
beamlines

J. Synchrotron Rad. (2019). 26, 891–898 https://doi.org/10.1107/S160057751900290X 891

Received 16 November 2018

Accepted 25 February 2019

Edited by I. Lindau, SLAC/Stanford University,

USA

Keywords: undulator technologies;

X-ray free-electron lasers; high brilliance;

self-amplified spontaneous emission;

harmonic lasing self-seeding.

Compact undulator line for a high-brilliance
soft-X-ray free-electron laser at MAX IV

Alan Mak, Peter Salén and Vitaliy Goryashko*

FREIA Laboratory, Uppsala University, PO Box 516, SE-751 20 Uppsala, Sweden.

*Correspondence e-mail: vitaliy.goryashko@physics.uu.se

The optimal parameter space for an X-ray free-electron laser (FEL) in the self-

amplified spontaneous emission (SASE) operation mode is examined. This

study focuses on FEL operation with a shorter undulator period and higher

undulator strength made available through recent developments in in-vacuum,

cryogenic and superconducting undulators. Progress on short-period undulator

technologies is surveyed and FEL output characteristics versus undulator

parameters are computed. The study is performed on a case of the planned soft-

X-ray FEL at the MAX IV Laboratory in Sweden. An extension of the SASE

mode into the harmonic lasing self-seeded mode is also analysed.

1. Introduction

The X-ray free-electron laser (FEL) is a coherent and tunable

light source offering a spatial resolution at the ångström scale

and a temporal resolution at the femtosecond and subfemto-

second scales. It delivers the highest peak brilliance amongst

laboratory X-ray sources today, outperforming even the

synchrotron by five to ten orders of magnitude (see Fig. 1).

Thanks to these superb optical properties, the X-ray FEL

has opened up many new frontiers in solid-state physics

(Bencivenga et al., 2015), photochemistry (Ullrich et al., 2012),

structural biology (Neutze et al., 2015) and other research

disciplines. In the soft X-ray spectral region, the FEL has

proven useful for coherent diffraction imaging and time-

resolved X-ray spectroscopy. The former is performed routi-

nely at the FLASH (Chapman et al., 2006; Mancuso et al.,

2010) and FERMI (Capotondi et al., 2013, 2015) facilities. The

latter has been applied to the studies of, for instance, artificial

photosynthesis (Smolentsev & Sundström, 2015) and corre-

lations between valence electrons and holes (Mukamel et al.,

2013). The increasing number of scientific applications and the

growing demand for beam time motivate the development of

new FEL facilities.

However, the X-ray FEL facilities in operation today are

generally very long; therefore, an ongoing quest in FEL

research and development is to make the FEL more compact

while seeking a higher brilliance (Huang, 2015). This is also

the primary objective of the international project ‘Compact

Light’ (Compact Light Collaboration, 2018–2020) funded

by the European Union’s Horizon 2020 Research and Inno-

vation Programme.

One approach to a more compact FEL is to take advantage

of the advancements (Huang et al., 2017; Bahrdt & Gluskin,

2018) in cryogenic, superconducting and in-vacuum undulator

technologies, so as to reduce the undulator length required

for reaching a high brilliance. In this article, we study this

approach by means of analytical calculations and numerical
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simulations, on a case involving the Soft X-ray Laser (SXL)

project (Werin et al., 2017) at the MAX IV Laboratory

in Sweden.

Though some scientific applications of the FEL such as

magnetization dynamics (Seddon et al., 2017) and chirality of

molecules (Cahn et al., 1966) require polarization control,

most applications can benefit from the preferential direction

of a linearly polarized field. Hence, even next-generation

FEL facilities such as LCLS-II (Galayda, 2018) and the

European XFEL (Altarelli, 2007) are primarily based on

planar undulators.

In this study, we focus on the planar undulator configura-

tion, which produces linearly polarized FEL radiation. Ellip-

tically polarized (or polarization-tunable) radiation can be

produced by deploying a main planar undulator line that is

reversely tapered, followed by an afterburner. The former

serves to suppress the radiation at the fundamental harmonic,

while allowing the formation of microbunches as in the stan-

dard FEL operation (Schneidmiller & Yurkov, 2013). The

latter is a helical undulator segment, in which the micro-

bunched electron beam can radiate coherently and produce

ellipically polarized FEL fields. Using this approach, the

degree of desired circular polarization experimentally

demonstrated at LCLS was around 98% (Lutman et al., 2016).

In contrast to a planar undulator, a helical undulator has a

magnetic field which couples more efficiently to the electron

beam motion, and has an undulator parameter that is
ffiffiffi
2
p

times that of a planar undulator with the same period. With a

higher undulator parameter, the helical configuration can lead

to a more compact undulator line.

However, this advantage is outweighed by the mechanical

complexity in the tuning of the undulator parameter. To tune

the FEL wavelength, the undulator magnetic field must be

adjustable, and this is more easily achievable with the planar

configuration. For instance, for a planar undulator, the

magnetic field strength can be adjusted by displacing one row

of magnets with respect to the other along the length of the

undulator. In contrast, a helical undulator usually requires

four rows of magnets to be movable in the radial direction,

which is technically more challenging. Despite years of

development, ‘tunable’ cryogenic permanent magnet helical

undulators are still in the R&D phase and have not been

demonstrated yet (Bahrdt et al., 2018).

Another advantage of the tunable planar undulator line

over the helical one is the enhanced longitudinal coherence

for a certain wavelength range. To this end, the undulator line

is effectively split into two sections such that the desired

output wavelength is set as the fundamental wavelength in the

second section but is set as a higher harmonic in the first

section. As the fundamental wavelength in the first section is

longer, the cooperation time (and hence, the longitudinal

coherence) can be increased. This mode of operation is known

as harmonic lasing self-seeding (HLSS) (Schneidmiller &

Yurkov, 2012). In this paper, we focus on the baseline design

of a planar undulator line for the SXL project. We also

investigate the HLSS mode.

2. Theoretical background

2.1. General remarks

The FEL has two main components: a beam of relativistic

electrons and an undulator. In the undulator, the electron

beam interacts with and amplifies the radiation that it emits. In

this article, we consider the operation mode of self-amplified

spontaneous emission (SASE) (Kondratenko & Saldin, 1980;

Bonifacio et al., 1984), whereby the growth in radiation power

starts from the shot noise in the electron beam.

The undulator is a magnetic device with a temporally static

and spatially periodic magnetic field along its length. The

magnetic field is specified by two parameters: the undulator

period �u and the undulator parameter,

K ¼
e�uB0

2�mec
; ð1Þ

where B0 is the magnetic field amplitude, e is the absolute

value of the electron charge, me is the electron rest mass and

c is the speed of light.

On the axis of the undulator, the fundamental wavelength

of the radiation is given by

� ¼
�u

2�2
1þ a2

u

� �
; ð2Þ

where au ¼ K=
ffiffiffi
2
p

for a planar undulator and au = K for a

helical undulator. The Lorentz factor � denotes the electron

energy in units of the rest energy mec2.

A figure of merit for a FEL is the peak brilliance (see Fig. 1),

which is the number of photons emitted per unit time, per unit

cross-sectional area, per unit solid angle within a bandwidth

(BW) of 0.1% of the central wavelength. A related quantity is
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Figure 1
Peak brilliance as a function of photon energy for a selected set of light
sources. FEL facilities and synchrotron facilities are shown in solid and
dashed lines, respectively. This figure is adapted from Figure 1 in the work
by Weckert (2015). The curve labelled ‘case under study’ is produced
from analytical calculations using the electron parameters in Table 2 and
an undulator period of 20 mm.



the average brilliance, which is the peak brilliance multiplied

by the duration of the light pulse and the repetition rate.

The peak brilliance and other FEL properties can be

calculated analytically from the 1D and 3D theories, which are

recapitulated in the appendices.

2.2. Magnetic field strength deliverable by an undulator

For the purpose of developing a compact FEL, it is

advantageous to minimize the saturation length and maximize

the peak brilliance. In turn, these require optimizing the

undulator specifications, namely �u and K. According to

equation (1), K is scaled linearly with the magnetic field

strength B0. In general, B0 can be expressed by the Halbach

formula (Halbach, 1983),

B0ðg; �uÞ ¼ h1 exp �h2

g

�u

� �
þ h3

g

�u

� �2
" #

: ð3Þ

Here g is the gap height, i.e. the separation between the two

opposite rows of magnetic poles in the undulator. B0 has the

unit of tesla, while both �u and g have the unit of millimetre.

The coefficients h1, h2 and h3 have different values for

different undulators types and for different materials. Table 1

shows four examples for the in-vacuum undulator (IVU) and

the cryogenic permanent-magnet undulator (CPMU).

For the superconducting undulator (SCU), the scaling law

for B0 is different from equation (3). An alternative formu-

lation was devised by Kim (2005) and summarized by Moog et

al. (2017) as follows:

B0ðg; �uÞ ¼ 0:28052þ 0:05798�u � 9�10�4�2
u þ 5� 10�6�3

u

� �
� exp ��

g

�u

� 0:5

� �� �
: ð4Þ

Here B0 has the unit of tesla, while �u and g have the unit of

millimetre. Note that equation (4) applies to NbTi super-

conducting wires at 80% of the critical current density. For

Nb3Sn superconducting wires, the expression is otherwise

identical to equation (4), except that it needs to be multiplied

by a factor of 1.3 (Moog et al., 2017).

In both equation (3) and equation (4), B0 can be increased

by increasing �u or decreasing g. For any given �u, the largest

achievable B0 is limited by the smallest acceptable g, which

is determined by the beam stay-clear. It then follows from

equation (1) that

Kmaxð�uÞ ¼
e

2�mec
�u B0ð gmin; �uÞ: ð5Þ

Using equation (5), we can calculate the maximum K deli-

verable as a function of �u for different undulator types and

for different materials.

3. Results and discussions

3.1. Analytical calculations

Using the 3D FEL theory outlined in Appendix B, we

perform analytical calculations for the Soft X-ray Laser (SXL)

project (Werin et al., 2017) at the MAX IV Laboratory

in Sweden.

The SXL is a planned FEL facility that would utilize the

electron beam from the existing linear accelerator at MAX IV.

The target range for the radiation wavelength � is 1–5 nm.

Here we consider a case which uses (i) the SASE operation

mode, (ii) variable-gap planar undulators and (iii) the electron

parameter values shown in Table 2.

To investigate the dependence of the FEL performance

on the undulator specifications, we examine the four colour

maps in Fig. 2. Each colour map shows the variation of a

performance parameter over the K–�u plane, specifically in

the region corresponding to the target wavelength range of

� = 1–5 nm.

Given the undulator period �u, the desired wavelength �
can be obtained by adjusting the gap height g (and hence the

undulator parameter K) to satisfy equation (2). Within

Fig. 2(a), a larger �u yields a higher saturation power Psat.

Within Fig. 2(b), a smaller �u yields a smaller saturation length

Lsat. Within Fig. 2(c), a smaller �u yields a longer coherence

time �c. Within Fig. 2(d), a smaller �u yields a higher peak

brilliance B.

For the purpose of developing a compact FEL, we want the

largest B over the smallest Lsat. To this end, a useful figure of

merit is the ratio B/Lsat, for which a colour map is shown in

Fig. 3. Within the domain of Fig. 3, the largest B/Lsat occurs at

�u = 15 mm.

However, not all regions of the K–�u plane are accessible in

practice. For any given �u, there is an upper limit for K given

by Kmax(�u) in equation (5). The grey and purple curves in

Fig. 3 show the function Kmax(�u) for six combinations of

undulator types and materials. The stay-clear gap is assumed

to be 3.0 mm for all six scenarios. This corresponds to a

magnetic gap of g = 4.8 mm for the undulator type of SCU, and

g = 3.2 mm for the other undulator types.

One of the main constraints on g is the requirement that a

relative energy spread induced in the beam by the resistive

wakefield in an undulator vacuum chamber is less than the

Pierce parameter �. For g = 3 mm, the induced relative energy
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Table 1
Halbach coefficients for different undulator types.

Type Material h1 h2 h3 Source

IVU SmCo 2.94 4.62 1.37 Dejus et al. (2009)
IVU NdFeB 3.28 4.51 1.20 Dejus et al. (2009)
CPMU NdFeB 3.341 3.606 0.300 Dejus et al. (2009)
CPMU PrFeB 3.502 3.604 0.359 Dejus et al. (2009)

Table 2
Electron parameters in the case under study.

Parameter Symbol Value

Electron energy �mec2 3 GeV
Relative energy spread �� /� 10�4

Peak current I0 1.4 kA
Normalized emittance �n 0.4 mm mrad
Average of beta function �		 5 m



spread is estimated to be 0.2� 10�3 according to the model by

Craievich (2010). As �u ranges from 15 mm to 50 mm, � varies

from 0.5 � 10�3 to 1.5 � 10�3.

In each of the six scenarios, the accessible region of the K–

�u plane is that below (and to the right of) the curve. Amongst

the six scenarios, the undulator type of SCU with the Nb3Sn

material has the largest Kmax at any

given �u (see Fig. 3). However, in order

to cover the entire target wavelength

range of � = 1–5 nm, the smallest

possible choice for �u is 20 mm.

With �u = 20 mm, the peak brilliance

B ranges from 3.9 � 1030 to 3.1 � 1031

photons s�1 mm�2 mrad�2 (0.1%

bandwidth)�1 in Fig. 2(d). This result is

also shown in Fig. 1 by the curve

labelled ‘Case under study’ to

facilitate a comparison with existing

FEL facilities.

In Fig. 1, the SASE FELs reaching

the photon energy range of the case

under study are: FLASH, LCLS,

PAL XFEL and European XFEL.

Note that FERMI is seeded and is

not an SASE FEL. In terms of peak

brilliance, the case under study is

comparable with all the aforemen-

tioned SASE FELs, except the state-

of-the-art European XFEL.

In terms of the undulator length,

however, the case under study

outperforms the existing FEL facilities

significantly. In Fig. 2(b), with �u = 20

mm, the saturation length Lsat ranges

from 7.7 to 12 m. This means that the

total undulator length can be as short

as 12 m in our case. Putting this into perspective, the total

undulator length is 27 m for FLASH (Honkavaara, 2018) and

35 m for the soft-X-ray undulator line of the PAL XFEL (Ko

et al., 2017).

3.2. Numerical simulations

We supplement the analytical calculations with numerical

simulations, using the 3D and time-dependent simulation code

GENESIS (Reiche, 1999).

In the simulations, the electron parameters remain the same

as in Table 2. Meanwhile, we choose the operation point �u =

15 mm, K = 2.68 and � = 1 nm, which corresponds to the

largest B/Lsat in Fig. 3. This operation point is accessible by the

SCU-type undulator with the Nb3Sn material.

The undulator line of a SASE FEL is usually segmented,

with individual undulator modules separated by break

sections. The purpose of the break sections is to provide space

for the installation of focusing magnets, corrector magnets,

phase shifters, diagnostics instruments etc. In the simulations,

each undulator module has a length of 2.7 m and each break

section has a length of 0.6 m. This is summarized in Table 3.

The focusing lattice is in a FODO configuration. The

strengths of the quadrupole magnets are adjusted to deliver

the average beta value specified in Table 2.

The SASE operation mode has a stochastic nature. We

therefore simulate a total of 99 SASE shots and examine the

beamlines
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Figure 3
Colour map showing the variation of the ratio B/Lsat over the K–�u plane
in the region corresponding to the wavelength range � = 1–5 nm. Here B
is the peak brilliance at saturation and Lsat is the saturation length. The
grey and purple curves show the maximum K deliverable as a function of
�u for different undulator types and for different materials.

Figure 2
Colour maps showing the variations of the following four parameters over the K–�u plane, in the
region corresponding to the wavelength range of � = 1–5 nm: (a) saturation power Psat, (b) saturation
length Lsat, (c) coherence time �c at saturation and (d) peak brilliance B at saturation.



average behaviour. The results are shown in Fig. 4. Fig. 4(a)

shows the evolution of the peak brilliance along the undulator

line. If we define the saturation point as the point of maximum

peak brilliance, then saturation occurs at z = 15.9 m with a

peak brilliance of 3.7 � 1031 photons s�1 mm�2 mrad�2 (0.1%

bandwidth)�1. The discrepancy between the analytical and

numerical results for the peak brilliance appears to be around

10%. Excluding the break sections, the net undulator length

required to reach the saturation point is 13.5 m. Fig. 4(b)

shows the power spectrum at the saturation point z = 15.9 m.

Upon fitting the averaged spectrum to a Gaussian distribution,

the r.m.s. bandwidth is found to be ��/� = 1.1 � 10�3.

3.3. Harmonic lasing self-seeding

A simple and robust upgrade option to the SASE config-

uration is provided by HLSS (Schneidmiller et al., 2017), which

offers an improved peak brilliance and a shorter saturation

length without any need for additional hardware components.

In this scheme, the undulator line is divided into two sections

of different K values, such that the hth harmonic (h > 1) of the

radiation produced in the first section serves as the seed at the

fundamental wavelength for the second section. The harmonic

lasing of the first section stays below saturation and the

amplification proceeds to saturation in the second section.

This enables the FEL system to benefit from both (i) the

reduced bandwidth of the harmonic compared with the

fundamental at the same wavelength and (ii) the higher

saturation power of the fundamental. Consequently, an

increased peak brilliance is obtained for which the enhance-

ment factor over the corresponding

SASE case is (Schneidmiller et al.,

2017)

R ¼
h LuLsat;h

� �1=2

Lsat;1

: ð6Þ

Here Lu is the length of the first

undulator section; Lsat,1 and Lsat,h are

the saturation lengths of the funda-

mental and the harmonic, respectively.

See further details in Appendix C.

Fig. 5 shows the enhancement factor

R, using h = 3, in the K–�u plane for the

output wavelengths of � = 1–1.67 nm.

This wavelength interval can be

accessed using the K-value range producing � = 1–5 nm

radiation in SASE mode. Here, we have assumed Lu =

0.6Lsat,h, which is sufficiently short to stay well below satura-

tion of the fundamental in the first section (Schneidmiller &

Yurkov, 2012), but long enough to provide a significant

enhancement of R. Fig. 5 also shows the required K values for

the fundamental (blue lines) and the harmonic (black lines) as

well as the maximum K-value for the SCU (Nb3Sn) undula-

tors. The enhancement of the peak brilliance compared with

SASE using �u = 20 mm is R = 1.66–1.70 at the output

wavelength range � = 1–1.67 nm. Hence, a significant upgrade

is achievable at the shortest wavelengths compared with the

SASE case under study just by tuning the first undulator

section to a higher K-value.

4. Conclusions

In this article, we have surveyed the recent progress on

undulator technologies and studied analytically as well as

beamlines
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Figure 5
Colour map for the enhancement factor R for the peak brilliance upon
switching from SASE to HLSS. In this example of HLSS, the third
harmonic of the radiation produced in the first undulator section is equal
to the fundamental wavelength for the second undulator section. For the
K range corresponding to the wavelength range from 1 nm to 5 nm in the
SASE mode, HLSS is operational from 1 nm to 1.67 nm. It can enhance
the peak brilliance up to 1.7 times.

Table 3
Operation point used in the numerical simulations.

Parameter Symbol Value

Radiation wavelength � 1 nm
Undulator period �u 15 mm
Undulator parameter K 2.68
Length of each undulator module – 2.7 m
Length of each break section – 0.6 m
RMS length of electron bunch �z 9 mm

Figure 4
Simulation results: (a) peak brilliance B as a function of the distance z along the undulator line; (b)
power spectrum at the saturation point z = 15.9 m, with the vertical axis showing the spectral power
relative to the peak value of the Gaussian fit. Each grey curve corresponds to one SASE shot, and the
blue curve shows the average of all 99 shots.



numerically a case involving a compact high-brilliance

X-ray FEL.

For three undulator technologies – (i) in-vacuum, (ii) cryo-

genic and (iii) superconducting undulators – the analytical

expressions for the peak magnetic field as a function of the

undulator period and gap are presented. The Halbach coeffi-

cients for different undulator types and different magnetic

materials are summarized in Table 1. We deduce the possible

FEL performance for a stay-clear undulator gap of 3 mm such

that the resistive wakefield introduces an energy spread

compatible with FEL operation. For peak undulator fields in

the tesla range, the minimum undulator period is in the range

of 15–20 mm depending on the undulator technology (see

Fig. 3).

The maps of parameter space for the optimal FEL opera-

tion are calculated analytically and a numerical example using

the GENESIS simulation code is presented for a selected set

of parameters. The results strongly indicate that state-of-the-

art magnet-based undulator technologies would allow the

shortening of the total required undulator length by more than

a factor of two while preserving (or even improving) the X-ray

brilliance.

Furthermore, keeping the SASE setup, the coherence and

brilliance can be improved by operating in HLSS mode. In our

example, the first part of the undulator is tuned to the

fundamental wavelength of 3 nm and the third harmonic is

used to seed the second part of the undulator tuned to the

fundamental wavelength of 1 nm. The coherence time is

improved by 70% compared with the SASE mode.

Short-period undulators can be applied to upgrade the

existing FEL facilities towards shorter wavelengths while

keeping the undulator length unchanged. With super-

conducting undulator technology, the total active undulator

length required to bring the FEL lasing to saturation can be as

short as 12 m at a lasing wavelength of � = 1 nm. At � = 5 nm,

the required undulator length is around 8 m. For comparison,

at the FLASH facility (Honkavaara, 2018) in Germany, the

FEL saturation at the same wavelength of 5 nm is reached

within an active undulator length of around 20 m. Therefore,

our study underpins the potential of making new X-ray FELs

more compact than the existing ones, by taking advantage of

the advancements in magnetic undulator technologies. Such

high-brilliance X-ray FELs would offer new opportunities to

all manners of user experiments and would increase the

scientific output.

APPENDIX A
1D FEL theory

The 1D theory characterizes the FEL performance by the

dimensionless Pierce parameter, which is defined as (Bonifacio

et al., 1984)

� ¼
1

2�

I0

IA

� �1=3
�uKfB

2��x

� �2=3

: ð7Þ

Here, �x is the r.m.s. transverse radius of the electron beam,

and I0 is the peak current. Moreover, IA = 4��0mec3/e is the

Alfvén current, where �0 is the vacuum permittivity constant.

For a planar undulator, the coupling factor

fB ¼ J0

K2

4þ 2K2

� �
� J1

K2

4þ 2K2

� �
ð8Þ

comprises two Bessel functions. For a helical undulator, fB = 1.

In terms of the Pierce parameter �, the gain length can be

written as (Huang & Kim, 2007)

Lg;1D ¼
�u

4
ffiffiffi
2
p
��
: ð9Þ

Meanwhile, the saturation length can be estimated as (Huang

& Kim, 2007)

Lsat;1D ’
�u

�
; ð10Þ

and the saturation power can be estimated as (Huang & Kim,

2007)

Psat;1D ’ �Pbeam; ð11Þ

where Pbeam = �mec2I0 /e is the electron beam power. In

equation (11), � can be interpreted as the efficiency of the FEL

in converting the electron beam power into radiation power.

For X-ray FELs, � is typically of the order of 10�3.

APPENDIX B
3D FEL theory

B1. Saturation length and saturation power

The 1D FEL theory is an ideal case. It assumes that the

electron beam has (i) negligible emittance and (ii) a uniform

transverse spatial distribution.

The Ming Xie parametrization (Xie, 2000) accounts for the

deviations from the 1D theory, and formulates the gain length

in the 3D theory as

Lg ¼ 1þ�ð
d; 
�; 
�Þ
	 


Lg;1D; ð12Þ

with the correction factor

�ð
d; 
�; 
�Þ ¼ a1

a2
d þ a3


a4
� þa5


a6
� þa7


a8
� 


a9
� þa10


a11
d 


a12
�

þa13

a14
d 


a15
� þa16


a17
d 


a18
� 


a19
� :

ð13Þ

The correction factor is a function of three variables:


d ¼
�

4��2
x

� �
Lg;1D ð14Þ

measures the gain reduction due to diffraction,


� ¼
4��

�

� �
Lg;1D

�		

� �
ð15Þ

measures the gain reduction due to the emittance �, and


� ¼
��
�

� �
Lg;1D

�u

� �
ð16Þ
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measures the gain reduction due to the r.m.s. energy

spread ��mec2.

Recall that the r.m.s. transverse radius of the electron beam

is given by �x ¼
�		�
� �1=2

, where �		 is the average of the beta

function. Recall also that the emittance � can be written in

terms of the normalized emittance �n as � = �n /�.

The coefficients aj ( j = 1, 2, . . . ,19) are determined by fitting

the numerical solution of the coupled Maxwell Vlasov equa-

tions, and their values are listed in Table 4.

By extension, the saturation power and saturation length

in 3D theory can be obtained from the following formulae

(Xie, 2000):

Psat ’ 1:6�
Lg;1D

Lg

 !2

Pbeam; ð17Þ

Lsat ¼ Lg ln
Psat

�P0

� �
: ð18Þ

Here, � = 1/9 is the scaling factor and P0 is the initial radiation

power. For a SASE FEL we have the effective shot noise

power: P0 ’ �
2�mec3/�.

B2. Coherence properties

The coherence properties of a SASE FEL can be analysed

in the approach of Saldin et al. (2010). The coherence time at

saturation can be estimated as

�c ’
1

���!

� ln Nc

18

� �1=2

; ð19Þ

where Nc ¼ I=ðe ���!Þ is the number of cooperating electrons,

! = 2�c/� is the angular frequency of the radiation, ��� ¼ �D1=3

is the equivalent of the Pierce parameter in 3D theory, D =

2��x
2!/c is the diffraction parameter and

� ¼
I0

IA

8�2K2f 2
B

��u�
3

� �1=2

ð20Þ

is the gain parameter. The degree of transverse coherence at

saturation is given by the fitting formula

� ’
1:1�̂�1=4

1þ 0:15�̂�9=4
; ð21Þ

where �̂� ¼ 2��=� is the scaled emittance. Note that the fit in

equation (21) is done for Nc = 4 � 106.

From the saturation power (17), we may compute the

photon flux:

_NNph ¼
dNph

dt
¼

Psat

hc=�
: ð22Þ

From here, we may compute the degeneracy parameter,


 ¼ _NNph�c�; ð23Þ

and hence the peak brilliance,

B ¼
4
ffiffiffi
2
p

c


�3
; ð24Þ

at saturation. It is customary to express the peak brilliance in

the unit of photons s�1 mm�2 mrad�2 (0.1% bandwidth)�1.

Note that equation (24) assumes a Gaussian-like radiation

spectrum, whose r.m.s. bandwidth is given by �! ¼ �ð Þ1=2=�c.

APPENDIX C
Harmonic lasing

Consider two operation modes for the same output wave-

length: SASE and HLSS. The latter enables an enhancement

in coherence time (and hence peak brilliance) over the former.

The enhancement factor R is given by equation (6), in which

the quantity Lsat, h, the saturation length of the harmonic

lasing, can be estimated as (Schneidmiller & Yurkov, 2012)

Lsat;h ’ 0:6Lg;h ln hN�h

Lg;h

�u

� �
: ð25Þ

Here N�h is the number of electrons per wavelength for

harmonic number h and Lg, h is the gain length of the

harmonic.

The reduced gain length for the harmonic generation

compared with the fundamental of the same wavelength can

be clearly demonstrated for variable-gap undulators with a

fixed undulator period. In this case, the ratio between the gain

length Lg,1 of the fundamental and the gain length Lg, h of the

hth harmonic is given by (Schneidmiller & Yurkov, 2012)

Lg;1

Lg;h

¼
h1=2KhAJJhðKhÞ

KAJJ1ðKÞ
; ð26Þ

where Kh and K are the undulator parameters of the first

section (tuned to the harmonic) and second section (tuned to

the fundamental), respectively. Also,

AJJhðKhÞ ¼ Jðh�1Þ=2

hK2
h

2ð1þ K2
hÞ

� �
� Jðhþ1Þ=2

hK2
h

2ð1þ K2
hÞ

� �
ð27Þ

is the coupling factor for the hth harmonic (Schneidmiller &

Yurkov, 2012), where Jn denotes a Bessel function. The ratio

Lg,1/Lg,3 ’ 1.4 for high K3 values and increases rapidly for

decreasing K3 values approaching
ffiffiffi
2
p

, where lasing at the

fundamental becomes impossible. Generally Lsat ’ 10Lg.
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Table 4
Coefficients for the Ming Xie parametrization.

a1 = 0.45 a2 = 0.57 a3 = 0.55 a4 = 1.6
a5 = 3 a6 = 2 a7 = 0.35 a8 = 2.9
a9 = 2.4 a10 = 51 a11 = 0.95 a12 = 3
a13 = 5.4 a14 = 0.7 a15 = 1.9 a16 = 1140
a17 = 2.2 a18 = 2.9 a19 = 3.2 Source: (Xie, 2000)
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