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An investigation of the damping wiggler effect to reduce the emittance in

the Pohang Accelerator Laboratory (PAL), a fourth-generation storage ring

(4GSR) that uses a multi-bend achromat, is presented. A 4GSR lattice which has

reduced emittance and increased dynamic aperture to amplify the synergy with

two existing light sources (PLS-II and PAL-XFEL) at PAL is described.

1. Introduction

A fourth-generation storage ring (4GSR) that uses the multi-

bend achromat (MBA) lattice concept may be able to surpass

the brightness and coherence that are attained using present

third-generation storage rings (3GSRs). 4GSRs are part of

a world-wide effort to exceed the brightness and coherence

reached by present 3GSRs. MAX IV (MAX IV, 2020) was

the first MBA machine; the next, Sirius (Liu et al., 2013),

is currently under construction. Other projects are being

conducted to convert existing 3GSRs such as ESRF, APS,

SPring-8 and ALS (Revol, 2017; APS, 2020; SPring-8, 2014;

Steier et al., 2016) to 4GSRs. These modifications will reduce

beam emittance to a few hundred picometres, or even to

�100 pm, but many efforts have been made to reduce the

natural emittance further. The natural emittance in an elec-

tron storage ring is given by

"0 ¼ Cq�
2
H= �3
�� ��� �

jx 1=�2
� � ; ð1Þ

where Cq is a constant (for electrons Cq ’ 3:832� 10�13 m),

� is the relativistic factor for a particle, H ’ 1/�2 (where � is

the unit-cell bending angle) and jx is the horizontal damping

partition number (Borland et al., 2014). The natural emittance

scales with the inverse cube of �, so MBA lattices enable

emittance reduction by one to two orders of magnitude

compared with third-generation light sources.

The advent of 4GSRs enables a ring free-electron laser

(FEL) to perform high-average-power extreme ultraviolet

lithography (Luong, 2018) due to its ability to generate

extremely low electron beam emittance. However, 4GSRs still

have limitations such as relatively large energy spread and low

repetition rate in FELs in the bypass line from the storage

ring. A method to compensate for the effects of beam energy

spread by introducing a transverse variation of the undulator

magnetic field has been proposed (Huang et al., 2012), but the

average power of the photon beam is insufficient because of
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the low repetition rate in a ring FEL that uses a bypass line

(Cai et al., 2013). To further reduce the emittance, the concepts

of the longitudinal gradient bend and reverse bends have

been considered for a lattice design to achieve sub-theoretical

minimum emittance (Riemann & Streun, 2019). Use of a

damping wiggler is an option to reduce emittance further, and

its effect should be explored. The damping wiggler increases

the repetition rate of the FEL beam by reducing the damping

time; this effect must be quantified.

Recently a 4GSR has been designed at the Pohang Accel-

erator Laboratory (PAL-4GSR) using concepts from ESRF-

EBS and APS-U. As a result, a lattice with 3 GeV energy and

90 pm emittance with a 570 m ring was proposed. We inves-

tigate the effect of a damping wiggler on PAL-4GSR, parti-

cularly focusing on emittance reduction and repetition rate

increase. In this paper, we describe the PAL-4GSR lattice, and

the overall damping-wiggler effect on PAL-4GSR. Section 2

describes the lattice design and beam dynamics studies for

PAL-4GSR. Section 3 presents derivation of analytic formulas

for the damping wiggler effect on beam parameters. Section 4

applies the analytic formulas to PAL-4GSR and compares

them with simulations conducted using Elegant software

(Borland, 2000). Section 5 presents a summary and concluding

remarks.

2. PAL-4GSR

The PAL-4GSR storage ring (Table 1) is a hybrid seven-bend

achromat lattice with a horizontal emittance of 90 pm.

The ring is 570 m in circumference and is composed of 20

symmetrical cells. The length of the straight section is set as

6.5 m to accommodate two superconducting RF modules, as a

result of experience on PLS-II (Shin et al., 2013). The PAL-

4GSR lattice contains a 2 T super-bend in the central dipole to

produce radiation with a critical energy of 12 keV (Fig. 1).

The concepts of the ESRF-EBS and APS-U lattices were

adopted in the PAL-4GSR lattice. The dispersion was delib-

erately enlarged between the first and second dipoles and

between the sixth and seventh dipoles, and chromatic sextu-

poles have been placed in this dispersion-bump region to

reduce the strength required to control the chromaticity. The

betatron phase advances between the two dispersion bumps

were set to �’x ’ 3� in the horizontal plane and �’y ’ �
in the vertical plane. As a result, nonchromatic effects of the

sextupoles are canceled naturally to first order. To minimize

natural emittance, five-step longitudinal gradient dipoles and

reverse bending magnets were considered.

The sextupoles are two-cell periodic in order to increase the

number of control knobs. Therefore, a total of ten sextupoles

in two cells, except two sextupoles for correcting the linear

chromaticity (Fig. 2), are used in the optimization with a

multi-objective genetic algorithm (MOGA) (Deb, 2001). The

objectives are an on-momentum dynamic aperture for off-axis

beam injection and an off-momentum dynamic aperture (4%)

to extend the Touschek lifetime. The result (Fig. 3) of MOGA

optimization seems to have converged after 150 generations,

at which the strengths of ten harmonic sextupoles reach a

compromise between on-momentum dynamic aperture and

4% off-momentum dynamic aperture. The candidate point for

the studies (marked by the star in Fig. 3) has a maximum on-

momentum dynamic aperture area among the flat region for

the off-momentum dynamics aperture area. As a result, large

dynamic apertures were attained, enough for the off-axis

injection with random errors (Fig. 4). Here, 30 mm r.m.s. offset,

200–500 mrad r.m.s. rotation and 0.1–0.2% r.m.s. field errors

are assumed to generate 100 random errors. Despite assuming

this harmful error scenario, a horizontal dynamic aperture

from �9 mm to 12 mm is promising for 6 mm off-axis beam

injection.

To obtain maximum Touschek lifetime, the RF voltage is

scanned in the particle tracking with the optimized sextupole

configuration (Fig. 5). At 3.1 MV RF voltage, which corre-
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Table 1
Main parameters of the PAL-4GSR.

Parameter Value Unit

Energy 3 GeV
Emittance (flat / round) 89.4 / 58 pm
Circumference 570 m
Tune (x / y) 48.380 / 17.376 –
Natural chromaticity (x / y) �95.97 / �57.91 –
Radiation loss per turn 0.468 (without ID) MeV
Momentum compaction 1.45 � 10�4

Damping partition (H / V / L) 1.82 / 1.00 / 1.18
Damping time (H / V / L) 13.37 / 24.35 / 20.66 ms

Figure 1
Lattice functions for PAL-4GSR.

Figure 2
Configuration of sextupoles and other magnetic elements in two cells.



sponds to 6% RF acceptance, Touschek lifetimes are 6 h for

1% coupling flat beam and 58 h for coupling round beam.

Local momentum aperture tracking including error distribu-

tions is also compared with ideal local momentum aperture

and RF momentum aperture (Fig. 6). Evaluated Touschek

lifetimes in realistic conditions are 1.3 h for 1% coupling flat

beam and 9.7 h for round beam at 1.9 MV optimum RF

voltage, which corresponds to 4.3% RF acceptance. These

lifetime reductions invoke the need of a harmonic cavity. Note

that bunch lengthening from 3.45 mm r.m.s. to 20 mm r.m.s.

with a harmonic cavity enables Touschek lifetimes to be

increased up to 7 h for 1% coupling flat beam and 51 h for

round beam. Here the factor 5.8 of bunch lengthening from

the higher harmonic cavity is assumed to obtain sufficient

lifetime in hybrid fill pattern operation with high single bunch

current. In addition to the Touschek lifetime, the elastic

scattering lifetime is 61 h, assuming a minimum half physical

aperture of 2 mm, and the bremsstrahlung lifetime is 79 h.

The results of Elegant simulation of intra-beam scattering

(Fig. 7) show a change in the zero-charge emittance along

beam energy, which scales as �E 2. In the simulation, the

algorithm uses the Bjorken & Mtingwa formula (Bjorken &

Mtingwa, 1983) to simulate the intra-beam scattering (IBS)

effect. For a 0.845 nC bunch, which is a single bunch current

for a 400 mA multi-bunch, round beam operation must be

used to avoid a large emittance increase due to the IBS effect.

In addition, a harmonic cavity can be considered for bunch

lengthening up to 20 mm. Here, the natural bunch length

is 3.45 mm and the lengthening factor with harmonic cavity

is 5.8.

3. Analytic formulas for the damping wiggler effect

In an electron storage ring, representative ring parameters can

be expressed using synchrotron radiation integrals

�x ¼ Cq�
2 I5

I2 � I4

; ð2Þ
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Figure 6
Local momentum acceptance. Green line: lattice acceptance without
error; blue line: lattice acceptance with error; red line: RF acceptance.

Figure 3
MOGA optimization for large dynamic aperture area. The star on the
Pareto front shows the candidate point for the studies; it has a maximum
on-momentum dynamic aperture area among the flat region for the off-
momentum dynamics aperture area.

Figure 4
Dynamic aperture with errors for beam injection.

Figure 5
Touschek lifetime along RF voltage. At 3.1 MV RF voltage, Touschek
lifetimes are 6 h for 1% coupling flat beam and 58 h for round beam.



�2
� ¼ Cq�

2 I3

2I2 þ I4

; ð3Þ

U0 ¼
C�

2�
E4I2; ð4Þ

�x ¼
4�T0

C�E3 I2 � I4ð Þ
; ð5Þ

�y ¼
2�T0

C�E3I2

; ð6Þ

�� ¼
4�T0

C�E3 2I2 þ I4ð Þ
; ð7Þ

	c ¼
I1

C
; ð8Þ

where Cq ’ 3.84� 10�13 m, C� ’ 8.846� 10�5 m GeV�3, �x is

the natural horizontal emittance, E is the electron energy and

� is the damping time. The definition of the synchrotron

radiation integral is given by

I1 ¼

I d

s



�

� �
;

I2 ¼

I d

s
1

�2

� �
;

I3 ¼

I d

s



�j j3

� �
; ð9Þ

I4 ¼

I d

s



�

1

�2
þ 2k1

� �� �
;

I5 ¼

I d

s
H

�j j3

� �
;

where k1 = ð1=B�Þð@By=@xÞ, H = �
2 + 2	

0 + �
02 (Wiede-

mann, 1993), and � is the curvature of a reference particle.

These integrals are changed by considering a damping wiggler

that has a vertical magnetic field given by

By ¼ Bw sin kws; ð10Þ

where Bw = B�=�w is the peak field, kw = 2�=�w is the wave-

number, and �w is the wiggler period. For the 3 GeV electron

storage ring, the magnet rigidity B� is �10 T m. The

synchrotron radiation integrals for the wiggler in the straight

section are (Appendix A)

I1;wig ¼ �
�2

wB2
wLw

8�2 � 102
;

I2;wig ¼
B2

wLw

2� 102 ;

I3;wig ¼
4B3

wLw

3�� 103
; ð11Þ

I4;wig ¼ �
3�2

wB4
wLw

32�2 � 104 ;

I5;wig ¼
h�xi�

2
wB5

wLw

15�3 � 105
;

where Lw is the length of the wiggler and �x is a horizontal

beta-function. Equation (11) applies to a sinusoidal wiggler

field versus s, but in reality the field of a long-period insertion

device (ID) includes high harmonics of kw.

The emittance ratio between the storage ring emittances

without and with wiggler is given by

�tot

�ring

¼
Cq�

2 I5;tot

I2;tot � I4;ring

Cq�
2 I5;ring

I2;ring � I4;ring

¼
Cq�

2 I5;ring þ I5;wig

I2;ring þ I2;wig � I4;ring � I4;wig

Cq�
2 I5;ring

I2;ring � I4;ring

¼
1þ

I5;wig

I5;ring

1þ
I2;wig � I4;wig

I2;ring � I4;ring

ð12Þ

where

I4;wig ¼ �
�2

wB2
w

16�2 � 102
I2;wig;

which is very small compared with I2;wig, so I4;wig can be

neglected for typical wiggler values in equation (12). The

emittance ratio without I4;wig becomes
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Figure 7
Emittance along beam energy. (a) Round beam (100% coupling). (b) Flat beam (1% coupling).



�tot

�ring

¼
1þ bLw

1þ aLw

; ð13Þ

where

a �
B2

w

2 I2;ring � I4;ring

	 

� 102

and

b �
h�xi�

2
wB5

w

15�3I5;ring � 105
:

The form of the function ð1þ bLwÞ=ð1þ aLwÞ depends on the

ratio of a and b, which are always positive. �tot=�ring = 1 for a =

b, �tot=�ring = >1 for a< b, and �tot=�ring < 1 for a> b. Here our

main interest is the case of �tot=�ring = <1. When a = 1:389B2
w

and b = 0:486B5
w the emittance ratio (Fig. 8) along the length of

a damping wiggler is limited on the asymptotic line given by

b=a, despite the extremely long wiggler length. Therefore,

short wiggler period, small horizontal beta-function, long

wiggler length and low magnetic field are favorable conditions

to reduce total emittance when the wiggler is infinitely long.

Minimum emittance reduction ratio along natural storage ring

emittance (Fig. 9) implies that the emittance reduction by a

damping wiggler is not so effective when natural storage-ring

emittance is extremely small.

In the same manner, the ratios of energy spread, damping

time and momentum compaction factor are also formulated as

(Helm et al., 1973)

�2
�;tot

�2
�;ring

¼
1þ dLw

1þ cLw

; ð14Þ

where

c �
B2

w

ð2I2;ring þ I4;ringÞ � 102
and d �

4B3
w

3�I3;ring � 103

�tot

�ring

¼
1

1þ eLw

; ð15Þ

where

ex �
B2

w

2ðI2;ring � I4;ringÞ � 102
and ey �

B2
w

2I2;ring � 102
and

e� �
B2

w

ð2I2;ring þ I4;ringÞ � 102
;

	c;tot

	c;ring

¼ 1� fLw where f �
�2

wB2
w

8�2	c;ring c� 102
: ð16Þ

The equation for energy spread ratio has a similar form to that

of the emittance ratio. Energy spread reduction is also limited

by an asymptotic line. Damping time is always reduced by the

damping wiggler and the reduction of momentum compaction

factor is negligible because f in equation (16) is small.

4. Application on PAL-4GSR

The damping wiggler effects on the main beam parameters in

the lattice of PAL-4GSR were investigated using the analytic

formulae derived in Section 3 and the Elegant simulation. Four

straight sections among a total of 20 straight sections are

considered for each 4.5 m-long damping wiggler. In this

case, four ID straight sections should be sacrificed for inser-

tion of damping wigglers. The synchrotron radiation integrals

(Table 2) for PAL-4GSR were obtained using simulation in

Elegant. The theoretical results were also compared with the

results of the Elegant simulation.
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Figure 8
Emittance ratio with the function of wiggler length.

Figure 9
Minimum emittance reduction ratio versus natural storage ring
emittance.

Table 2
Synchrotron radiation integrals for the PAL-4GSR.

Parameter Value Unit

I1;ring 9:251� 10�2 m
I2;ring 4:108� 10�1 m�1

I3;ring 4:254� 10�1 m�2

I4;ring �3:317� 10�1 m�1

I5;ring 6:068� 10�6 m�1



Assuming a damping wiggler that had a total length of 18 m,

the emittance-reduction ratios were investigated by scanning

the wiggler period and the wiggler peak field (Fig. 10). The

function plot from theoretical results agreed well with the

simulation result obtained using Elegant. For a given wiggler

period and wiggler length, an optimal wiggler peak field

achieves the smallest emittance-reduction ratio (Fig. 10, stars);

this peak field increases as the wiggler period decreases.

The allowable peak field should be obtained for a given

short wiggler period. The Halbach formula was used to

determine the optimal wiggler field along the wiggler period

and magnetic field versus wavelength (Fig. 11). For the total

18 m wiggler length in PAL-4GSR, the minimum emittance

reduction ratio is at most �0.83. As already shown in Fig. 9,

emittance reduction by the damping wiggler is not so effective

due to the small natural emittance.

For the FEL option through the bypass line, damping-time

reduction was also investigated to estimate the increase of

repetition rate for high average FEL power. Horizontal,

vertical and longitudinal damping times have the same form;

the only difference is in the coefficients [equation (15)]. The

coefficients are independent of the wiggler period. In PAL-

4GSR, they are

ex ¼ 6:73� 10�3 B2
w;

ey ¼ 1:22� 10�2 B2
w;

e� ¼ 2:04� 10�2 B2
w:

ð17Þ

The damping-time reduction (Fig. 12) by a wiggler was

calculated. A half-damping time (or double repetition rate)

can be expected in a magnetic field >2.5 T. Similarly, the

energy spread reduction can also be estimated (Fig. 13); an

increase in energy spread is inevitable in a magnetic field >2 T.
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Figure 12
Reduction of damping times. Lines: damping time ratio plot; dots:
simulation results. Red: horizontal damping time; blue: vertical damping
time; green: longitudinal damping time.

Figure 10
Emittance change by using a damping wiggler. Dots: simulation results;
lines: function plot; stars: optimal combination.

Figure 11
Optimum magnetic field along wiggler period at a given total wiggler
length from Fig. 10. Black line: effect of wiggler period on wiggler
magnetic field, calculated using the Halback formula at the given
minimum gap of 5 mm. The region above the red line indicates a
minimum gap < 5 mm.

Figure 13
Energy spread versus magnetic peak field. The critical field that makes
energy spread > 1 is �2 T.



These results show that the damping wiggler does not have

much effect on the increase of ring FEL power.

5. Conclusion

Analytic analysis and Elegant simulation were performed to

quantify the damping wiggler effects on PAL-4GSR which is a

3 GeV and 90 pm natural emittance storage ring with 570 m

circumference. Analytic analysis agreed well with Elegant

simulation, and described reductions in energy spread,

damping time, and emittance. Emittance reduction by the

damping wiggler was less effective than in third-generation

storage rings due to the small natural emittance in the fouth-

generation storage ring. Application of a damping wiggler on

a ring FEL was also investigated in the aspect of increasing

average brightness. Unfortunately the damping wiggler causes

an increase in energy spread, and therefore cannot consider-

ably increase the ring-FEL power.

APPENDIX A
Synchrotron radiation integrals

Helm et al. (1973) evaluated the synchrotron radiation inte-

grals. Synchrotron integrals in the damping wiggler have

been investigated by many authors (Katoh & Kamiya, 1987;

Wiedemann, 1988; Walker, 1995). This section presents

specific details of the damping wiggler’s contribution to

synchrotron integrals.

Synchrotron integrals are described using 
, k1 and 1=�.

Therefore, to obtain synchrotron integrals in the damping

wiggler, the form of 
, k1 and 1=� in the damping wiggler

should be realized. First, we obtained the dispersion function;

assuming that the damping wiggler has a simple harmonic

vertical field given by

By ¼ Bw sin kwz; ð18Þ

where Bw is the peak wiggler field and kw = 2�=�w, with �w

being the wavelength of the damping wiggler, a Lorentz force

F is exerted on the electron in the damping wiggler as

F ¼ q v� B; ð19Þ

where F is the force, q is the charge, v is the velocity vector and

B is the magnetic field. The time variable is usually replaced by

the position variable z along the longitudinal coordinate. With

the constant-velocity approximation, the left-hand side of the

equation (19) becomes

F ¼
dp

dt
¼

d�mv

dt
’ �mv2

z

d2r

dz2
¼ �mv2

zx00;

where � is the Lorentz factor, m is the mass, r is a position

vector, x0 is dx=dz and vz = dz=dt.

From now on, a prime denotes the derivative with respect

to z. The right-hand side of equation (19) becomes

Fx ¼ �e v� B ¼ evzBy;

where e is the charge on an electron.

Assuming that the longitudinal momentum is much larger

than the transverse momentum, then the horizontal equation

of motion is

x00 ¼
e

�mvz

By ’
e

p
By ¼

e

ð1þ �Þ p0

By ’ ð1� �Þ
e

p0

By

¼ ð1� �Þ
By

Bw �w

e

p0

¼
1

B�

� �
; ð20Þ

where p is the magnitude of the momentum, p0 is the reference

momentum, B� is the magnetic rigidity, and � = ð p� p0Þ=p0.

Inserting equation (18) into equation (20) with the condi-

tion that � is zero yields

x00ref ¼
1

�w

sin kwz: ð21Þ

When � = 0, x is a reference orbit. By solving the differential

equation, x can be obtained as

xref ¼ �
1

�wk2
w

sin kwz: ð22Þ

When � 6¼ 0, the orbit has an energy-dependent deviation

from the reference orbit. The equation of motion is similar to

equation (21),

x00 ¼ 1� �ð Þ
1

�w

sin kwz: ð23Þ

Solving the differential equation (23) yields

x ¼ xref þ
1

�wk2
w

sin kwz

� �
�: ð24Þ

The definition of the dispersion is given by

x ¼ xref þ 
�: ð25Þ

Comparing equations (24) and (25), the dispersion function

can be expressed as


 ¼
1

�wk2
w

sin kwz: ð26Þ

The normalized quadrupole strength k1 should be expressed

with z. The definition of k1 is

k1 ¼
1

BwB�

dBy

d

: ð27Þ

The slope of 
 is perpendicular to the slope of the tangent line.

The slope of the tangent line to the curve is dx=dz = x0. The

product of x0 and d
=dz is �1 (d
=dz� x0 = �1), because they

are perpendicular to each other. Then equation (27) becomes

k1 ¼
1

Bw�w

dBy=dz

d
=dz
¼

1

Bw�w

dBy=dz

�1=x0
¼ �

1

Bw�w

x0
dBy

dz
: ð28Þ

Inserting equations (18) and (22) into (28) yields k1 as

k1 ¼
1

�2
w

cos2 kwz: ð29Þ

Lastly, the bending radius is rewritten with the variable z. It is

related to the magnetic field as
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1

�
¼

By

Bw�w

¼
Bw sin kwz

Bw�w

¼
1

�w

sin kwz: ð30Þ

The damping wiggler contribution to a synchrotron integral

will be denoted by the sub-index wig. The integration is from

the entrance of the wiggler to the exit of the wiggler, i.e. for

wiggler Lw. By inserting equations (26), (29) and (30) into

the synchrotron integrals, the contributions of the damping

wiggler to the synchrotron integrals can be obtained as

I1;wig ¼

Z Lw

0

dz



�
¼
�2

wB2
wLw

8�2 B�ð Þ2
;

ZI2;wig ¼

Z Lw

0

dz
1

�2
¼

B2
wLw

2 B�ð Þ2
;

I3;wig ¼

Z Lw

0

dz
1

�3j j
¼

4B3
wLw

3� B�ð Þ3
;

I4;wig ¼

Z Lw

0

dz



�

1

�2
þ 2k1

� �
¼

5�2
wB 4

wLw

32�2 B�ð Þ4
;

where �x is the average value of the horizontal beta function

from z = 0 to z = Lw and 	x, �x and �x are the Twiss functions.

The calculation of I5;wig uses an approximation

�x

2 þ 2	x



0 þ �x

02 ’ �x


02:

Usually 
=
0 ’ 1=kw � 1 m. For example, when the wiggler

wavelength is 12.57 cm, 1=kw = 5� 10�3 m. An assumption is

also used: that �x changes smoothly in the damping wiggler,

so the integral of �x

02=j�3j is approximately the same as the

product of �x and the integrals of 
02=j�3j. Generally, the

synchrotron radiation integrals are defined in a curve-linear

coordinate. Here the synchrotron radiation integrals are

integrated with z; they cannot represent the ring parameters

related to path length. For example, I1;wig does not represent

the contribution of the damping wiggler to a momentum

compaction factor. Then the new synchrotron radiation

integrals

I1 new;wig ¼

Z Lw

0

dz x0ref

0 ¼ �

�2
wB 2

wLw

8�2 B�ð Þ2
;

I4 new;wig ¼

Z Lw

0

dz
x0ref


0

�2
¼ �

3�2
wB 4

wLw

32�2 B�ð Þ4

are defined to denote the ring parameters appropriately. With

these new parameters, the damping wiggler contribution to the

momentum compaction is expressed as 	c;wig = I1;wig=C.
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