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A numerical study of the effect of betatron oscillations on the second harmonic

generation in free-electron lasers (FELs) is presented. Analytical expressions

for the effective coupling strength factors are derived that clearly distinguish all

contributions in subharmonics and each polarization of the radiation. A three-

dimensional time-dependent numerical FEL code that takes into account the

main FEL effects and the individual contribution of each electron to the second

harmonic generation is presented. Also, the X- and Y-polarizations of the

second harmonic are analyzed. The second harmonic was detected in

experiments at the Advanced Photon Source (APS) Low Energy Undulator

Test Line (LEUTL) and Linac Coherent Light Source (LCLS) in the soft X-ray

regime. The approach presented in the article can be useful for a comprehensive

study and diagnostics of XFELs. In the paper, the LCLS and Pohang

Accelerator Laboratory X-ray Free-Electron Laser (PAL-XFEL) experiments

are modeled. The simulation results are in a good agreement with the

experimental data.

1. Introduction

In recent decades, the application of synchrotron radiation

(Artcimovich & Pomeranchuk, 1945) as a free-electron laser

(FEL) has been of increasing interest, largely due to the

improved brightness of X-rays. As synchrotron radiation

(Meinert et al., 2010), FELs can be used to study various

materials, crystals and nanostructures. Radiation in the FEL

occurs due to the passage of an electron beam through a

periodic magnetic structure called an undulator, where the

interaction of electrons with radiation causes electrons to form

microbunches where the electrons are spaced by the radiation

wavelength (McNeil & Thompson, 2010; Pellegrini et al., 2016;

Huang & Kim, 2007).

The idea of an undulator, with the charges performing small

transversal oscillations in a spatially periodic magnetic field

and drifting at relativistic speeds along the undulator axis, was

proposed by Ginzburg (1947). He also suggested that this

radiation could be coherent if it were emitted from a series of

electron bunches spaced by the radiation wavelength, with the

bunch length being shorter than the radiation wavelength.

Later in the mid-20th century, Motz et al. (1953) proposed an

FEL amplifier consisting of a sequence of dipole magnets with

alternating polarity and uniform spacing along the axis.

In 1971, Madey pointed out that, although the radiation of

accelerated electrons differs from that of conventional lasers,

the bremsstrahlung of electrons in a periodic magnetic field

can be caused by application of an external radiation field

(Madey, 1971). Since the electrons were not bound to atoms

and molecules, Madey called this device the free-electron

laser.
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Single-pass high-gain FELs do not require optical resona-

tors, so their spectrum is not limited by the reflective prop-

erties of the mirrors [see, for example, Uehara et al. (1984)].

In addition to the dominant fundamental harmonic, FEL

radiation contains higher harmonics. However, due to the

finite size of the electron beam and betatron oscillations, even

harmonics can contribute to the FEL radiation, as was

observed in experiments (Tremaine et al., 2002; Biedron et al.,

2002; Ratner et al., 2011). The strong focusing via the quad-

rupoles also causes betatron oscillation. In our simulations the

effect of strong focusing on the second harmonic generation is

also taken into account.

Second harmonic generation in crystals (Kleinman, 1962) is

the main nonlinear optical effect. It is used to study the optical

properties of new materials (Boursier et al., 2015), and

therefore it is desirable to take into account the power of the

FEL second harmonics. Multi-harmonic radiation is also used

for research purposes, especially if laser beams with different

wavelengths can be obtained so that complete spatial over-

lapping is maintained even when both beams are focused to the

diffraction-limited spot sizes. For example, higher-harmonic

lasers can be used in two-photon spectroscopy (Kaiser &

Garrett, 1961; Perrella et al., 2013). The beam quality limits the

number of harmonics that can effectively be generated at

FELs, so even harmonics and their properties are important

when designing lasers with multiple radiation harmonics.

In this paper, we derive new analytic expressions of the

coupling factors for a planar undulator with consideration for

averaged betatron oscillations. To study modern FELs in the

X-ray range, various numerical programs are used [see the

comparative analysis by Biedron et al. (2000)]. In some XFELs

the second harmonic of a high power can be recorded. This

paper presents a numerical study of the contribution from

betatron oscillations to the second harmonic generation; the

numerical modeling of harmonics is performed and their

contribution to the generation of FEL radiation is estimated.

2. Undulator radiation in a planar single-frequency
undulator with consideration of betatron oscillations

Let us consider the periodic field in the gap of a planar single-

frequency undulator [see, for example, Scharlemann (1985)],
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and �̂x�x is an average velocity in the direction x. Betatron

oscillations result from both strong and weak focusing. The

contribution from strong focusing via quadrupole sections to

the second harmonic generation is taken into account via

velocities _yyð0Þ, �̂x�x .

The brightness is the energy radiated per solid angle per

unit frequency interval by an undulator field and is calculated

from the Lienard–Wiechert integral (Jackson, 1975),
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where e is the electron charge, c is the speed of light in a

vacuum, ! is the radiation frequency, r is the electron trajec-

tory, � is the reduced electron velocity, and n is the observa-

tion unit vector, which can be written as

n ¼ � cos ’; � sin ’; 1�
1

2
�2

� �
; ð8Þ

where � is the observation angle and ’ is the azimuthal angle.

It can be easily shown that brightness can be expressed as
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The coupling factors are then
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with resonant frequencies
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For convenience, the following functions are introduced,
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In our case, the resonant frequencies split due to betatron

oscillations, n is the number of the main harmonic, m is the

number of the betatron oscillations (sub)harmonic. However,

since the period and amplitude of betatron oscillations are

small, the splitting in the radiation of odd harmonics n =

1, 3, . . . is not noticeable. Betatron oscillations can also

contribute to the generation of even harmonics n = 2, 4, . . . ,

Y-polarized radiation splits into several subharmonics m =

0, �1, . . . . The contribution of Y-polarization is considered

theoretically (Xie, 2002; Geloni et al., 2007) in another

formalism.

The main contribution to the generation of even harmonics

is expressed by the term ðK=2�ÞðJnþ1 þ Jn�1Þ �
~JJm. A similar

argument in a different formalism with series expansion was

derived by Reiche & Musumeci (2007); the Bessel coefficients

for the second harmonic in Reiche (1999) equals

ðK=2�ÞðJnþ1 þ Jn�1Þ �
~JJm. However, a term Jn �

~JJm�̂x�x also

gives a contribution. For the LCLS experiment, this contri-

bution increases the coupling factor by about 30%, and the

square of this coefficient by 70%. For odd harmonics, the term

Jn �
~JJm�̂x�x can be neglected, but for even harmonics we cannot

do this. The contribution to the generation of even harmonics

caused by weak focusing is orders of magnitude smaller than

the effect of strong focusing. The second harmonic in planar

single-frequency undulators is the result of mixing wiggler

oscillations with betatron motion caused by strong focusing.

3. Simulation of experiments

The second harmonic of FEL radiation was registered in

several experiments, for example the Advanced Photon

Source’s (Biedron et al., 2002) LCLS (Linac Coherent Light

Source) in the soft X-ray regime (Ratner et al., 2011). The

evaluation of second harmonic generation was made in the

modification of the numerical code GENESIS1.3 (Reiche &

Musumeci, 2007), but GENESIS’s coupling coefficients have a

different form from the above formulas and do not consider

Y-polarization.

We designed a numerical program for FEL simulation with

consideration of the second harmonic in the modern C++

programming language using parallel programming. Our

three-dimensional numerical code is based on a mathematical

model that is also used in such codes as GENESIS (Reiche,

1999) and GINGER (Fawley, 2002). In the case of even

harmonics, the coupling coefficient is different for each

particle. It depends on the position and momentum, so the

developed numerical code assigns each particle its own

coupling coefficient.

For Y-polarized radiation, there is a split of the second

harmonic at the betatron frequency �� = K�u=
ffiffiffi
2
p
�, and for

modern lasers the split of the second harmonic occurs mainly

into two subharmonics, which are considered as separate

harmonics, see Fig. 1. Fig. 1 shows the splitting of the Y-

polarized second harmonic into subharmonics m = 0, �1, . . . .

For X-polarized radiation of the first harmonic, the split also

occurs, see Fig. 2. However, the power of the harmonic

radiation is proportional to the square of the coupling coef-

ficient |Tn|2; in addition, the electron beam has a Gaussian

distribution, and, therefore, the contribution is mainly given

by the electrons in the center of the beam.

Simulation of the LCLS and PAL-XFEL experiments is

presented below. The center of the electron beam is located

on the undulator axis and has a Gaussian distribution in all

simulations.
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Figure 1
Split of the second harmonic (Y-polarization) in the LCLS experiment in
the soft X-ray regime as a function of the distance y from the electron
beam axis in units of root-mean-square beam size 
RMS.

Figure 2
Split of the first harmonic (X-polarization) in the LCLS experiment in the
soft X-ray regime as a function of the distance y from the electron beam
axis in units of root-mean-square beam size 
RMS.



3.1. Simulation of the LCLS experiment in the soft X-ray
regime

In the experiment (Ratner et al., 2011) with XFEL LCLS

(Emma et al., 2010), higher harmonics were recorded, namely

the second and third ones. In the soft X-ray experiment, the

spatial distribution of the second harmonic intensity is also

obtained. The wavelength of the first harmonic is 1.5 nm.

Some relevant simulation data are collected in Table 1.

We estimated the radiation power of higher harmonics at

the LCLS using the derived coupling coefficients, which are

used in our three-dimensional program. Also, the second

harmonic polarization analysis was performed. The Y-polar-

ization of the second harmonic is caused by weak focusing in

the undulator, and for the experiment (Ratner et al., 2011) we

estimate it at 3% of the second harmonic power. The results of

numerical simulations give the following ratios between

harmonic powers: for the third harmonic P3 /P1 ’ 3%, for the

fifth harmonic P5 /P1’ 0.3%. It was mentioned by Ratner et al.

(2011) that the fifth harmonic was not separated from the third

one due to its small value, which simplified the study. The

power ratio for the second harmonic is P2 /P1 ’ 0.04%, which

is within the experimental values of P3 /P1’ 2.0–2.5%, P2 /P1’

0.05–0.06%. The lower power value for the third harmonic

may be a consequence with the diffraction limit �3 /4� = 4 �

10�11 m rad, and the emittance " = 4.8 � 10�11 m rad, because

by the end of saturation the emittance increases. However, an

increase in the emittance leads to an increase in the power of

the second harmonic. It should also be noted that the exact

dynamics of electrons in the beam is unknown, so the power of

the second harmonic was calculated based on experimental

data.

Fig. 3 shows the evolution of the harmonic radiation power

and electron bunching in the FEL in the self-amplified spon-

taneous emission (SASE) regime. The first harmonic n = 1 is

represented by a black line, n = 2 by a red line, n = 3 by a blue

line and n = 5 by a green line. The higher odd harmonics follow

the principles of nonlinear growth (Huang & Kim, 2001). The

second harmonic also has a nonlinear growth, but its genera-

tion also depends on the dynamics and position of each

electron in the beam.

The spatial distribution of the second harmonic intensity

is shown below in Fig. 4. The distribution has a double

symmetric structure; some asymmetry is due to the beam

asymmetry. Fig. 4 shows the X-polarization, which gives the

prevailing contribution. In our simulations, we assume that the

electrons in the beam have a Gaussian distribution.

We performed a comparative analysis of our program with

GENESIS (Reiche, 1999) with the parameters of LCLS in the

soft X-ray experiment. For clarity, we compared the harmonics
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Figure 3
Simulation of the LCLS experiment in the soft X-ray regime using the
author’s program. Evolution of the harmonic power is shown at the top
and the electron bunching coefficient is shown at the bottom. The
harmonics are: n = 1, black line; n = 2, red; n = 3, blue; n = 5, green.

Figure 4
Spatial distribution of the X-polarization intensity of second harmonic
radiation at the exit from the LCLS in the soft X-ray experiment.

Table 1
Simulation parameters in the LCLS experiment in the soft X-ray regime
used in the numerical program for FEL radiation.

The wavelength of the first harmonic �1 = 1.5 nm.

Undulator parameter
K 3.5
Undulator period �u 3 cm
Number of periods in a section, N 114

Beam parameter
Lorentz factor of electrons, � 8400
Energy spread, 
� 0.03%
Emittance, "x 0.4 mm rad
Emittance, "y 0.4 mm rad
Peak current, I0 1000 A



in the amplifier mode. As can be seen in Fig. 5, the funda-

mental harmonics of the radiation are almost exactly the same;

the second harmonics differ by an order of magnitude. Our

program estimates the second harmonic power at P2 =

2.9 MW, the GENESIS estimate is 0.55 MW, and for the first

harmonic we have P1 ’ 8 GW. We also compared the results

in the SASE regime, with magnitudes and power ratios similar

to Fig. 5. It should be noted that our program considers the

interaction of electrons with radiation of the first and higher

harmonics with numbers n = 2, 3, 5, which may be one of the

reasons for the slightly accelerated growth of harmonics and a

greater increase in the second harmonic power.

3.2. Simulation of the PAL-XFEL experiment in the soft
X-ray regime

FEL experiments for soft and hard X-ray radiation were

performed at the Pohang Accelerator Laboratory X-ray Free-

electron Laser (PAL-XFEL); radiation with the fundamental

harmonic wavelengths � = 1.52 nm and � = 0.144 nm was

obtained. The experiments have been well documented;

among other data, Kang et al. (2017) reported the evolution of

harmonic power. We analyzed the generation of harmonics in

the soft X-ray regime. Some relevant simulation data are

collected in Table 2. The results are shown in Fig. 6 and

discussed below.

PAL-XFEL as well as LCLS are FELs capable of generating

radiation with a wavelength of the order of 1 Å. The undulator

parameter K = 2 in the PAL-XFEL experiment was lower than

that in the LCLS with K = 3.5, while the electron beam had a

lower energy for the same generated wavelength. The soft

X-ray radiation at � = 1.52 nm was created by electrons with

the energy E = 3 GeV; the energy spread in the simulation was

set to 
e = 0.05%. The length of the undulator section is 5 m,

the distance between the sections is 1 m, the undulator period

is �u = 3.4 cm, and the parameter K = 2. Higher harmonics

were not recorded in the experiment. A smaller undulator

parameter K in PAL-XFEL, compared with in LCLS, results

in lower values of the coupling coefficients for odd higher

harmonics.

We simulated the PAL-XFEL experiment using our

numerical code. The evolution of harmonic power is presented

in Fig. 6, the black line represents the first harmonic n = 1, red

represents the second harmonic n = 2, and blue the third

harmonic n = 3. The saturation power of the first harmonic is

achieved at the length of �42 m as in the measurements

(Kang et al., 2017). The diffraction limit for a Gaussian photon

beam with a wavelength of � is "r = �/4�. For the first

harmonic, we have �1/4� = 1.2 � 10�10 m rad, and emittance

" = 9.5 � 10�11 m rad. The numerical program gives the

following estimation for the power of the second and third
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Figure 5
Comparison of the numerical program GENESIS and our program for
the FEL amplifier with the experimental parameters of LCLS in the soft
X-ray regime. Harmonics in our program (solid lines): n = 1, black; n = 2,
red. Harmonics in GENESIS (dash-dotted lines): n = 1, blue; n = 2, green.

Figure 6
Simulation of the PAL-XFEL experiment in soft X-ray using the author’s
program. Evolution of the harmonic power is presented at the top; at the
bottom the bunching coefficient. The harmonics are: n = 1, black line;
n = 2, red; n = 3, blue.

Table 2
Simulation parameters of the PAL-XFEL experiment in the soft X-ray
regime used in the numerical program for FEL radiation. The wavelength
of the first harmonic �1 = 1.52 nm.

Undulator parameter
K 2
Undulator period, �u 3.4 cm
Number of periods in a section, N 147

Beam parameter
Lorentz factor of electrons, � 5780
Energy spread, 
� 0.05%
Emittance, "x 0.55 mm rad
Emittance, "y 0.55 mm rad
Peak current, I0 2200 A



harmonics: the power ratio P2 /P1’ 0.2%, the Y-component of

the radiation of the second harmonic is �6.5%; for the third

harmonic we have P3 /P1 ’ 1.1%, the diffraction limit is not

satisfied, so we should expect a decrease in the radiation

power of higher harmonics. As can be seen, the third harmonic

is relatively weaker than in the LCLS experiment, since the

undulator parameter is smaller, which leads to lower coupling

coefficients. The second harmonic also has a smaller relative

contribution to radiation compared with the LCLS experi-

ment. In Fig. 6 the bottom graph is the evolution of bunching –

the bunching coefficient for the second and third harmonics is

relatively smaller than at the LCLS. The spatial density of the

second harmonic distribution, for X-polarization, is shown in

Fig. 7 – it also has a double lobe structure.

4. Conclusions and discusions

We have obtained analytic expressions for the coupling factors

in a planar undulator, taking into account betatron oscilla-

tions. These factors differ from those of Reiche & Musumeci

(2007) by another term, which increases the discussed

coupling factors by �30%. This allows the power of even

harmonics to be calculated more precisely. We have written a

program that simulates the generation of harmonics with n =

1, 2, 3, 5 harmonic numbers, and for the second harmonic the

contribution of Y-polarization is considered.

The obtained rigorous theoretical results can be used to

study radiation in FELs operating in a wide range of wave-

lengths, from infrared to X-ray. We studied an experiment with

LCLS in the soft X-ray region (Ratner et al., 2011), in which

the second and third harmonics of radiation were registered.

We compared our results with the GENESIS simulation,

which showed that in our program the second harmonic has a

greater contribution to radiation. Our numerical program with

integrated derived analytical expressions gives the result

P2 /P1 ’ 0.04%, which indicates a good agreement with the

experiment. We also analyzed the generation of higher

harmonics at the PAL-XFEL (Kang et al., 2017) experiment

at the POHANG laboratory. We suppose that the higher

harmonics should be weaker than at LCLS due to the smaller

undulator parameter K. We have demonstrated a possible

theoretical emission of harmonics at PAL-XFEL, but the

beam parameters hardly allow us to expect the detection of

harmonics above the third one. In experiments, the spatial

power distributions of the second harmonic were obtained,

Figs. 4 and 7. They have a double lobe structure, as was

recorded by Ratner et al. (2011). Our formalism can also be

applied to other magnetic field configurations, for example

for asymmetric elliptic undulators (Kalitenko & Zhukovskii,

2020) and two-frequency undulators (Zhukovsky & Kali-

tenko, 2019).

The results obtained using the theoretical formalism and

numerical code developed by us are consistent with the

experiments and refine the previous expressions for the

coupling factors of even harmonics. The presented formalism

makes it possible to carry out more precise current and

planned FEL experiments for examination of new materials,

nanostructures, and to evaluate the efficiency, spectrum and

harmonic generation at existing and constructed FELs, for

example (Owada et al., 2020).

APPENDIX A
Simulation parameters in the experiments

This section provides an overview of the simulation para-

meters of the experiments presented in the article. The

simulations start in the center of the first quadrupole, which

simplifies the matching of the electron beam (�x, �y = 0).

See Table 3 and Table 4.
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Figure 7
Spatial distribution of the X-polarization intensity of second harmonic
radiation at the exit from the PAL-XFEL in the soft X-ray regime.

Table 3
Simulation parameters in the LCLS experiment in the soft X-ray regime
used in the numerical program for FEL radiation.

Undulator parameters
K 3.5
Undulator period, �u 3 cm
Number of periods in a section, N 114
Number of sections 10

Beam parameters
Lorentz factor of electrons, � 8400
Energy spread, 
� 0.03%
Emittance, "x 0.4 mm rad
Emittance, "y 0.4 mm rad
Averaged beta function, h�xi 10 m
Averaged beta function, h�yi 10 m
Peak current, I0 1000 A

Focusing parameters
Quadrupole focusing strength, g 40 T m�1

Quadrupole length, QL 10 cm
Length of FODO cell, LFODO 7.44 m

Other parameters
Number of macroparticles in a slice, Nslice 6400
Mesh size 3 mm
Radiation wavelength of the first harmonic, �1 1.52 nm
Integration step length 3 cm
Separation of beam slices (in �1) 1



In the manual by Kang et al. (2014) it was stated that the

beta function can have a deviation of 73% in the soft X-ray

regime; our estimates of the deviation of the beta function

have the same order, but a smaller value, which satisfies the

experimental data.
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Table 4
Simulation parameters in the PAL-XFEL experiment in the soft X-ray
regime used in the numerical program for FEL radiation.

Undulator parameters
K 2
Undulator period, �u 3.4 cm
Number of periods in a section, N 147
Number of sections 8

Beam parameters
Lorentz factor of electrons � 5780
Energy spread, 
� 0.05%
Emittance, "x 0.55 mm rad
Emittance, "y 0.55 mm rad
Averaged beta function, h�xi 20 m
Averaged beta function, h�yi 20 m
Peak current, I0 2200 A

Focusing parameters
Quadrupole focusing strength, g 12 T m�1

Quadrupole length QL 10 cm
Length of FODO cell, LFODO 12 m

Other parameters
Number of macroparticles in a slice, Nslice 6400
Mesh size 6 mm
Radiation wavelength of the first harmonic, �1 1.52 nm
Integration step length 3.4 cm
Separation of beam slices (in �1) 1
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