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A correction is made to the paper by Zhukovsky & Kalitenko (2019).
[J. Synchrotron Rad. 26, 159–169].

In our previous work (Zhukovsky & Kalitenko, 2019) we
modelled and commented on an LCLS experiment, stating
that the third harmonic was not registered in it. We followed
Emma et al. (2010) and realised that we were mistaken.
Indeed, a later study of the third and second harmonics in this
experiment was reported by Ratner et al. (2011). The radiation
of the third harmonic was registered in the hard X-ray LCLS
experiment.
Our phenomenological modelling of the harmonic power
of 1.5 Å free-electron laser (FEL) radiation in the LCLS
experiment for  = 26600,  " = 1  104, "x,y = 0.4 mm rad, u =
3 cm, k = 3.5 was presented in Fig. 5 of Zhukovsky & Kalitenko (2019). Now we add to it the comparison with the
experimentally measured data from Ratner et al. (2011) and
Emma et al. (2010). The fundamental harmonic measurements
correspond to the coloured dots, following the data of Emma
et al. (2010). The experimentally allowed range for the third
harmonic is denoted by the shadowed area, following the data
of Ratner et al. (2011). The third harmonic in our phenomenological simulation — the green line — fits in the middle of
the range [see Fig. 1 below, which complements Fig. 5 in our
earlier work (Zhukovsky & Kalitenko, 2019)].

Figure 1
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Phenomenological modelling of the harmonic power in the 1.5 Å FEL
radiation LCLS experiment for  = 26600,  " = 1  104, "x,y = 0.4 mm rad,
u = 3 cm, k = 3.5. Harmonics in the phenomenological model (solid
lines): n = 1, red; n = 3, green. The shadowed area denotes the range of
experimental values for the third harmonics, reported by Ratner et al.
(2011).
https://doi.org/10.1107/S1600577519001978
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A perfect fit of the predicted values in the experimentally
measured range further confirms the validity of our approach
and modelling. Some higher than measured saturated power
for the fundamental tone is explained by the fact that the
phenomenological model gives the peak power for the
fundamental tone and does not reproduce its oscillations in
the saturated regime. The second harmonic was not registered
in the hard X-ray band; it was registered only in the soft X-ray
band and was  20–50 times weaker than the third harmonic:
0.04–0.1% of the fundamental tone power (Ratner et al.,
2011). The saturated power of the second harmonic, estimated
in the framework of the phenomenological approach,
appeared lower than the initial power of the fundamental
tone. Thus it is not present in Fig. 1; it also agrees with the
results of Ratner et al. (2011).
We apologize for the misprinted formula (14) in the original
paper (Zhukovsky & Kalitenko, 2019). The correct version
follows:
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Further study will be presented in a dedicated forthcoming
publication.
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The harmonic power and bunching evolution in X-ray single-pass free-electron
lasers (FELs) is modelled and the harmonic generation in a phase-shifted twofrequency FEL is explored. The advanced phenomenological FEL model, which
is validated numerically and experimentally, is employed. The model accounts
for major losses for each harmonic individually; it is compared with reported
experimental data and with PERSEO numerical simulations, which are
performed here for a variety of experiments. The latter cover the radiation
wavelength range 0.15–300 nm. The phenomenological description is based on a
few key FEL parameters: electron beam section, current, energy and its spread
and divergence. The model is employed for modelling harmonic bunching and
power evolution in a phase-shifted X-ray FEL with a two-frequency undulator,
where lower harmonics with numbers less than nth are suppressed by the
electron–photon phase shift of k/n, k = 2, 4, . . . , between the undulator
sections. The benefits of the two-frequency phase-shifted FEL are highlighted.
FEL-induced energy spread is shown to be three times lower than in a FEL
without the phase-shift. The high-power harmonic and sub-harmonic radiation
in such a FEL is demonstrated. In particular, powerful  14 GW X-ray radiation
at 5 = 0.15 nm from electrons with energy of 5.47 GeV and beam current
 3.66 kA is possible in a two-frequency phase-shifted FEL at 30 m; this
constitutes half of a FEL length where a common planar undulator radiates the
same wavelength and power at the fundamental harmonic. Moreover, about a
three times lower energy spread is induced by the dominant fifth harmonic, and
the harmonic power can be thousands of times higher than in a common planar
undulator FEL.

1. Introduction
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First sources of coherent radiation, i.e. lasers, appeared in the
1960s and worked in the infrared region. Since then, significant efforts have been made to develop higher-frequency
sources of coherent radiation and reach the X-band, where
synchrotron radiation has been the strongest source for a long
time. However, the conventional approach, which is based on
population inversion in the laser’s body, does not extend to
X-rays; the bottom limit for a common laser wavelength is
 100 nm. Synchrotron and undulator radiation (UR) both
originate from relativistic charges with significant Lorentz
factors  = 1=½1  ðv=cÞ2 1=2  1, where v is the charge velocity
and c is the speed of light; then  ﬃ E=mc2  1, where E is the
electron rest energy and m is its mass. Synchrotron radiation
and UR can have high power in the X-ray band, though both
are incoherent.
The idea of an undulator device where charges perform
small transversal oscillations in a spatially periodic magnetic
field and drift at relativistic speeds along the undulator axis
was proposed by Ginzburg (1947). He also proposed that this
https://doi.org/10.1107/S1600577518012444
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radiation can be coherent if it comes from a series of electron
bunches, separated by the radiation wavelength, where the
length of the bunch is shorter than the UR wavelength. The
first undulator was built and tested by H. Motz in 1951 (Motz
et al., 1953). Nowadays, UR is the focus of research in the
context of free-electron lasers (FELs). In these devices the
radiation interacts with macro-bunches of electrons in undulators. It groups electrons in micro-bunches at every radiation
wavelength period and thus coherent UR is formed towards
the end of the undulator; the radiation intensity exponentially
grows along the FEL-undulator length.
FELs are capable of generating coherent X-rays with peak
power exceeding that of synchrotron radiation in the X-ray
band (McNeil & Thompson, 2010; Pellegrini et al., 2016;
Huang & Kim, 2007; Saldin et al., 2000, 2010; Bonifacio et al.,
1984; Schmüser et al., 2014; Pellegrini, 2016; Margaritondo &
Ribic, 2011; Margaritondo, 2017, 2015; Bagrov et al., 2002;
Seddon et al., 2017). It has multiple applications for imaging
and in medicine etc. (see, for example, Albertin et al., 2015;
Frank et al., 2014). In a multi-pass FEL the radiation is
confined to an optical cavity with reflecting semi-transparent
mirrors, just like in a common laser. This construction benefits
from the modes of the optical elements, which helps set the
radiation structure, but the mirror’s material imposes
frequency limitations in the X-ray band where rare reflectivity
peaks can be found (Bajt & Wall, 2000, 2002). Beyond the lowgain regime, the high-gain FEL (Bonifacio et al., 1984; Kroll &
McMullin, 1978; Colson, 1997; Sprangle & Smith, 1980; Kim &
Xie, 1993) regime exists. In such FELs the radiation passes
through a long undulator once. This single-pass design does
not require optical resonators, whose reflectivity limits the
FEL frequency. In a single-pass self-amplified spontaneousemission (SASE) FEL the generation begins with the initial
noise; a weak coherent seed can be added for better phase
stability. The output of a SASE FEL constitutes a train of
pulses which has good spatial structure, but poor temporal
coherence due to random initial noise. Seeding in the X-ray
band is difficult. An alternative solution is the generation and
amplification of high FEL harmonics of a low seed frequency
as proposed by Yu et al. (2000), Yu (1991), Saldin et al. (2002),
Shaftan & Yu (2005), Li & Jia (2013), Deng & Dai (2010, 2013)
and Zeng et al. (2016) and realized by Shintake (2008), Yu
et al. (2003), McNeil (2008) and Tiedtke et al. (2009). Twofrequency undulators were shown (Zhukovsky, 2014, 2015a,b,
2016a; Mishra et al., 2009) to generate FEL harmonics with
high power (Dattoli et al., 2006, 2014) in a linear regime;
bunching coefficients for the harmonics in two-frequency
undulators also exceed by far the respective values in common
planar undulators (Zhukovsky & Potapov, 2017). Thus twofrequency undulators were proposed for prebunchers in
cascaded FELs (Zhukovsky, 2017a,b,c, 2018a,b,c). High-gain
FELs are usually simulated with one-dimensional or threedimensional numerical models based on solutions to sets of
equations for many electrons in the field of the wave and its
harmonics. The beam geometry, focusing, Twiss parameters
etc. (Quattromini et al., 2012; Walker, 1993; Vinokurov &
Levichev, 2015; Onuki & Elleaume, 2003) are all accounted
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for. However, the use of these complicated numerical codes
requires knowledge of all the particularities of the installation,
trained personnel and adequate computing resources.
Our phenomenological model accounts individually for the
losses of each harmonic with the number n in undulator
sections different from each other. Now the model also
includes the coupling losses between the cascades. Different
from previous versions (see Zhukovsky & Potapov, 2017;
Zhukovsky, 2017a,b,c, 2018a,b,c), in the following we account
for asymmetric electron beams and coupling losses between
undulator cascades. Moreover, we include in the phenomenological model the description of the case when lower
harmonics are suppressed by displacing electrons to the
photon pulse between the undulator sections.
In the following we will demonstrate that, for a preliminary
analysis of a FEL operation, close to experimental results for
the FEL harmonic power and bunching can be achieved with a
phenomenological description that is much simpler than 3D
simulations. The phenomenological model can be easily
implemented in any mathematical program on any PC, and
basic evaluations can be made even on a calculator with
elementary formulae. The results are compared with experiments and with 1D simulations as well.
Moreover, we will demonstrate that it is possible to make
a dominant fifth harmonic in a  30 m FEL with a twofrequency undulator, and achieve  13 GW power at  ’
0.15 nm wavelength with  3.7 kA current and E ’ 5.47 GeV
electron energy.

2. Phenomenological description of an ideal
single-pass FEL
A basic semi-analytical description of radiation power evolution along a single-pass FEL was developed by G. Dattoli on
the basis of a logistic equation (Dattoli, 1998). The nth
harmonic power exponentially grows along the axial z-coordinate
from the initial power P0, n to the saturated power Pn;F =
pﬃﬃﬃ
ðPF = n Þð fn =nf1 Þ2 , limited by the saturation of the fundamental harmonic at
pﬃﬃﬃ
PF ﬃ 21 Pe ;
where


2 1=3
1 J 
n ¼
 k f
2 4i u eff n
is the Pierce parameter, fundamental in FEL physics (see, for
example, Saldin et al., 2000; Bonifacio et al., 1984), Pe is the
electron beam power, u is the main undulator period [m],
keff is the effective undulator parameter (Zhukovsky, 2016a),
which for a common undulator reads
k¼

e H0 u
’ H0 u ½T cm;
mc2 2

H0 is the strength of the magnetic field on the axis, fn are the
Bessel coefficients for the UR harmonic n (see, for example,
Dattoli et al., 2006, 2014), which for a common undulator reads
J. Synchrotron Rad. (2019). 26, 159–169
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fn;x ¼ Jðn1Þ=2 ðnÞ  Jðnþ1Þ=2 ðnÞ
in terms of common Bessel functions Jn ðÞ,  = k2 =4ð1 þ k2 =2Þ,
J is the electron current density [A m2], and J ﬃ 1:7045  104
is the Alfven current [A]. The initial power is provided by the
seed or by minor coherent fluctuations in the initial shot noise
in a SASE FEL; for an unbunched electron beam only  1/9 of
the initial radiation power couples to electrons for bunching
(McNeil & Thompson, 2010; Pellegrini et al., 2016; Huang &
Kim, 2007; Saldin et al., 2000; Bonifacio et al., 1984; Schmüser
et al., 2014). The power growth along z is approximated by the
following logistic function (Dattoli et al., 2006; Dattoli &
Ottaviani, 2002),
P0;n Aðn; zÞ expð0:223z=Zs Þ


ð1Þ
1 þ ½Aðn; zÞ  1 P0;n =Pn;F
pﬃﬃﬃ
1 coshðz=Ln;g Þ cosð 3z=2Ln;g Þ coshðz=2Ln;g Þ
þ
Aðn; zÞ ﬃ þ
3
4:5
0:444
pﬃﬃﬃ 1=3
where Ln;g ﬃ u =ð4 3n n Þ is the gain length for the nth
FEL harmonic, and Zs ﬃ 1:07L1;g lnð9PF =P0;1 Þ is its saturation
length. In a prebunched beam the harmonic radiation power
evolves along z according to another logistic function (Dattoli
et al., 2005),
PL;n ðzÞ ﬃ

P0;n F ðn; zÞ

;
1 þ F ðn; zÞ P0;n =Pn;F

!

z
z
z 

 cos
cosh
F ðn; zÞ ﬃ 2 cosh
;

Ln;g
2Ln;g
2Ln;g 

PL;n ðzÞ ﬃ

ð2Þ

where P0,n is the initial power of the harmonic n, which comes
directly from the previous FEL section or is provided by the
bunching. The continuity of the latter is ensured by the
renormalization factor 1;sec 1 =1;sec 2 for undulators different
from each other in neighbouring cascades. The above
formulae (1)–(2) describe independent linear harmonic
generation, which is complemented by the non-linear term,
induced by the dominant fundamental harmonic. In a nonlinear regime the nth harmonic power grows faster, as the nth
power of the dominant fundamental harmonic (Dattoli et al.,
2005; De Martini, 1990; Bonifacio et al., 1990; Huang & Kim,
2000),
  
exp nz Lg
  

;
ð3Þ
Qn ðzÞ ﬃ Pn;0
1 þ exp nz Lg  1 Pn;0 Pn;F
where Lg L1;g, Pn;0 ﬃ dn b2n Pn;F is the equivalent power due
to the bunching, d3 ﬃ 8, d5 ﬃ 116, and bn are the bunching
coefficients, induced by the fundamental tone. They evolve
n
along the z-coordinate as follows, b2n ðzÞ ﬃ h2n P1 ðzÞ Pe 1
(Huang & Kim, 2000), where the constants h1;2;3;4;5 ﬃ
f1; 1:5; 2:4; 4:3; 7:7g provide the agreement between their
evolution and that of the proper power Qn . The phenomenological coefficients di and hi ensure better agreement with 3D
models and FEL experiments. The full harmonic power
includes both linear and non-linear terms: Pn ¼ PL;n þ Qn .
The above-described evolution of the harmonic power is the
result of the evolution of the bunching, which in the frameJ. Synchrotron Rad. (2019). 26, 159–169

work of the phenomenological model can be approximated by
another logistic function (Dattoli & Ottaviani, 2002). The
original formula from Dattoli & Ottaviani (2002) should be
slightly modified to better describe the saturation region. For
an unbunched beam the effective coupling power is  1/9 of
the initial power (McNeil & Thompson, 2010; Pellegrini et al.,
2016; Schmüser et al., 2014), and the bunching coefficients in
an initially unbunched beam evolve to unity as follows,
Bn ðzÞ ¼ b2n ðzÞ ¼

n2=3 Pn;0
Bðn; zÞ

;
Pe n 1 þ Bðn; zÞ Pn;0 Pn;F

ð4Þ


pﬃﬃﬃ



cos z=Ln;g þ z 3=2Ln;g
z





Bðn; zÞ ¼ 2 cosh

Ln;g
exp z 2Ln;g
!
pﬃﬃﬃ !
z
 z 3 

 exp
cos
:
2Ln;g
3 2Ln;g 
In a prebunched beam their evolution proceeds as follows,
Bn ðzÞ ¼ Bn;0

Gðn; zÞ
;
1 þ Bn;0 ½Gðn; zÞ  1

Gðn; zÞ ¼ cosh

ð5Þ

z
z
z
þ sin
cosh
;
Ln;g
Ln;g
2Ln;g

where Bn;0 are the bunching coefficients for the electrons
entering the FEL section. In either case a non-linear bunching
term, induced by the dominant FEL harmonic, must be
accounted for. The bunching coefficients evolution (5) yields
the radiation power growth (2). Generalizing (Dattoli et al.,
2005), we write for the evolution of the bunching of the nth
sub-harmonic, induced by the mth harmonic: Bn;induced ðzÞ ﬃ
h2n ½Pm ðzÞ=Pe m n , which evidently reduces to the above-cited
expression b2n ðzÞ ﬃ h2n ½P1 ðzÞ=Pe 1 n from Huang & Kim
(2000).

3. Phenomenological description of the losses in real
single-pass FELs
The above expressions describe the evolution of the bunching
and power in an ideal multi-section single-pass FEL. However,
to establish the agreement between the phenomenological
theory and the experiment, losses should be accounted for.
The coupling losses between the sections can be easily
accounted for by the coefficients for the initial harmonic
power and bunching; they depend on the technical construction and specific device and can be as high as 30%. Due to the
eminent beam diffraction the Pierce parameter changes as
follows (Dattoli et al., 2005),
n
u n
; ð6Þ
D;n ¼
n ! D;n ¼ 
1=3 ;
16
n
1 þ D;n

where  ¼ Pe ðEe  J Þ is the cross section of the electron
2
beam [m ], Ee = me c2 ﬃ 0.511  106 is the electron rest energy
[eV], Pe is the electron beam power [W], J = I0 = is the
current density of the beam [A m2] and I0 is the electron
current [A]. Moreover, the electron–radiation interaction of
Zhukovsky and Kalitenko
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harmonics is more sensitive to the losses, beam divergences
etc., than the interaction at the fundamental frequency
(Schneidmiller & Yurkov, 2012; Zhukovsky, 2015c, 2016b).
Improvements with respect to the earlier (Zhukovsky &
Potapov, 2017) description can be made by accounting for the
interaction and losses individually at each harmonic wavelength (Zhukovsky, 2017b,c). Due to the beam energy spread
and divergence the saturation length extends and the saturation power decreases as described by the following the
phenomenological formulae,
Ln;g ! Ln;g n ;
n1=2

n ﬃ

Pn;F ! Pn;F n ;

ð7Þ



þ 0:1652";n exp 0:0342";n ;


exp n ðn  0:9Þ þ 1:57ðn  0:9Þ 3n
;
n ﬃ
1:062

ð8Þ

where ",n are the energy spread broadening coefficients for
the nth harmonic,


ð9Þ
";n " ; n ﬃ 2n2=3 " =n :
The dependence of n and n (8) on the Twiss parameters x,y
and on the beam emittances "x,y is cumbersome (Dattoli et al.,
2004; Xie, 2000). An approximate account for it,
"
#1=2
,
!
Y 
X
X

2
2
ﬃ
1 þ i
i  0:066
i ;
1 þ 0:159
i ¼ x;y;~x;~y

jx~ ;~y

1

’ 1 þ 0:07

i ¼ x;y;~x;~y

X

i þ 0:35

X

i ¼ x;y;~x;~y

2i ;

ð10Þ

i ¼ x;y

i¼x;y

improves our earlier description (Zhukovsky, 2017b,c) and
brings it into agreement with the high-precision fitting formula
of Xie (2000). For a matched beam we have ’ 1 – 1.1. We use
the formula from Dattoli et al. (2004), which relates the
broadening coefficients i to the relativistic parameter  of
the beam, its emittances "x;y, Twiss parameters x;y, the
undulator parameter k and the number N of the undulator
periods u,
x;y ¼

4N 2 "x;y
;
2
x;y ð1 þ k =2Þ

x~ ;~y ¼

4N2 k2 x;y "x;y
:
2u ð1 þ k2 =2Þ
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-function in equation (10) for the Twiss parameters

x,y

[m].

tion in each dimension can also be made with the help of
the modified formula (6), published by Dattoli et al. (2004).
The corrections for the axial asymmetry complement our
phenomenological description. Further refinements of the
corrections due to the losses can be made with the help of the
high-precision fitting formulae of Xie (2000).
The above formulae (1)–(5) describe the case when the
fundamental FEL harmonic is the strongest. However, in
some special cases the harmonic n can dominate and the
fundamental tone can be suppressed (Schneidmiller &
Yurkov, 2012). In these cases the nth harmonic power evolution along the z coordinate is no longer limited by the
saturation of the fundamental tone at Zs and the power
growth pﬃﬃcontinues
to the naturally saturated power
ﬃ
PF;n ﬃ 2n Pe ; with account for the losses we find
Pnsat ¼ PF;n;D ﬃ

pﬃﬃﬃ
2

2 D;n Pe n n :

The latter can be much higher than

ð11Þ

Stable amplification in a FEL occurs if the beam energy spread
and divergences are low, " =2, "x;y 0 4 (see, for
example, Saldin et al., 2000; Schmüser et al., 2014). In an X-ray
FEL, for reasonable values of the Twiss parameter and  ’
103, we obtain ’ 1.0 – 1.05. Moreover, even for longer-wave
radiation, for example, with  ’ 100 nm in the PALADIN
experiment (Winick et al., 1994), where  = 0.01, x,y > 2.5 m,
we have ’ 1.03 – 1.05 (see Fig. 1).
Eminent axial asymmetry of the beam in a planar undulator
can be also accounted for phenomenologically. This asymmetry is demonstrated by the example shown in Fig. 2, which
we produced using the SPECTRA (Tanaka & Kitamura, 2001;
Tanaka, 2014) numerical code. We omit the details for brevity.
Different from each other, x, y divergences and beam sizes
are accounted for by "x,y. A separate account for the diffrac-
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Figure 1
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Figure 2
Axially asymmetric spatial distribution of the UR intensity modelled with
the SPECTRA code in relative units; red, maximum intensity; blue,
minimum.
J. Synchrotron Rad. (2019). 26, 159–169
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P
f
Pn;F ¼ pFﬃﬃﬃ n
n nf1

2
:

Thus the nth harmonic can dominate and even induce nonlinear generation to its sub-harmonics. To adopt our
phenomenological formalism to this case we use Ln;g instead
of Lg in (3); for the mth sub-harmonic, induced by the nth
harmonic, we obtain the saturated power

PF;n;D fmn 2
Pmn;F;D ¼ pﬃﬃﬃﬃ
m
m mfn
and bunching

bmn ðzÞ ﬃ hm Pn ðzÞ Pe D;mn

m=2

:

These expressions should be used for sub-harmonics instead of
formulae (2)–(5) for harmonics. Note that the Pierce parameter and the Bessel coefficients fm for sub-harmonics are
very small in common planar undulators; therefore the subharmonic generation can be efficient only in two-frequency
undulators.
The radiation interacting with the electrons increases the
initial energy spread of the beam ";0 by the additional FELinduced energy spread FEL . The energy spread induced by the
fundamental harmonic was described phenomenologically by
Dattoli & Ottaviani (2002). For the energy spread induced by
the nth harmonic we modify that formula accordingly,
8
91=2


<
=
D;n P0;n Aðn; zÞ!D;n Pe
3
2
2
h
i
ðzÞ
¼
þ
:
"
";0

2 :1 þ 1:24 Aðn; zÞ
 1 P0;n PF;n;D ;
!D;n
ð12Þ
For the dominant fundamental harmonic, formula (12) applies
with n = 1. Above we have given the phenomenological
description of the evolution of the harmonic power and
bunching in a single-pass FEL accounting for all major losses.
In the following we will demonstrate that in its present form
the phenomenological model provides consistent agreement
with an array of experimental results and it has a good match
with numerical simulations, such as PERSEO (Gianessi, 2006).
We will test the phenomenological model with PALADIN
(Winick et al., 1994) and other experiments (Freund et al.,
2000; Emma et al., 2010), and compare with the results of
PERSEO simulations and with experimental data. Then we
will apply the phenomenological description to harmonic
bunching and power modelling in the case of suppressed lowharmonics in a segmented two-frequency X-ray FEL undulator.

4. Comparative analysis of the harmonic power
evolution in the PALADIN experiment with
phenomenological and PERSEO simulations
In this section we will model the power evolution in some FEL
experiments in the framework of the phenomenological
approach and compare with numerical simulations using
PERSEO codes (Gianessi, 2006) and with experimental
J. Synchrotron Rad. (2019). 26, 159–169

reports. A comparison between the phenomenological model
and an experiment at SPARC (Gianessi et al., 2011) was made
earlier by Zhukovsky & Potapov (2017). Good agreement
of the experimental values for the fundamental and third
harmonics was observed for the phenomenological model. It
was actually better than that for some numerical simulations.
Let us consider now the PALADIN experiment (Winick et al.,
1994), where the beam had an energy spread e = 2  104,
current I0 = 2000 A, normalized emittances "x,y = 3.5 
106 m rad and three different values of the relativistic parameter,  = {1000, 2000, 3000} (for more details, see Winick et
al., 1994). We estimated the beam cross sections,  ’ {2.1 
107, 1.05  107, 7.0  108} m2 and the initial coherent noise
power values, p0 ’ {0.8, 8, 30} kW, for the respective values  =
{1000, 2000, 3000}. The FEL had a rather strong undulator
with k = 4.1 and long period u = 8 cm. Comparison of the
phenomenological modelling with the PERSEO numerical
modelling for  = 1000 is shown in Fig. 3, and for  = 2000 in
Fig. 4. Harmonics in the phenomenological model are denoted
in thin solid lines: n = 1, red; n = 3, green; n = 5, blue.
Harmonics in the PERSEO numerical model are denoted as
follows: n = 1, thick solid black line; n = 3, dotted blue line; n =
5, dashed red line. The saturation length computed with the
PERSEO code appears somewhat shorter than in the
phenomenological model.
The experimental results for the saturation were reported at
 11 m in the low-energy case (see modelling in Fig. 3) and at
 18 m in the medium-energy case (see modelling in Fig. 4).
The PERSEO code predicts  10.5 m and  15.5 m saturation
lengths; the phenomenological model gives  11.5 m for the
low-energy case (see Fig. 3) and 16.5 m for the medium-energy
case (see Fig. 4), which is also close to the experimental 11 m
and 18 m. In the high-energy case,  = 3000, the match was
good too; we omit proper figures for brevity. The saturated
powers in both phenomenological and PERSEO numerical
simulations were  10 GW, which exceeds the experimental
value  5 GW. Peak harmonic powers agree fairly well in
phenomenological and PERSEO simulations; oscillations are
modelled only in PERSEO. Some discrepancy is natural even
for complicated 3D simulations, performed, for example, for
a SPARC experiment (Gianessi et al., 2011), where a rather
large disagreement between the results of different codes
occurred. In our case, despite some disagreement in saturated
power values and some shorter saturated length in PERSEO,
both models reproduce quite well the power dynamics in
PALADIN, with the phenomenological model giving a
saturation length value closer to the experimental one.
Similarly a good match was observed with the results
reported by Freund et al. (2000). We omit its discussion for
conciseness. Moreover, we have applied our model to the
study of the short-wave 1.5 Å FEL radiation in an LCLS
experiment (Emma et al., 2010). There, a very high energy
electron beam with  = 26600 and 3 kA current was used for
generating sub-nanometric radiation at  = 0.15 nm in the
FEL undulator with a period u = 3 cm and k = 3.5. The energy
spread was reported as " = 1  104 and the normalized
emittances were "x,y = 0.4 mm rad. The saturation was reported
Zhukovsky and Kalitenko



Power evolution and bunching FELs

163

research papers

Figure 5
Figure 3
Comparison of the phenomenological and numerical PERSEO modelling
of harmonic power in the PALADIN experiment for low energy,  = 1000.
Harmonics in the phenomenological model (thin solid lines): n = 1, red;
n = 3, green; n = 5, blue. Harmonics in the PERSEO model: n = 1, thick
solid black line; n = 3, dotted blue line; n = 5, dashed red line.

Figure 4
Comparison of the phenomenological and numerical PERSEO modelling
of the harmonic power in the PALADIN experiment for medium energy,
 = 2000. Harmonics in the phenomenological model (thin solid lines):
n = 1, red; n = 3, green; n = 5, blue. Harmonics in the PERSEO model: n =
1, thick solid black line; n = 3, dotted blue line; n = 5, dashed red line.

at 60 m with  12 GW power; the gain length at the facility was
calculated to be  4 m and experimentally measured at 3.5 m
(Emma et al., 2010). We reproduced the power growth in that
FEL by means of a numerical simulation using the PERSEO
code and in the framework of our phenomenological model.
The FEL power evolution is graphically presented in Fig. 5.
Our phenomenological model predicts the saturation at
56 m of pure undulator length, which is in very good agreement with the reported value if we account for 15 cm gaps
between 17 undulator segments, each 3.4 m long. We have
obtained a gain length Lgain = 3.8 m in the phenomenological
model, which also fits very well the interval 3.5–4 m reported
by Emma et al. (2010) and is even closer to the measured 3.5 m
value than the 4 m theoretical estimation of the installation
design. The saturated power peaks at 22 GW in the
phenomenological model, which also agrees with our numerical simulation using PERSEO and with the average measured
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Comparison of the phenomenological and numerical PERSEO modelling
of the harmonic power in the 1.5 Å FEL radiation experiment for  =
26600, " = 1  104, "x,y = 0.4 mm, u = 3 cm, k = 3.5. Harmonics in the
phenomenological model (thick solid lines): n = 1, red; n = 3, green.
Harmonics in the PERSEO model (thin lines): n = 1, solid black line; n = 3,
dotted blue line.

value of 12 GW taking into account oscillations of the saturated power. The latter phenomenon remains beyond our
phenomenological model, which describes just the initial
saturation. The average saturated power of the fundamental
harmonic appears somewhat lower due to its oscillations,
while the high-harmonics power also oscillates and keeps
growing for a while at a lower rate in the saturated regime (see
the PERSEO numerical simulation in Figs. 3–5).
Note that the requirement "x;y 0 =4 is hardly fulfilled in
X-ray FELs. Even for the fundamental harmonic in the LCLS
experiment (Emma et al., 2010) the condition is barely satisfied, " ﬃ 0 =4 ﬃ 1:2  1011 , and for the third harmonic the
inequality just does not hold. For this reason high harmonics
were not registered in the LCLS experiment. The absence of
high harmonics in FELs, where the fundamental tone is in the
X-ray band, is rather common; we have shown the third
harmonic in Fig. 5 to demonstrate that the phenomenological
model agrees with the numerical one. In the PALADIN
experiment the conditions for the radiation of the third and
fifth harmonics were satisfied.
The above comparison of the phenomenological approach,
numerical PERSEO code and measurements shows consistently good agreement in various experiments at different
facilities under different conditions and at different radiation
wavelengths, ranging from hundreds of nanometres to 1.5 Å.
This is a good result, in particular taking into account that only
a few basic parameters are needed for the phenomenological
model.

5. Two-frequency planar undulator in a single-pass FEL
It was demonstrated (Zhukovsky, 2014, 2015a,b, 2016a) that
much stronger UR harmonics can be obtained in a planar
undulator with the following double-period magnetic field,
o
n
ð13Þ
H ¼ 0; H0 sinðk zÞ þ d sinðhk zÞ ; 0 ;
J. Synchrotron Rad. (2019). 26, 159–169

research papers
where k ¼ 2=u ; h 2 Z, d; h ¼ constant, than in a common
planar undulator. The radiation from the undulator with the
field (13) has the wavelength


k2
n ¼ u 2 1 þ eff ;
2n
2
where k2eff ¼ k2 þ k22 and k2 ¼ kjd=hj. For a common planar
undulator it is enough to set d = 0. The Bessel coefficients fn;x
for the FEL undulator with the field (13) depend on the
generalized Bessel functions InðhÞ (Zhukovsky, 2016b). They
have the following integral presentation (Dattoli et al., 2006),
h
i
ðhÞ
ðhÞ
ðhÞ
ðhÞ
fn; x ¼ In1
þ Inþ1
þ ðd=hÞ Inþh
þ Inh
;
InðhÞ

Z2
¼
0



k2 ð1 þ 2 þ 3 þ 4 Þ d’
;
cos n’ þ
1 þ k2eff =2
2

ð14Þ

sinð2’Þ
d sin½ðh  1Þ ’
1 ¼
;
2 ¼ 
;
4
hðh  1Þ
d sin½ðh þ 1Þ ’
d 2 sinð2h’Þ
3 ¼ 
;
4 ¼ 
:
hðh þ 1Þ
4h3
Some simulations for a FEL with a two-frequency undulator
were carried out by Dattoli et al. (2006); and two-colour
radiation was modeled with a crossed two-frequency undulator (Dattoli et al., 2014). Recently harmonic generation and
evolution in two-frequency FEL undulators was studied by
Zhukovsky & Potapov (2017); modelling showed that the
bunching coefficients for high harmonics in a two-frequency
FEL with low electron energy spread ( " = 0.0001) evolved in
a linear regime, following the bunching at the fundamental
wavelength; lasing of high harmonics occurred mostly due to
independent bunching at their wavelengths n . For a common
planar undulator, on the contrary, everything depends on the
fundamental harmonic, which largely induces bunching for
high harmonics. The latter appear much weaker than in a twofrequency undulator. The harmonic bunching coefficients
in a common planar undulator grow slower than in a twofrequency undulator until nonlinear growth kicks in, induced
by the fundamental harmonic (for details, see Zhukovsky &
Potapov, 2017). This inspired a proposal to use two-frequency
undulators–prebunchers in cascaded HGHG FELs
(Zhukovsky, 2017a,b,c, 2018a,b,c) to group electrons directly
at the harmonic wavelengths with high bunching values in
linear growth. It was shown that high power of FEL harmonics
could be achieved in such FELs over a short length.

6. High-harmonic saturated power increase and
low-harmonic suppression
A two-frequency undulator with proper secondary periodic
field can provide much stronger high harmonics than a
common planar undulator. However, its exponential harmonic
power growth is nevertheless limited by the saturation of the
first harmonic. The latter induces significant electron energy
spread and prevents high harmonics from growing further
along the FEL. Thus, high harmonics saturate approximately
J. Synchrotron Rad. (2019). 26, 159–169

at the same length with the fundamental or some earlier
harmonic (Deng & Dai, 2013; Bonifacio et al., 1990; Huang &
Kim, 2000; Schneidmiller & Yurkov, 2012). Their power and
bunching evolution is fairly well described in x2. In order to
boost high harmonics to the maximum power, they should
grow beyond the saturation length of the fundamental
harmonic. Various methods were proposed, such as filtering
off the radiation of the fundamental tone and phase-shifting
the electrons to the radiation between the undulator cascades
(Schneidmiller & Yurkov, 2012; McNeil et al., 2006). The shift
by k/n, where k = 2, 4, 6, etc., of 2/n or 4/n interrupts
otherwise continuous growth of the bunching in the FEL by
displacing the position of the electron micro-bunch from the
nodes of the radiation field of the fundamental harmonic. This
k/n phase shift, however, does not alter the harmonic field
interaction with the electron micro-bunches and thus exponential growth of the nth harmonic power proceeds along the
FEL even beyond the saturation length of the fundamental
tone. Moreover, a weak fundamental tone induces a smaller
energy spread. This phenomena has been explored in common
undulators by Schneidmiller & Yurkov (2012) and McNeil et
al. (2006).
In this study we explore the harmonic growth in a phaseshifted FEL with the two-frequency undulator. For this
purpose we use a simple phenomenological description, where
the possibility of a high harmonic, dominating over the
fundamental one, is included (see x3). Consider, for example,
the electrons mismatched to the photons of the fundamental
tone by 2/5 between the undulator cascades. This phase shift
neither alters the bunching at the fifth FEL harmonic wavelength nor attenuates the radiation between the undulator
sections. However, this repetitive phase shift makes the electrons rebunch at the fundamental wavelength after each
section. In our example we assumed the electron energy E =
5.47 GeV,  = 10700, low beam energy spread " = 0.0001 and
high current I0 ’ 3.66 kA, which is typical for modern FEL
orders of magnitude (McNeil & Thompson, 2010; Pellegrini et
al., 2016; Pellegrini, 2016). We assume  15% coupling losses
between the undulator cascades. Further data are collected in
Table 1.
The disruption of the bunching evolution for the fundamental harmonic of the phase-shifted two-frequency FEL is
shown in Fig. 6 (see red lines). The growth of the bunching
coefficient for the fundamental harmonic is interrupted after
each section due to the imposed phase shift, which displaces
the electrons away from the wave nodes of the fundamental
tone. The electrons start regrouping in this beam, which is
effectively debunched at the harmonic wavelength. In this
process only  1/9 of the radiation power between the
cascades couples to the unbunched electrons (Pellegrini et al.,
2016; Huang & Kim, 2007; Saldin et al., 2000). For bunched
electrons the coupling losses usually do not exceed 20–25%.
The repetitive process of disruption of the bunching and
consequent rebunching in the phase-shifted FEL does not
allow the fundamental harmonic to reach its usual high output
power. Similar considerations regarding the third harmonic
are denoted by the green piecewise line in Fig. 6.
Zhukovsky and Kalitenko
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Table 1
Modelling data for the FEL with the two-frequency undulator and
suppressed low-harmonics; the dominating fifth harmonic wavelength
equals 0.15 nm (see Figs. 6 and 7) and matches the fundamental radiation
wavelength in the LCLS experiment (Emma et al., 2010).
Electron beam
characteristics

 = 10700, e = 0.0001, J = 3.125  1011 A m2,
 = 1.17  108 m2, I0 = 3.66 kA,
PE = 20000 GW, = 1.04

u = 2.8 cm, k = 3.2, h = 3, d = 0.5, Ls = 26 m,
FEL undulator
Ls5 = 30 m, Lgain = 1.8 m
properties and
relevant parameters
Radiation related
parameters

n = 1 = 0.76 nm, n = 3 = 0.25 nm, n = 5 = 0.15 nm,
n = 53 = 0.05 nm, n = 55 = 0.03 nm, PF5 = 14 GW,
Pn = 1,3 = 13 MW, Pn = 5,F = 0.25 GW,
Pn = 53sat = 0.25 GW, Pn = 55sat = 13 MW

Harmonic number

n=1

n=3

n=5

fn
D, n

0.6118
0.000753

0.4763
0.000643

0.4182
0.000591

Figure 6
Evolution of the harmonic bunching coefficients in a FEL with the twofrequency undulator, where rebunching at the fundamental harmonic
wavelength is induced after each undulator section. Bunching coefficients
for the harmonic with n = 1, red lines; for the harmonic with n = 3, green
lines; n = 5, blue line.

The more frequently the phase-shifters are placed, the
better the suppression of low harmonics becomes. Undisturbed growth of the fifth-harmonic bunching is denoted by
the blue line in Fig. 6. It demonstrates that the bunching at the
fifth-harmonic wavelength grows continuously along the
whole FEL. The respective FEL harmonic power evolution
is shown in Fig. 7, where we observe the disruption of the
exponential growth of the low-harmonics radiation power; the
fundamental-harmonic power is denoted by the red line, and
the third-harmonic power is denoted by the green line.
In Fig. 7, short-dashed red, green and blue lines denote the
powers of the harmonics with n = 1, 3 and 5, respectively, in the
two-frequency FEL without the phase shift. Solid lines in
Fig. 6 describe the harmonic power evolution, following the
bunching evolution, simulated in Fig. 6. The disruption of the
bunching for the harmonics with n = 1 and n = 3 (see Fig. 6)
affects the respective harmonic powers, denoted by the red
and green lines in Fig. 7: their piecewise growth leads to lower
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Figure 7
FEL harmonic power evolution. The harmonic power in the phase-shifted
two-frequency FEL undulator is shown by the solid lines; the common
case, when the fundamental harmonic dominates, is shown by shortdashed lines. The harmonics with n = 1, 3 and 5 are denoted by the red,
green and blue lines, respectively.

output power. The fifth harmonic, denoted by the solid blue
line in Fig. 7, grows after the 20 m point, where the saturation
otherwise occurred (short-dashed blue line), and it becomes
dominant towards the end
pﬃﬃﬃof the phase-shifted FEL with the
saturation power PF5 ﬃ 2ð2D;5 =5 Þ Pe 5 . The latter is higher
than the output power of the fundamental tone in this phaseshifted FEL (see Fig. 7). Indeed, as shown in Fig. 7, the fifth
harmonic at n = 5 = 0.15 nm saturates after 30 m versus 20 m in
the non-shifted FEL, and reaches  14 GW versus  0.3 GW
saturated power in the non-shifted FEL. Moreover, the fifth
harmonic in the phase-shifted FEL has the same wavelength,
0.15 nm, as the fundamental harmonic of the LCLS FEL
(Emma et al., 2010) (see x4), and has a similar saturated power
to the LCLS FEL,  20 GW. It is achieved at a much shorter
FEL length,  30 m, which is a half of the LCLS ( 60 m) FEL
saturation length (compare the blue solid line in Fig. 7 with the
red line in Fig. 5). The fifth harmonic in the common planar
undulator [d = 0 in (13)] is significantly weaker than in the
two-frequency undulator and we omit it’s plot in Fig. 7 for
clarity. In our simulation we have assumed complete
debunching of the electrons at the first- and third-harmonic
wavelengths between the undulator sections due to the phase
shift. If the debunching is partial, the suppression of proper
harmonics is weaker. In this case we obtained results similar to
those reported in Fig. 7, but we obtained higher powers of the
first and third harmonics, reaching  108 W (we omit the
figures for brevity), i.e. ten times higher than those shown in
Fig. 7. Nevertheless, in this case the first and third harmonic
powers remain  100 times lower than the power of the
dominant fifth harmonic, which reaches 1010 W.
In the FEL with the two-frequency undulator and
suppressed low harmonics, the fifth harmonic dominates (solid
blue line in Figs. 7 and 8) and can induce higher sub-harmonics
in the non-linear regime, similarly to that of a strong fundamental harmonic in a common undulator FEL. In Fig. 8 we
show that the dominant harmonic with n = 5 induces after
22 m the third sub-harmonic at 0.05 nm (see the dashed line in
J. Synchrotron Rad. (2019). 26, 159–169
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fundamental tone (see the right-hand
plot in Fig. 9).
Thus, the suppression of low harmonics in a FEL, for example by the
repetitive electrons–photons phase
shift, makes it possible to obtain a
powerful nth harmonic in a twofrequency undulator with significant,
with respect to the common planar
undulator, independent harmonic gain
in the linear regime. The power of the
nth harmonic in such a FEL can greatly
exceed the power of its fundamental
tone. Moreover, it can exceed the power
Figure 8
of the fundamental tone in a common
Evolution of the subharmonic power (left) and bunching (right), induced by the dominant fifth
harmonic. Dashed and dotted lines denote the third and fifth sub-harmonics, respectively, induced
planar undulator, tuned at the same
by the fifth harmonic (blue solid line).
high-harmonic frequency, and it can
also generate sub-harmonics in the nonlinear regime. The FEL-induced electron energy spread in
Fig. 8); it has a relatively high saturated power,  0.25 GW,
such a FEL is several times less than in the FEL, where the
comparable with the power of the fundamental tone (see
fundamental tone usually dominates.
Fig. 7).
Even the fifth sub-harmonic at 0.03 nm can appear after
27 m if the emittance of the electron beam is sufficiently low;
7. Results and conclusions
then it can reach  13 MW power (see the dotted line in Fig. 8).
Such sub-harmonic generation can occur in the two-frequency
We have studied the FEL harmonic power and bunching
FEL with suppressed low-harmonics and is very weak in the
evolution in the framework of the enhanced phenomencommon undulator FEL because the latter has very small
ological model. We have performed simulations for
values for the Pierce parameter and Bessel coefficients for
PALADIN and other FEL experiments, with 0.5 mm to
high harmonics. Moreover, for the sub-harmonic generation to
0.15 nm radiation (Winick et al., 1994; Freund et al., 2000;
occur, the fundamental FEL tone should be suppressed for the
Emma et al., 2010) with the phenomenological model and with
high-harmonics benefit and the energy spread and the emitthe PERSEO numerical code. A comparative analysis of the
tance must be very low. For example, for the sub-harmonic at
harmonic power in these experiments demonstrated that the
0.05 nm we have 0 =4 ﬃ 4  1012 m rad, which gives a
phenomenological model, although it is based on few basic
normalized emittance estimation " ﬃ 0.04 mm mrad, which is a
input parameters, reproduces the experimental data very well;
very small value. Thus, sub-harmonics can be detected only in
up to the saturation point the agreement is even better than
very high quality installations.
that with the numerical PERSEO code. We obtained a perfect
If the fundamental harmonic is suppressed, the dominant
match with the 1.5 Å FEL experiment (Emma et al., 2010).
In order to show the advantage of two-frequency undulahigh-harmonic induces the energy spread. We compared the
tors in harmonic generation and independent harmonic
induced electron energy spread in a two-frequency FEL with
the dominant fifth harmonic (solid
line in the left-hand plot in Fig. 9)
and dominant fundamental harmonic
(dashed line in the left-hand plot in
Fig. 9). The ratio of the proper values
";n ¼ 1 = ";n ¼ 5 is shown in the right-hand
plot in Fig. 9.
The FEL with the dominant fifth
harmonic induces less energy spread
after 15 m than the FEL with the
dominant
fundamental
harmonic
(compare the solid and dashed lines in
the left-hand plot in Fig. 9). The difference in the induced energy spread
Figure 9
Evolution of the electron energy spread along the FEL; the dashed line describes the energy spread
becomes largest at  23 m, where the
in the common FEL, solid lines describe the energy spread in the FEL, where low harmonics are
FEL with the dominant fifth harmonic
suppressed and the fifth harmonic dominates. The right-hand plot shows the ratio of the energy
has a three times lower total energy
spread in the common FEL with the dominant fundamental harmonic to that in the FEL with the
spread than the FEL with the dominant
dominant fifth harmonic.
J. Synchrotron Rad. (2019). 26, 159–169
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growth in the linear regime we performed simulations for a
cascaded FEL with the two-frequency undulator, where the
low-harmonic growth was suppressed and the fifth harmonic
was enhanced. Moreover, we have demonstrated that with
the two-frequency undulator, having basic parameters of the
undulator from Emma et al. (2010) and the additional second
periodic magnetic field, it is possible to obtain similar radiation power and frequency as Emma et al. (2010) but on half of
the FEL length, i.e. 30 m instead of 60 m, with less than half
the electron energy,  = 10700 instead of  = 2660, for a similar
beam current and other beam parameters. With electron
energy E = 5.47 GeV and current I0 = 3.66 kA we showed that
14 GW radiation can be obtained for the fifth harmonic at subnanometric wavelength 5 = 0.15 nm (see Fig. 7). The radiation power and wavelength are close to the proper values
in the LCLS experiment (Emma et al., 2010) under similar
conditions, but the saturation length is twice as short as that
for the FEL, radiating the fundamental harmonic in the
common planar undulator (Emma et al., 2010); moreover, the
electron energy is now E = 5.47 GeV versus the E = 13.6 GeV
of Emma et al. (2010). This shows that use of the twofrequency undulator requires a much lower electron energy
and shorter FEL length.
Using a k/n phase shift for the electrons with respect to
the photons between the undulator sections (Schneidmiller &
Yurkov, 2012; McNeil et al., 2006), it is possible to disrupt the
bunching for harmonics lower than the nth. This allows the nth
harmonic to grow even beyond the point where its saturation
usually occurs, determined by the saturation of the fundamental tone. We have modelled this situation for the fifth
harmonic in the two-frequency undulator with the help of
the accordingly modified phenomenological model. We have
demonstrated the disruption of the bunching for low harmonics (see Fig. 6) and a proper decrease of their harmonic
power (see Fig. 7). In this case the fifth harmonic can dominate. Its evolution proceeds in a linear regime independent
of the fundamental tone and its power can be boosted many
dozens of times. To this end the electron beam should be of
high quality.
In a compact FEL of  30 m with a two-frequency undulator and suppressed low harmonics, the dominant fifth
harmonic can induce its third sub-harmonic at n=53 =
0.05 nm with 270 MW power (dashed line in Fig. 7) and even
the fifth sub-harmonic at n=55 = 0.03 nm with 13 MW power
(see Fig. 7). This is hardly possible in a common planar
undulator because of the insufficient amplification of high
harmonics and low values of the respective Bessel coefficients.
We have also shown that in a FEL with a two-frequency
undulator and suppressed low harmonics the energy spread
becomes three times smaller than in a common FEL, where
the fundamental tone dominates. The difference is largest at
the end of the FEL at the point where saturation usually
occurs (see Fig. 9).
Thus, the suppression of low harmonics by the electrons-tophotons phase-shift boosts the maximum power of the fifth
harmonic in the two-frequency X-ray FEL undulator to
 13 GW at 5 ’ 0.15 nm for an electron current of  3.66 kA;
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just 30 m are needed for this. Otherwise a twice-as-long
common undulator FEL and 2.5 times higher electron energy
are needed to obtain such radiation. Moreover, the generation
of sub-harmonics with wavelengths <0.05 nm may be possible
if the divergences are kept low. The considered compact FEL
with the two-frequency undulator can complement existing
large installations at a lower cost and smaller size.
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