence of the diffracted pulse reflectivity R, at a fixed
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(—a, 1.5), (b) (0,1.5) and (c) (a, 1.5). Dashed curve: linear diffraction;
solid curve: nonlinear diffraction. Intensity of the incident pulse 7, = 0.5.
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Temporal dependence of the diffracted pulse reflectivity R/ inside the
crystal at a fixed point. Si(220) reflection; A = 0.71 A; 1, = 0.2 fs; a = 1;
coordinate of the fixed point (0, 1.5). Dashed curve: linear diffraction;
solid curve: nonlinear diffraction. Intensity of incident pulse /; = 0.5.

Numerical calculation.

Time-integrated transmission and reflection coefficients dependences on
the intensity of the incident wave at a fixed point inside the crystal.
Si(220) reflection; A = 0.71 1&; 7, = 0.2 fs; a = 10. Coordinates of the fixed
observation points are (a) (—a, 1.5), (b) (0, 1.5) and (c) (a, 1.5).
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Time-integrated transmission and reflection coefficients dependences on
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Si(220) reflection; A = 0.71 A; 7, = 0.2 fs; a = 1. Coordinates of the fixed
observation point are (0, 1.5).
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same for both the linear and nonlinear cases. In the left-hand
region 3 (Fig. 1) the pulse form is the same for both the linear
and nonlinear cases, but the reflectivity for the nonlinear case
is less. In all other regions the pulse forms for linear and
nonlinear cases are different. In Figs. 3(), 3(c) and 4, self-
steepening of the pulse form in the nonlinear case takes place
(Boyd, 2003).

The main explanation of these features of the nonlinear
diffraction is based on the self-induced deviation from the
Bragg condition in the nonlinear case. This parameter is one
of the main parameters for the Bragg diffraction features.
Comparing the third-order nonlinear stationary equations
(17) with the linear theory equations written in the form with
the deviation parameter from the Bragg condition (Authier,
2001; formulas 11.5a, 11.5b and 11.6), one may say that
the self-induced deviation angle Af,; is proportional to
[0 (Eo P + |E,IP) + 0 Eg Efy + 0\ Eg,Ey ] exp(—puz/ cos 6)
in equations (17a) and (17b). In (17a), X;-ll) is replaced by the
self-induced Fourier-coefficient of the susceptibility,

Xi;l) - xﬁ;” + I:nE?)EOS 7+ U;,S)(’Eo.v‘z + ’Ehs|2) + U;?EgsEhx]
x exp(—uz/ cosb),

and, in (17b), Xﬁf) is replaced by the self-induced Fourier-
coefficient of the susceptibility,

; " 2 2 y
le) - thl) + [UE)%)EOs hs + HZS)QEOS‘ + ’Ehs| ) + 77(231) OsEhs:I
x exp(—uz/ cosb).

The self-induced parameter from the Bragg condition brings
about an asymmetry of the rays with the positive and negative
signs of this parameter, whereas the self-induced Fourier-
coefficients bring about the reduction of the scattering power,
since X;ll) and 1® have opposite signs (Balyan, 2015a,b).

The values of the Fourier coefficients of the susceptibility of
the linear theory are taken from Pinsker (1982). For the
Fourier coefficients of the real part of the nonlinear suscept-
ibility the relations 17(()3,) = 3| XE},)| /1., nfr) = 3| X§11,)| /1., are used
(Balyan, 2015a,b). For the Fourier coefficients of the
imaginary parts of the nonlinear susceptibility, n((f,)ﬁ / 77(()3,;,, =0.01
values are taken. These values are almost equal to the same

ratio of the linear part.

5. Summary

Based on the model of the scattering of X-rays on bound
electrons, the third-order nonlinear time-dependent Takagi’s
equations are obtained. These equations, in the particular case
of linear polarization, are the time-dependent linear Takagi’s
equations. A new analytical and numerical method of solving
the time-dependent Takagi’s equations both for the linear and
nonlinear cases is presented. Based on this method, the case
of an incident Gaussian time pulse with a restricted plane
wavefront in the diffraction plane is considered. For linear
diffraction the cases of an infinitely short pulse and of a
definite duration pulse are analyzed. The forms of the pulse

inside the crystal and in free space are presented. It is shown
that the inclination angle of the pulse with respect to the
direction of the diffraction vector is a function on the width of
the slit used. Using the modified half-step algorithm the results
of numerical calculations of the reflectivity dependence on
time at a fixed observation point are presented. The diffrac-
tion region is divided into four regions. In each region the
dependence of the intensity on time has its own behavior that
is different for the linear and nonlinear cases. In the nonlinear
case the self-induced deviation parameter from the Bragg
exact angle brings about an asymmetry of the time-dependent
intensity and to self-steepening.

The experiments may be performed using X-ray synchro-
tron sources and XFELs.
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