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grating interferometry; three-image algorithm. presented, and evaluated by proof-of-principle synchrotron radiation experi-
ments. The results confirm the feasibility of the proposed algorithm. The novelty
of the proposed algorithm is that it allows versatile and tunable multimodal
X-ray imaging by substantially relaxing the existing limitations on the lateral
grating position. Furthermore, this algorithm can also be adapted for samples
with negligible refraction, reducing the number of required sample measure-
ments to two. Furthermore, the noise properties of the retrieved images are
investigated in terms of the standard deviations. Theoretical models are
presented and verified by synchrotron radiation measurements. It is shown that
the noise standard deviations exhibit strong dependence on the lateral grating
position, especially in the case of refraction and dark-field images. Further noise
reduction and dose reduction can thus be possible by optimizing the lateral
grating position for a selected region of interest. Those results can serve as
general guidelines to optimize the data acquisition scheme for specific
applications and problems.

1. Introduction

Over the last two decades, X-ray phase-contrast imaging has
been demonstrated to provide improved contrast for objects
made of low-atomic-number elements, such as biological soft
tissues with limited attenuation differences (Bravin et al., 2013;
Wilkins et al, 2014). Among various X-ray phase-contrast
imaging methods, X-ray grating interferometry (XGI) is a
promising method to complement conventional X-ray
attenuation-contrast imaging, and has its unique advantages:
it is compatible with incoherent sources (Pfeiffer et al., 2006a),
has a spatial resolution of the order of tens of micrometres,
and offers high phase sensitivity (Birnbacher et al., 2016).
Furthermore, the sample’s transmission, refraction (i.e.
differential phase-shift) and dark-field signals are measured
from a single data set in XGI (Pfeiffer et al., 2008). While the
refraction signal is exploited to provide superior soft-tissue
contrast, the dark-field signal enables the detection of features
with a scale below the spatial resolution of the imaging system
(Yashiro et al., 2010). These three different modalities deliver
valuable complementary information for better identification
and discrimination between materials and types of tissues. In
recent years, a variety of potential applications of hard X-ray
grating interferometry have been explored, including, but not
© 2020 International Union of Crystallography limited to, dynamic biomedical imaging (Hoshino et al., 2014),
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enhanced sensitivity and specificity in mammography (Grandl
et al., 2015), materials science (Ruiz-Yaniz et al., 2016), non-
destructive testing (Ruiz-Yaniz et al., 2015; Bachche et al.,
2017), wavefront metrology (Kayser et al., 2017) and detection
of early lung injury (Hellbach et al., 2018; Gradl et al., 2019).

In XGI, the sample’s transmission, refraction and dark-field
signals are entangled in the acquired projection images.
Therefore, several approaches have been developed for
quantitative information retrieval from intensity measure-
ments (Momose et al., 2003, 2009; Weitkamp et al., 2005;
Modregger et al., 2012; Pelliccia et al., 2013; Wang et al., 2013;
Bevins et al., 2012; Ge et al., 2014; Wang et al., 2014; Li et al.,
2016; Marschner et al., 2016; Zdora et al., 2017), which is
prerequisite for subsequent quantitative analysis and proces-
sing, and image interpretation. The phase stepping (PS)
technique has been used as the standard approach for signal
extraction (Momose et al., 2003; Weitkamp et al., 2005). In this
technique, one of the gratings is stepped laterally by a fraction
of its period whereby the image acquisition is performed for at
least three grating positions. Typically, these grating positions
are equally spaced within one grating period. As an alter-
native, a three-image algorithm is presented to extract trans-
mission, refraction and scattering information for hard X-ray
grating interferometry (Pelliccia et al., 2013). However, this
algorithm has the inherent restriction that the sample scan
must be exactly in phase with the reference scan, and its
accuracy is lost in the case of large refraction and/or dark-field
signals (Rigon et al.,, 2007). Recently, angular signal radio-
graphy (ASR) was proposed to extract the specimen’s
absorption, refraction and scattering properties (Li et al,
2016). This approach requires acquisition of multiple images
at those so-called valley, up-slope, peak and down-slope
positions.

So far, the above approaches for information retrieval share
the common restriction that multiple images are acquired at
predetermined grating positions. However, it has already been
observed that there are indeed some preferential positions for
the three different signals. For a given refraction signal, the
maximum intensity change occurs at grating positions where
the slope of the transmission function is at maximum (Li e? al.,
2016), while for the dark-field signal the maximum change in
intensity is observed at grating positions where the second-
order derivative of the transmission function is maximized
(Pelliccia et al., 2013). Therefore, there remains an opportunity
to explore the potential of a tunable lateral grating position
for optimized data acquisition and information retrieval
in XGL

In this work, we present a novel three-image algorithm to
retrieve the sample’s transmission, refraction and dark-field
signals quantitatively in XGI. This technique was inspired by
similar approaches for edge illumination (Endrizzi et al., 2014)
and recently for analyzer-based imaging (Wang et al., 2018).
Analytical formulae for information retrieval are theoretically
derived and presented, and validated by proof-of-principle
synchrotron radiation experiments. The novelty of the three-
image algorithm is that it relaxes the restrictions put on the
lateral grating position, which therefore allows versatile and

tunable multimodal X-ray imaging for specific demands. The
algorithm can be further simplified for samples with negligible
refraction, where only two sample images are sufficient to
extract transmission and dark-field signals. Finally, the noise
properties of the retrieved images are investigated in terms of
the standard deviations. The obtained theoretical models are
confirmed by synchrotron radiation measurements.

2. Three-image algorithm for information retrieval

As schematically shown in Fig. 1, the typical XGI setup using
synchrotron radiation mainly comprises two gratings and a
detector. A first phase grating G1 is utilized to generate a
periodic interference pattern at specific distances downstream.
A sample placed just before G1 will cause local distortions
in the interference pattern. The period of the interference
pattern, of the order of a few micrometres, is usually much
smaller than the pixel size of conventional detectors, of the
order of several tens of micrometres. Therefore, a second
absorption grating G2, with the same periodicity as that of the
interference pattern, is used to convert those local pattern
distortions into intensity variations recorded by the detector.
In the case of laboratory X-ray sources, a third absorption
grating is introduced to split the large focal spot into an array
of line sources, each meeting the spatial coherence require-
ment of the fractional Talbot effect (Wang et al., 2010). The
period of the source grating is chosen such that the intensity
patterns created by each virtual line source overlap
constructively in the detector plane.

With the sample placed immediately before G1, the inten-
sity oscillation /(x,) measured by each detector pixel can be

written as (Pfeiffer et al., 2008)
27x,
I(xg):IO 14 Vcos +o)|, (1)
P

where [, V and ¢ are the mean intensity, the visibility and the
phase of the intensity oscillation, respectively, x, is the lateral
position of G2 with respect to the interference pattern, and p,
is the grating period. For notation brevity, the spatial depen-
dence of all terms has been omitted in equation (1).

For quantitative transmission, refraction and dark-field
retrieval, one needs to compare the sample measurement with
a sample in the field of view, with the reference measurement
without sample, and thereby deduce the local changes in the
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Figure 1

Schematic setup of hard X-ray grating interferometry using synchrotron
radiation.
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beam propagation due to the sample. In the following, the
superscripts ‘s’ and ‘r’ will be consistently used to refer to the
sample and reference measurements, respectively. The trans-
mission signal 7'is given by the ratio of the mean intensity with
sample ; and without sample I,

T =1;/I5 = exp[~ [ u(x. y, 2) dz], @

where p(x, y, z) is the sample’s linear attenuation coefficient.
The refraction signal 6 can be retrieved from the difference
of the sample phase ¢° and the reference phase ¢,

_ P

0, =
R ™ 2nd

(¢ —¢), 3)
where d is the distance between G1 and G2. The dark-field
signal D is given by the local decrease of the visibility of the
intensity oscillation,

D=VS/V" (@)

These three signals are displayed in the form of images.

Let us consider three images acquired with the lateral
grating positions set to x, = —x; = Ax and x; = 0, respectively.
By use of equation (1), the following system can be written

2mx!
IL-=IO|:1+VCOS<¢+ g)] (i=1,2,3) (5)

P2

that can be analytically solved for I, ¢ and V,

1+ 1, — 2L cos(2nAx /p,)
0 4sin’ (nAx/pz)
h-I
I +1,—2I,
[(1; — LYtan?(wAx/p,) + (I, + I — 21,)*]
I, + I — 21, cos(2rAx / p,)

3

an (nAx)] 6
)l (6)

172

¢ = arctan|:

V =

A detailed derivation of equation (6) can be found in
Appendix A. It can be readily proved that equation (6)
reduces to the three-step PS with Ax = —p,/3, and the ASR
algorithm (Li et al., 2016) with Ax = —p, /4, respectively.

Note that equation (6) is the main contribution of this work.
It represents a novel three-image algorithm for extracting the
sample’s transmission, refraction and dark-field images on a
pixel-by-pixel basis. A non-uniform reference phase distribu-
tion is allowed by the three-image algorithm. More impor-
tantly, the form of equation (6) relates to the unique ability
of achieving minimum noise level by optimizing the lateral
grating position Ax for a region of interest (ROI) in the
retrieved images. This property potentially gives an advantage
over existing information retrieval techniques for samples
which may contain a range of different features of interest and
possibly reduces the dose deposition.

Alternatively, the three images can be acquired with the
lateral grating positions set to x} = —xJ = Ax and x2 = p, /2,
respectively. Following a similar derivation of equation (6),
one can yield the analytical solutions for [, ¢ and V, respec-
tively,

I L +1;+2I, COS(ZJTAx/pZ)
0 4cos?(mAx/p,)

L, -1, TAx
¢ = arctan cot s @)
L+ 1, =21 P2

[(1, — LY cot?(wAx/p,) + (I + I, —21,)°]"
I +1;+2I, cos(ZnAx/pz)

’

V =

Moreover, we show that the algorithm given by equation (6)
can be further simplified for samples with negligible refrac-
tion. In this case, only two sample images are sufficient to
retrieve the mean intensity /; and the visibility V° by

. Ifcos(¢p") — I cos (27[Ax/p2 + ¢r)
0= cos(¢r) — COS(ZT[AX/pz + ¢r)

B LI

I cos(2mAx[p, + ¢7) — I} cos(¢)’

®)

N

while Ij, V" and ¢" can be retrieved by equation (6) with three
reference images, since there are no dose constraints in the
case of reference measurements. A detailed derivation of
equation (8) can be found in Appendix B. In the special case
of " = 0 and Ax = —p, / 2, i.e. the minimum position of the
intensity oscillation, equation (8) reduces to

I = +1)/2,

Vi=(L-1)/U + D), ©)

which reproduces the two-shot approach by Marschner et
al. (2016).

3. Experimental validation

The novelty of the proposed three-image algorithm lies in its
ability to utilize three intensity measurements acquired at
flexibly chosen grating positions, for quantitative retrieval of
the sample’s transmission, refraction and dark-field images. In
order to test its validity, synchrotron radiation experiments
were performed at beamline BL13W1 of Shanghai Synchro-
tron Radiation Facility (SSRF) (Xi et al., 2012). The Talbot
interferometer consisted of a phase grating G1 that had a pitch
of 2.39 uym and introduced a phase shift of 7/2 at the design
energy of 20 keV, and an absorption grating G2 with a pitch of
2.4 um and made of gold. The inter-grating distance was set to
46.4 mm, i.e. the first fractional Talbot distance. The visibility
had a value of 52% in the experiments. Images were acquired
with a scientific complementary metal-oxide-semiconductor
(sCMOS) detector (Hamamatsu ORCA-Flash 4.0V2) with an
effective pixel size of 13 um. For a quantitative evaluation, a
21-step phase-stepping measurement was also performed, and
the retrieved images served as ground truth. The exposure
time was 6 ms for each image. Note that the validity of
equation (1) is absolutely key to the three-image algorithm.
Therefore, the measured intensity oscillation in a certain
detector pixel is shown in Fig. 2(a), along with the first-order
fitting. Note that the first-order fitting was quantitatively in
excellent agreement with the measured oscillation, supported
by the fact that the calculated correlation coefficient had a
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(a) Measured intensity oscillation as a function of the lateral grating position, along with the first-order fitting in equation (1). (b) Map of the calculated
correlation coefficient between the measured intensity oscillation and its first-order fitting over the whole field of view.

value greater than 0.999. Furthermore, the first-order fitting to
the measured intensity oscillation was performed across the
whole field of view of 340 x 500 pixels. The resulting map of
the calculated correlation coefficient is presented in Fig. 2(b).
Over the field of view, the correlation coefficient had a mean
value of 0.9983. This fact again confirmed the validity of
equation (1).

Figure 3

(a) Transmission image obtained with 21-step PS. (b)—(/) Transmission
images obtained with the three-image algorithm, with the corresponding
lateral grating position indicated in the panels. Scale bar: 0.65 mm.

Fig. 3 shows the transmission images of a plastic screw.
While panel (a) shows the result obtained by 21-step PS,
panels (b)—(h) show the images retrieved by the three-image
algorithm, with the corresponding lateral grating position
indicated. Visually speaking, the qualitative agreement of
those images produced by the two techniques is good, despite
the increased noise at some positions. For a quantitative
comparison, the line profiles along the dashed line marked
in panel (a) are displayed in Figs. 4(a)-4(g). The calculated
correlation coefficient of the two line profiles is indicated by R
in the corresponding panels. As shown, except for the first two
positions, the correlation coefficient has a value greater than
0.977, confirming the feasibility of the proposed three-image
algorithm. A few smaller additional peaks are also observed in
the line profile plots. This is due to edge enhancement effects
occurring upon free-space propagation (Wilkins et al., 1996).

Furthermore, the correlation coefficient only has a value
of 0.786 with Ax = —3p, /21, and 0.924 with Ax = —4p, /21.
Those values are consistent with the increased pixelwise
fluctuations observed in Figs. 3(a) and 3(b). For a quantitative
explanation, we calculated the standard deviation of the
retrieved transmission image by using equations (2) and (6),
and error propagation formula (Revol et al., 2010). As the
dominant contribution, the noise from photon statistics is
considered. The standard deviation ot is given by
172

oy = ( 15)_1( FIT2AT + £°TAY) (10)

with
A — 1+ 2cos?(2wAx™* [p,)
8sin*(rAx™ /p,)
+ {Vr/S cos (¢‘/S)

cos(2mAx™* [p,)[1 + 2 cos (2 Ax™ [ p,)]
x 8sin*(rAx /p,) ’

where the coefficients f*/* are linked to the detector’s transfer
properties. As revealed by equation (10), o is inversely
proportional to the square root of the mean intensity /;j, and
dependent on the sample’s transmission 7. Furthermore, o
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(a)-(g) Line profiles along the dashed line indicated in Fig. 3(a), together
with the calculated correlation coefficient R. (h) Experimentally
measured (crosses) and theoretically predicted (solid line) values of ot
as a function of the lateral grating position.

has dependence on the lateral grating positions Ax™, the
visibilities V"* and the phases ¢ . In the special case of Ax"/* =
—p, / 3, o is independent of the quantities V™ and ¢™. This
corresponds to the case of three-step PS, and the final
expression is in agreement with those published (Revol et al.,
2010; Weber et al., 2011).

To confirm equation (10), the standard deviation op was
extracted from a background region of 50 x 50 pixels marked
by a square in Fig. 3(a). Fig. 4(h) shows the measured o as a
function of the lateral grating position, together with theore-
tical predictions from equation (10). Excellent agreement is
achieved between experimentally measured values and those
calculated using the theoretical model.

The retrieved refraction images of a plastic screw are
displayed in Fig. 5. The result obtained by 21-step PS is shown
in panel (a), and panels (b)-(h) show the images retrieved
by the three-image algorithm, with the corresponding lateral
grating position indicated in the panels. Again, the visual
appearance is very similar for those images. For a quantitative
evaluation, Figs. 6(a)-6(g) present the line profiles along the
dashed line marked in panel (a). A refraction angle up to

-8p,/21

Figure 5

(a) Refraction image retrieved by 21-step PS. (b)—(h) Refraction images
retrieved by the three-image algorithm, with the corresponding lateral
grating position indicated in the panels. Scale bar: 0.65 mm.

9.5 prad is correctly retrieved. This value is comparable with
the quantity p, / (4d) in our experiment. As shown in Fig. 6, the
two line profiles show a good quantitative agreement. The
correlation coefficient of the line profiles, indicated by R,
always has a value greater than 0.952. Besides, some local
minor differences are also noticeable between the two line
profiles. This can be mainly attributed to the fact that only
three intensity measurements are used by the three-image
algorithm. Despite the small differences, the results obtained
with both algorithms are largely consistent, thus confirming
the validity of the novel approach.

In addition, the noise behavior of the retrieved refraction
image is investigated. Photon statistics noise, as the dominant
contribution, is taken into consideration. The standard
deviation o, of the retrieved refraction image was calculated
by use of equation (3) and (6), and error propagation formula
(Revol et al., 2010), and given by

_ /2
p2 - 1 frBr fSBS 1
O, =ﬁ<ﬁ;) <Vr2 Tl o (11)

with
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(a)-(g) Line profiles along the dashed line indicated in Fig. 5(a), together
with the calculated correlation coefficient R. (#) Experimentally
measured (crosses) and theoretically predicted (solid line) values of oy,
against the lateral grating position.

B — tan®(mAx"*/p,)
 16sin®(wAx/s/p,)

<2JTAx’/ 5)
24+ cos| ———

12
" 2w Ax"/s
— cos(2¢ ) 14+ 2cos| ——
P2

Vs tan? (rAx™* /p,) | cos(¢™*)
16 sin®(TAx™/s /p,) 2

2w Ax™/ 2 Ax™
X |:1+2cos(n4x):||:2—cos(l>]
P2 P2

r/s
— cos(3¢™*) E + cos? (nAx ):| ,

P>

from which it can be seen that, besides being dependent on the
mean intensity Iy, 0y, is also dependent on the visibilities 7408
the sample’s transmission T, and the phases ¢™*. The first term
of B"/* has no dependence on the visibilities V™, and can be
independent of the phases ¢™ in the special case of Ax™/* =
—D, / 3. By contrast, the second term of B™/S is proportional to
the visibilities V™, and always has dependence on the phases

¢™. In the special case of Ax"s = —p, /3, the resulting
expression of o, is in agreement with those reported by Wu
et al. (2015).

To validate equation (11), the standard deviation o, was
extracted over the same square area marked in Fig. 3(a). As
shown in Fig. 6(4), experimentally measured values agree
excellently with theoretically predictions. Actually, the
expression of equation (11) suggests that, for a given ROI
characterized by ¢™ and V™, there is always an optimal
grating position at which o, achieves its minimum. This may
result in further possible dose reduction, which can be
important for imaging of dose-sensitive samples.

Fig. 7 presents the dark-field images obtained from the same
experimental data. A qualitative comparison between panel
(a) and panels (b)—(h) indicates that the results of the three-
image algorithm are similar to that of 21-step PS. Note the
different color scales used. A comparison between Figs. 7 and
5 indicates that the dark-field signal is more sensitive to the
reduced photon counts. To test the quantitative accuracy of
the three-image algorithm, the normalized mean squared
error (NMSE) of panels (b)-(#) and panel (a) was calculated,
and the result is shown in Fig. 8(a). Despite the cases of
-3p, / 21 and —4p, / 21, the NMSE only has a value lower than
0.01. Besides, the monotonic increase of NMSE with Ax / )2

Figure 7

(a) Dark-field image retrieved by 21-step PS. (b)—(h) Dark-field images
retrieved by the three-image algorithm, together with the normalized
mean square error (NMSE) with respect to (a). Scale bar: 0.65 mm.
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(a) Logarithm of the normalized mean square error against the lateral
grating position. (b) Experimentally measured (crosses) and theoretically
predicted (solid line) values of o against the lateral grating position.

indicates that the lateral grating position close to —p, / 2 may
be preferred by the dark-field signal. In addition, the standard
deviation of the dark-field image was also calculated by use of
equations (4) and (6), and error propagation formula (Revol et
al., 2010). The resulting expression of the standard deviation
op is given by

S

—1 s 1/2
op = (V\/@ (ff +f‘D2C‘> : (12)

with

Clr/s ‘/r/scvzl'/S

Cr/s _ ,
16 sin*(wAx™/s /p,)

~ 16sin*(mAxS/p,)

P>
2TA r/s
+ 4V cos(qbr/s) |:1 + 2 cos (n7x>i|

2)
2w Ax™S
+ 14+ 2cos| ——
P2
2rAxT
+ 2005(2¢r/s) |:1 + 2cos(n—x)i| }

P2
1+cos|———| |,
D>

2 Axs
Cf/S:Z(V‘/S)2[1+2cosz<7n o )]

/s
Czr/S = Z(Vr/s)2 cos(qb‘/s) cos (ZNAx )

P>

2w AX™S
X |1+2cos|{ ——
P2

r/s
+ 2Vr/s|:1 + 2cos<ﬂ):| [2 + cos(2¢‘/s)]
P

2w AxS
— 6V 4 { cos(d)r/s) |:1 + ZCos(l)}

P2

[} e (5]
+ { cos(3¢") [1 +2cos? (”i’: /)] ,
/P (50)]

As shown in equation (12), in addition to the mean intensity
I}, op is influenced by the visibilities V™, the sample’s trans-
mission T and the phases ¢ through C/*. To verify equation
(12), the standard deviation op was extracted over the
rectangle region marked in Fig. 3(a). As shown in Fig. 8(b),
very good agreement is observed between experimentally
measured and theoretically predicted values. The optimal
grating position at which op achieves its minimum obviously
deviates from —p, / 3 used in the three-step PS. This result
again indicates the potential of noise reduction by grating
position optimization.

We note that under the assumption of low visibility the term
CZ'/ ® has been reasonably neglected in the literature (Weber et
al., 2011). However, this approximation is no longer valid in
the case of high visibility. As demonstrated in Fig. 8(b), with a
reference visibility of 0.52, the theoretical values of o, without
Czr/ * exhibit obvious deviations from experimental measure-
ments. In the worst case of —9p, / 21, the relative error can be
greater than 30%. Those results emphasize the importance of
equation (12) for a comprehensive understanding of the noise
behavior of the dark-field image.

Finally, we would like to point out that equations (10)—(12)
emphasize the unique potential of the novel three-image
algorithm for noise suppression of versatile ROIs in the
retrieved images. In order to determine the optimal lateral
grating position, both the reference parameters I, ¢" and V"
and the sample parameters I;, ¢° and V*® (i.e. T, 6z and D)
have to be taken into consideration. On the one hand, the
reference parameters can be measured experimentally, either
by our three-image algorithm or by a phase-stepping proce-
dure. On the other hand, the sample parameters cannot be
known before imaging generally. Alternatively, the knowledge
from other techniques or tissue-mimicking materials can be
used to provide an initial guess of 7, 6g and D. With these
parameters known, one can draw a contour map showing the
noise standard deviation as a functions of Ax" and Ax®. Then
the optimized grating positions can be identified by the
minimum of the standard deviation. Note that the above

500 znili Wang et al. - Hard X-ray grating interferometry

J. Synchrotron Rad. (2020). 27, 494-502



research papers

procedure is applicable on a pixel-by-pixel basis. For a ROI,
the properly weighed values of the reference and sample
parameters over the region should be used to determine the
optimal lateral grating positions.

4. Conclusion

A novel three-image algorithm is proposed for quantitative
retrieval of transmission, refraction and dark-field signals in
hard X-ray grating interferometry. Analytical formulae are
theoretically derived and presented for simultaneous infor-
mation retrieval. The validity of the proposed three-image
algorithm is essentially based on the first-order approximation
of the intensity oscillation, and confirmed by results from
proof-of-principle synchrotron radiation experiments. The
main strength of the algorithm with respect to existing algo-
rithms is that it relaxes restrictions on the lateral grating
position, and therefore allows flexible and tunable multimodal
X-ray imaging. Moreover, the retrieval formula can be further
simplified for samples featuring negligible refraction, poten-
tially reducing the number of required sample images to two.
Finally, the presented formalism can be straightforwardly
extended to neutron grating interferometry (Pfeiffer et al.,
2006b).

More importantly, the noise behavior, in terms of the
standard deviation, of the retrieved images is theoretically
investigated. The obtained theoretical models are verified by
synchrotron radiation measurements. As shown, the standard
deviations are strongly dependent on the lateral grating
positions, particularly in the case of refraction and dark-field
images. These results emphasize the potential of noise
reduction and possible reduction in dose deposition by grating
position optimization for a selected ROI. Besides, it is noted
that special care has to be taken when dealing with the stan-
dard deviation of the dark-field image, since the previously
neglected term can have a substantial contribution in some
cases. Those results can be used as general guidelines to
optimize the data acquisition procedure for specific applica-
tions and demands, and provide a comprehensive under-
standing of the noise characteristics of hard X-ray grating
interferometry. Future work will be devoted to a fair
comparison between the three-image algorithm and the
phase-stepping technique.

APPENDIX A
Detailed derivation of equation (6)

According to equation (1), the measured intensities of the
three projection images are given by

2nA
II:IO|:1+Vcos<¢+ i x>i|

P2
I, = I,[1+ V cos(¢)], (13)

2w Ax
I; =114+ Vcos|¢— .
D>

A1. The mean intensity I,

Based on equation (13), one has
2w Ax 2w Ax
I, +I; — 21, cos =2I,|1 — cos
P> P>
A
— 41, sin® <” x), (14)
P2

from which the mean intensity /, can be retrieved,

1+ 1, — 21, cos(2nAx [ p,)

= . 15
0 4sin® (rrAx/pz) (15)
A2. The phase ¢
Based on equation (13), one yields
. (2w Ax\ .
I, — I; = =2[,Vsin sin(¢)
P2
A A
= —41,V sin <7T x) cos <ﬂ x) sin(¢),
P> P2
2 A
L+1,—2L = 210v[cos( i x) . 1} cos() (16)
2]
A
= —41,Vsin® (n x) cos(¢),
P>
which results in
L -1 _ tan(¢) (17)
I +1;—2I, tan(rAx/p,)’
and then the phase ¢ can be retrieved,
I, -1 A
¢ = arctan L5 tan Tox . (18)
I+ 1 =21, %)
A3. The visibility V
Based on equation (13), one obtains
A A
(L, - 1) tan(n x) = —41,V sin’ <n x) sin(¢),
12 P> (l 9)

TAx

L+ -2, = —410Vsin2< ) cos(¢),

1%
which then leads to

TAx

(I, — L)’ tan2< > + (I + 1, - 2DL)

- [410 V x sin? (”prﬂ . (20)

On substitution of equation (15) into equation (20), one can
retrieve the visibility,

P>

12
[(11 — Itan?(wAx /p,) + (I, + I — 212)2]
I +1; -2I, cos(ZnAx/pz)

eay)
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APPENDIX B
Detailed derivation of equation (8)

According to equation (1), for samples with negligible
refraction, the measured intensities of the two sample’s images

are given by
2 A
I = 13|:1 + Vscos<q§r + i x)]’
P>

(22)
= I[1 + V* cos(")].

B1. The mean intensity /g
Based on equation (22), one has

2T A
I cos(p”) — I cos( T x—i—qbr)
p

2

=1 |:cos(¢r) — cos <27;Ax + ¢>r>], (23)

from which the mean intensity /; can be retrieved,

I} cos(¢") — I3 cos(2Ax /p, + ¢)

; 24
cos(¢T) — cos(ZJTAx/p2 + ¢r) @4
B2. The visibility V*
Based on equation (22), one yields
L 1+ve cos[(2mAx/p,) + ¢'] 25)
I 1+ Vscos(¢p?) ’
which then allows the retrieval of the visibility V*,
s —Is
N 1 2 (26)

- L cos(27rAx/p2 + ¢f) — I} cos(¢7)
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