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spatial variations in chemical state and changes in chemical state over time or
under experimental conditions. As a result it has broad applications across areas
such as energy materials, catalysis, environmental science and biological

samples. However, the technique is often limited by factors such as long
acquisition times and radiation damage. We present two measurement strategies
that allow for significantly shorter experiment times and total doses applied. The
strategies are based on taking only a small subset of all the measurements
(e.g. sparse acquisition or subsampling), and then computationally recon-
structing all unobserved measurements using mathematical techniques. The
methods are data-driven, using spectral and spatial importance subsampling
distributions to identify important measurements. As a result, taking as little as
4-6% of the measurements is sufficient to capture the same information as in
a conventional scan.

supporting information at journals.iucr.org/s

1. Introduction

X-ray absorption spectroscopy (XAS) is a powerful technique
for investigating the chemical state or short-range bonding
within a material. Spectro-microscopy combines XAS and
microscopy to also understand the spatial variations of these
properties in materials. In a typical spectro-microscopy
experiment, the sample is rastered through the beam and the
absorption or X-ray fluorescence (XRF) across the raster grid
to form an image. A schematic overview of a spectro-micro-
scopy experiment is shown in Fig. 1(a). This process is repe-
ated for various energies above and below the absorption edge
of the element of interest, see Fig. 1(b). The resulting stack
of absorption or XRF images versus energy typically corre-
sponds to tens or hundreds of thousands of individual spectra.
The application of the technique to large regions or in situ
processes can be limited by long acquisition times and sample
degradation due to high X-ray dosage.

Here we set out to mitigate these limitations by reducing the
number of measurements taken. When performing a spectro-
microscopy experiment, the fact that there are only a few
chemical states allows us to greatly reduce the data using
techniques like principal component analysis (PCA) (Lerotic
et al., 2004; Lerotic et al., 2005). Datasets are reduced to a few
core spectral components and a map describing the mixture of
those components. Knowing that there are only a few spectral
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components and the data can be reduced or compressed, our
acquisition process can be designed to sample the data in
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different ways to exploit this. In designing an efficient acqui-
sition scheme, it is necessary to incorporate (mechanically)
practical rastering or continuous scanning. In particular, we
propose two novel sparse data acquisition schemes that are
data-driven in nature. The schemes result in different strate-
gies for selecting subsampled raster scans, see Fig. 1(c).
Whereas every spatial row of pixels is measured in full raster
scans, only a subset of the rows are measured in a subsampled
raster scan.

Townsend et al. (2022) proposed a sampling scheme, robust
random raster sampling, where the sampled rows are selected
at random for each energy, while ensuring that every row of
the specimen is sampled at least once. It is shown that with this
approach one can achieve a subsampling ratio of 10-20%
routinely, without noticeably sacrificing the quality of the
dataset. The subsampling ratio refers to the percentage of
measurements that are taken compared with the total number
of measurements for a normally sampled scan. The datasets
are of the same dimension, yet only 15-20% of the entries will
be measured. The rest of the entries are reconstructed with
a matrix completion algorithm. The aforementioned matrix
completion approach was further generalized to tensor
completion methods by Townsend et al. (2025), allowing
further reduction in the subsampling ratio to 10% without
significant degradation of the dataset.

The Robust random raster sampling approach is used as a
baseline. We improve upon this by adopting a data-driven,
adaptive approach to measurement selection, rather than
relying on fully random sampling. This method intelligently
chooses which spatial rows to sample based on the data itself,
enabling a significant reduction in subsampling ratios—well
beyond what has previously been achieved—without
compromising the quality of the reconstructed dataset. Our
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(a) A schematic overview of a spectro-microscopy beamline [inspired by
Hitchcock er al. (2005)]. X-rays are focused onto a sample consisting of
multiple chemical states with distinct absorption spectra. The transmitted
signal is then measured at the detector. The sample is rastered through
the focused beam, pixel-by-pixel, row-by-row. This process is repeated for
different X-ray energies as shown schematically in (b). (¢) An alternative
measurement approach, where not every row of pixels is measured for
each energy. This strategy is later referred to as random raster sampling.

results show that high-quality reconstructions are possible
even at subsampling ratios as low as 4-6%. Across all tested
ratios, the data-driven techniques consistently outperform
uniform random sampling.

Reducing the measurement time, while still addressing the
statistical significance and signal-to-noise required across the
energy range in XAS, is critical to broadening the impact of
XAS spectro-microscopy. While the increased flux of new
sources helps to accelerate measurements, subsampling can
further accelerate these approaches and help to manage dose.

1.1. Spectro-microscopy

In a spectro-microscopy experiment (Braun, 2005; Miller et
al., 2018; Hitchcock et al., 2005), we have a sample that is
exposed to X-rays of varying energy, measuring essentially
spatially resolved XAS scans, as depicted in Figs. 1(a) and
1(b). We argue here that the data obtained during a spectro-
microscopy experiment are fundamentally low-dimensional,
which allows the subsampling of measurements.

In a spectro-microscopy experiment, one measures the
absorption I(x, y, E) of the sample at position (x, y) and at
energy E, having fixed the incident flux [y(E). The optical
density D(x,y,E) is determined as D(x,y, E) =
—In[I(x,y, E)/Io(E)] and is related to the absorption spec-
trum and thickness of the sample. Specifically, if the sample
consists of one material with photon-energy-dependent linear
absorption u(E) at energy E, then the transmission image at
(x,y) is I(x, y, E) = Iy(E)exp[—u(E)t(x, y)], where #(x, y) is
the thickness of the absorbing material. As a result, the
ground truth optical density is linear in thickness #(x, y) and
absorption w(E). In particular, for the exact ground truth
optical density, Deyact(x, ¥, E) = w(E)t(x, y).

If there are S spectroscopically distinguishable components
in the sample with absorption spectra u (E) and thickness
maps f(x,y), 1 <s <, then we have

S
D, v, E) = Y i (E)1,(x, y). 1)

s=1

Mechanically, in a spectromicroscopic experiment, the inci-
dent beam is set to some energy and the sample is moved
through the beam in a raster-like fashion, covering the sample
either row-wise or column-wise (see Fig. 1). The spatial layout
of the sample is divided into a grid of pixels, say ny X ny, for
a total of N = nyny pixels and the transmission image is
measured for each of the pixels. This procedure is repeated for
various discretized energies FEi,...,E,,. Finally, after
normalizing with respect to the incident flux and computing
the logarithm, we have np datasets of size ny x ny of the
optical density. Throughout this work, we flatten these data-
sets to a single matrix D of size np x N, as is typically done for
analysis purposes (e.g. Lerotic et al., 2004; Lerotic et al., 2005),
where each row represents a vectorized XRF map and each
column corresponds to the measured absorption spectrum for
a single pixel. Assuming noiseless data, equation (1) translates
into a PCA-like factorization Dey, = MT, where M is the
discretized spectra and T is the thickness map. In practice the
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data collected are noisy and we have D = MT + G, with G
representing the noise. The fundamental goal of a spectro-
microscopic experiment is to approximate M and T (or only
M) using the noisy dataset D.

1.2. Low-dimensionality of spectro-microscopy data and
redundancy in measurements

The flattened dataset D of the sample’s optical density has
underlying low-dimensionality. The low-dimensional structure
of the spectro-microscopy data is crucial to both subsampling
techniques as well as the standard computational data analysis
routine.

The ground-truth optical density is exactly low-rank; it can
be represented as the product of the matrix of spectra and the
matrix of (flattened) thickness maps:

N S

This is a visual display of (1); the data in Dey,e can be
represented as the matrix-multiplication of M and T, where M
contains the absorption spectra of the different chemical states
and T contains the thickness of the chemical states per pixel.
Since there are much fewer chemical states (S) than energies
(ng) and pixels (N), the matrices M and T have one small
dimension which results in the low-dimensional structure
of Dexact'

The measured optical density D is naturally noisy, so it will
not have exact low-rank structure. However, the directions in
the data corresponding to the § different materials remain
dominant over the directions corresponding to noise —leading
to approximate low-dimensionality.

This low-dimensionality means there is a large redundancy
in the measurements. We demonstrate this using a low-rank
decomposition technique called a CUR decomposition.
Assume for simplicity that we have a dataset Dexnet corre-
sponding to a sample with S = 2 spectroscopically different
components. Select two energies and measure full raster scans
for these. These data correspond to two rows of Dexact, Which
we will call R € R¥*N, Similarly, imagine we could measure
the full absorption spectra for just two pixels, i.e. two columns
of Degact, and collect these data in C € R"*2. We can recon-
struct all of Deyaer using just C and R.

In particular, under only the assumption that the rows in R
and the columns in C are linearly independent, we can form
the CUR decomposition. Let U € R**? denote the intersec-
tion of C and R, then Deyet = CU'R. This is graphically
displayed in Fig. 2.

If we were able to take noiseless measurements, this means
only 2(ng + N) measurements rather than nzN measurements
are required to map the chemical state of a sample. This
represents an enormous speed-up in the experiment without
losing any information!

Our measurements are, however, naturally noisy, which
means the dataset D is not exactly low-rank, but only

Dewee CU' R
Figure 2

A matrix of exact rank S (in this case S = 2) can be represented using just
S of its columns and S of its rows using the CUR decomposition. The only
requirement is that the rows and columns are linearly independent. Here,
the construction of C, U and R from D¢y, is shown with color: C consists
of the burgundy columns of D¢y,, R of the two purple row, and U of the
two-by-two matrix where the rows and columns overlap. Experimentally,
C represents two pixels measured for all energies and R represents two
energies for which all pixels are measured.

approximately low-rank. As a result, any low-rank decom-
position like the CUR decomposition will only approximate
D. Yet, it will still be true that D ~ CU™'R due to the low-
dimensional nature. Practically, we will have to oversample
slightly: measuring a few more than two columns and rows to
obtain an accurate approximation. We elaborate on this in
Section 2.1.

The CUR decomposition is just one approach to illustrate
the redundancy present in D. Townsend et al. (2022) exploit
the fact that there exists an approximate low-rank decom-
position D ~ XY, where X € R"=*" and Y € R™" have one
small dimension r < ng,N. They suggest using subsampled
raster scans chosen at random to reduce the acquisition time,
see Fig. 1(c¢), combined with a matrix completion algorithm, a
looped alternating gradient-descent algorithm (LoopedASD),
that tries to find such X and Y. Generally speaking, the
problem of matrix completion is to find the unknown entries
of a matrix that is partially observed but has some underlying
structure, such as low-dimensionality.

The process is illustrated in Fig. 3. By employing the
subsampled raster scans, we observe just bits of the matrix D.
Let P(D) denote the matrix D with each unobserved entry set
to zero. We then look for X and Y such that P(D) >~ P(XY);
that is, X and Y are fitted only to the known entries. Although
we have then only observed a subset of the measurements in
D, we hope that if P(D) >~ P(XY) it will be true that D >~ XY.
Townsend et al. (2022) use an alternating gradient descent-
type algorithm, the so-called LoopedASD, to compute these
matrices X and Y. This method is described in detail by
Townsend et al. (2022).

Fundamentally, low-dimensionality not only allows us to
compress data or analyze it with a PCA-like technique but also
to measure just a fraction of it and predict the rest reliably.

= I

~ X [T
P(D) ~ P(XY)

Figure 3

A graphical representation of random raster subsampling combined with
the LoopedASD algorithm. Random raster sampling results in a dataset
where the measurements correspond to blocks of entries for each row
(left side). The LoopedASD algorithm aims to find two factors X and Y
so that XY fits the observed measurements: P(D) >~ P(XY).
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1.3. The analysis of spectro-microscopic data

In a perhaps more familar context, the low-dimensional
nature is already exploited in the analysis of D. Specifically,
the analysis exploits the fact that the number of actual
chemical states within the sample under study will be small
and significantly less than the number of sampled positions
(Lerotic et al., 2004). This allows the data to be described, to
a high degree of accuracy, by a mixture of a small set of
components.

In particular, one first computes the eigenimages and
eigenspectra corresponding to the data. Let D = QEVT be a
singular value decomposition of D, where Q € R"*"* and
V € RV are orthonormal matrices and X is diagonal. The
leading eigenimages are the first few rows of XV', and the
corresponding eigenspectra are the leading columns of Q.

Cluster analysis is performed on the eigenimages to cluster
pixels that have similar eigenspectra. Finally, the average
absorption spectra for a cluster can easily be found using the
mean of the measured data for each cluster. We denote these
spectra by Mcluster In the ideal case —if the clusters correspond
to a singular component—these cluster spectra resemble the
true spectra M; if the clusters contain different components
the cluster spectra will be linear combinations of the true
spectra.

The cluster-analysis approach from Lerotic et al. (2004) is
used to analyze spectro-microscopic data on the 114 beamline
at Diamond Light Source, which is why we use it as a tool for
comparison. However, we note that any analysis method can
be used in combination with our proposed algorithms since
our approaches reconstruct full datasets.

1.4. Subsampling spectro-microscopy measurements and
data-driven approaches

We have argued that it is possible to reduce the amount of
measurements, while still recovering a good approximation to
the full dataset D. There are two main questions that now
arise: (1) what measurements should we take? (2) how do we
then reconstruct the full data? The answer to the first question
is restricted by the mechanical apparatus. Traditional fly
scanning approaches necessitate the scanning of full spatial
sample rows (or columns), rather than individual pixels. As a
result, the prior question boils down to a technique to select
which spatial rows to sample.

In previous a work (Townsend et al., 2022), for each energy,
sample rows were selected uniformly at random. The
completion of the missing data was then done using
LoopedASD. Another sampling approach, which is more
closely related to our approaches, is presented by Quinn et al.
(2024). In the aforementioned work, energy samples are
selected via a model order reduction technique, using a low-
rank approximation of reference spectra or spectra measured
in small parts of the specimen. Then, the full spectrum is
recovered via the previously formed low-rank approximation.

Recently, another line of works for subsampling the spectra
uses methods of Baysian optimization. An Al-base approach
of selecting energies to sample was presented by Du et al

(2025), where Bayesian optimization and Gaussian Process
are the underlying techniques. In Ito e al. (2025), Bayesian
experimental design with Gaussian Process Regression is the
underlying technique.

We propose two new strategies for selecting which
measurements to take—both are data-driven. One of these
strategies is based on the CUR decomposition (Drineas et al.,
2008) and naturally allows for an optimization-free comple-
tion. The second strategy employs the same LoopedASD
completion, although we note that any other matrix comple-
tion algorithm could also be used, as the sampling is inde-
pendent of the matrix completion algorithm.

We motivate our data-driven approaches over (uniform)
random subsampling approaches in Fig. 4 by comparing three
different subsampling strategies. Random raster sampling
refers to the method of Townsend et al. (2022), where for each
energy a number of spatial rows is measured according to a
uniform random distribution, and the matrix completion is
done with LoopedASD. Data-driven raster sampling is similar,
but the spatial rows are selected based on an importance
distribution on the sample (details on the importance distri-
bution are given in Section 2.3). Data-driven CUR sampling
refers to taking measurements that correspond to full rows
and columns in D. That is, full XRF scans for some energies
(rows) and measurements of some spatial rows for every
energy (column blocks). As previously, the spatial rows are
selected based on an importance distribution on the sample.

Fig. 4 shows that we are able to retrieve a very large portion
of the information accurately with the two new data-driven
methods for very small subsampling ratios. The data-driven
nature allows us to concentrate measurements where they are
most useful, achieving subsampling ratios as small as 4% while
accurately retrieving 90% of the information. Additionally,

100

=#—Random raster sampling
=E= Data-driven raster sampling (RISS)
=@~ Data-driven CUR sampling (CURISS)

o]
o
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Subsampling ratio

Figure 4
The amount of information retained with different subsampling
strategies. The information measure is (1 — ||D — Deompieteallr) / (1 —

HD - DuptimaIHF) X ]OO%, where Dcomplclcd is the completed dataset
(with filled in entries) and D gpimar is the best rank-10 approximation to D
according to the Eckart—Young—Mirsky theorem (Eckart & Young, 1936),
i.e. truncated rank-10 singular value decomposition (SVD). Solid lines
show the mean across trials, while shaded bands represent 1 standard
deviation. The dataset is DS1 from Townsend et al. (2022). For the raster
sampling approaches, completion is done with Looped ASD, and the data
shown are the average of ten iterations. For the CUR sampling approa-
ches, the CUR decomposition is the completion and the data shown are
the average of 100 iterations.
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the figure shows that CUR completion is much more reliable
than LoopedASD completion for very small subsampling
ratios.

The methods we suggest are based on recent theory in
randomized numerical linear algebra, where the CUR
decomposition is a well established tool. To approximate a
general (approximately low-rank) matrix with a few number
of its rows and columns, one needs to carefully select parti-
cular rows and columns that contain the most necessary
information. The measures for the ‘information-richness’ of
rows or columns are called leverage scores (Mahoney, 2011).
Our data-driven methods are based on leverage-score-type
schemes to ensure we are optimally exploiting every
measurement. In Section 2 we explain the importance distri-
butions, and in Section 3 we suggest schemes for reducing
spectro-microscopy acquisition times.

1.5. Overview of proposed methods

In this subsection, we summarize our main contributions.
Firstly, we propose two data-driven sampling approaches for
spectro-microscopy, aimed at reducing experiment time and
dose applied on the specimens. Both strategies incorporate the
use of statistical leverage scores to determine the importance
distributions, both of the energy levels (when a spectral
dictionary is available) and the spatial rows of the sample
(Section 3). The first sampling strategy allows the inpainting of
missing entries via any matrix completion algorithm such as
LoopedASD (Subsection 3.1). We call this strategy RISS. The
second sampling strategy is designed specifically to allow the
use of the CUR matrix factorization for approximating the
missing entries (Subsection 3.2). We call this strategy CURISS.

Secondly, we propose and explore adaptive approaches and
stopping criteria for sampling (Subsection 3.2.1). We call this
strategy ACURISS.

The RISS measurement strategy consists of the following
steps:

Step 1. Determine a spectral importance subsampling
distribution (see Fig. 5) on the different energies using an
(approximate) dictionary of chemical states. If an energy is
assigned a larger value in the subsampling distribution, that
particular energy should contain more information. If a
dictionary is not available, a uniform distribution can be used.

Step 2. Sample a small number of energies from the prob-
ability distribution (that is, more important energies are
sampled with higher probability). For the sampled energies,
scan all the pixels as in a standard spectro-microscopy
experiment [see Figs. 1(a) and 1(b)].

Step 3. Use the small number of full scans to determine a
spatial importance subsampling distribution (see Fig. 6) on the
spatial rows of the sample. Again, a larger value represents
more information being present in the particular spatial row of
the sample.

Step 4. For all the energies that were not yet measured, we
sample a small number of spatial rows from the probability
distribution. A new set of rows is sampled for each energy.
These rows are then measured.
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Figure 5

The spectral importance subsampling distribution (purple) for prior
knowledge on the absorption spectra of three (potentially) present iron/
iron-oxides. The incident energies (on the x-axis, in eV) where the most
variance is explained are subsampled with higher probabilities. Visually, it
can be noted that the highest probabilities occur near the edges of the
spectra. Scans at these energies will likely contain the most discriminating
information about the sample.

Energy Ej, Energy FEj, _Energy B,

Figure 6

The spatial importance subsampling distribution (purple) on the spatial
rows. Three (s = 3) full raster scans at energies E;, E;, and E,, are used
to determine rows with high variance that are assigned a greater
subsampling probability. Visually, one can see that the peaks of the
distribution correspond to spatial rows where these are many different
levels of absorption. One image has dimensions 50 pm x 50 pm, and the
step of the scan in the x- and y-directions was 250 nm.

Step 5. Complete the missing dataset with a matrix-
completion algorithm as done by Townsend et al. (2022) (see
Fig. 3).

The CURISS measurement strategy consists of the same
first three steps. However, the fourth and fifth step are
different:

Step 4. Draw one set of rows from the spatial importance
probability distribution. For all the energies that were not yet
measured, measure these rows.

Step 5. Complete the missing dataset using the CUR algo-
rithm (see Fig. 2).

1.6. Outline

We first discuss how to design data-driven importance
subsampling distributions for the energy levels and spatial
rows in Section 2. The resulting subsampling and completion
algorithms are presented in Section 3. In Section 4 the algo-
rithms are compared with the existing approach of random
sampling.
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2. Spectral and spatial importance subsampling

We describe how spectral and spatial subsampling importance
distributions can be formed. To this end we first introduce the
general CUR decomposition.

2.1. The CUR decomposition and columns/row subset
selection

Let A € R™ be a matrix with a small number of large
singular values, and many small trailing singular values
corresponding to noise. The rank-k CUR decomposition
(Goreinov et al., 1997; Drineas et al., 2006) without over-
sampling of this matrix is defined by two index sets: Z for the
rows and J for the columns, both of which contain k indices.
We define the factors C = A(;, J), R = A(Z,:), and U =
A(Z, J), which are respectively the columns of A corre-
sponding to 7, the rows of A corresponding to Z, and the
intersection of these entries. The CUR approximation is given
by Acur = CUT'R ~ A. The CUR decomposition (without
oversampling) exactly interpolates the measured entries, ie.
A(Z,:) = Acur(Z, :) and likewise for the columns. All other
rows and columns are approximated by linear combinations of
the measured rows and columns, respectively.

We can also define a CUR decomposition where one of the
index sets is oversampled (Drineas et al., 2008; Mahoney &
Drineas, 2009). Say |Z| = k but |J| = k + p for some over-
sampling parameter p. We can then similarly define the rank-k
approximation Acyr = CU'R ~ A, where U' indicates the
pseudo-inverse of U. This approximation will still interpolate
the rows of A [ie. A(Z,:) = Acur(Z,:)], but this will not
generally hold for the columns. We are naturally restricted to
the CUR decomposition with oversampling because in raster
sampling whole blocks of columns are measured, rather than
individual columns (pixels).

The quality of a CUR decomposition depends on the
columns and rows that are chosen. That is, Z and J determine
the magnitude of the error ||A — Acyrll- One particularly
effective way of selecting good rows and columns is to use the
associated leverage scores. The scores are a measure for the
relative importance of a row or column. Focus on rows for
simplicity, and let /? denote the leverage score of row i. The
leverage scores are determined by the row-norms squared of
an orthogonal basis for the dominant column space. That is, if
A = UX V] + U)X,V, is a singular value decomposition
(SVD) of A, where U; € R™" is the dominant column space,
then the leverage scores for the rows of D are /7 = | U (i, :)||§.

Now, the row leverage scores determine an excellent
sampling distribution for the row index set Z. If we sample
rows according to a probability distribution determined by /?
[and use a similar process for the columns of D(Z, :)], then we
have good theoretical guarantees on the quality of the CUR
approximation. That is, an excellent strategy is to sample row i
with probability /> /ng. Restricting the matrix D to the set of
selected rows before determining the column indices is highly
recommended for the CUR approximation (see Park &
Nakatsukasa, 2025).

Exact leverage scores require access to the full matrix;
however, in the case of a subsampled matrix as in this paper,
estimations of the leverage scores are required. Various
adaptive leverage score sampling strategies have been
proposed in recent years. These strategies do not compute the
leverage scores once and then sample from the resulting
distribution—instead they update leverage scores based on
what rows have already been sampled. One such algorithm is
Adaptive Randomized Pivoting (ARP) (see Cortinovis &
Kressner, 2024). Given an orthonormal basis of dimension k
for the columns space of A, i.e. Uy, the algorithm finds k row
indices that will result in small approximation errors for the
CUR decomposition.

Of course, when it comes to our dataset D, we do not have
access to the leverage scores or a basis for the dominant row or
columns space, because we have not yet observed the data.
The main contribution of this work is a data-driven strategy
that allows us to find good measurements to take without
observing the dataset.

2.2. Determining a data-driven spectral importance
distribution

We use the existing theory on the CUR decomposition and
row subset selection problem to determine a spectral impor-
tance distribution. This distribution is defined on the ng
available energy levels, and should giver higher sampling
probabilities to energies where more variance is explained.
The leverage scores of D would be a great choice, but unfor-
tunately we do not have access to those. However, an
approximation is readily available if we have access to a
dictionary of possible absorption spectra in the sample.

Considering the exactly low-rank (noiseless) matrix Dexacf,
which is close to D. Since D¢yt = MT, we can show that the
leverage scores of Dy, are the same as the leverage scores of
M, see Appendix B.1. If we have an approximation to M, this
means we can approximate the leverage scores of Dexac, and
by that approximate the leverage scores of D. Let Myictionary
denote a dictionary of S spectra. We note that Mgictionary N€€d
not be exactly equal to M or even the same dimension as M;
the number of spectra in the dictionary S can be smaller or
larger than the true number of chemical states S.

We show an example distribution determined by leverage
scores based on the dictionary spectra of iron, hematite and
magnetite in Fig. 5. One can interpret leverage scores as
indicators for the the amount of variation in a dataset that is
explained by a particular row.

If a dictionary of true spectra Myictionary 1S nOt known, one
may resort to random sampling a few energies. In Section 4.2.2
we show how this adaptation affects the quality of the tech-
nique.

2.3. Determining a data-driven spatial importance
distribution

Selecting good columns of D to sample is a similar problem
to energy selection. However, as we do not have access to a
dictionary for the thickness maps, we need a different strategy.
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An additional mechanical limitation is that we can only
measure entire spatial rows, not individual pixels (columns).
We thus introduce the concept of a spatial importance
subsampling distribution. This probability distribution on the
spatial rows of the sample represents which rows contain the
most information. These rows are then sampled in our algo-
rithms with a higher probability. In this section, we describe
how to compute such a distribution.

A spatial row of the sample corresponds to a block of
columns in D. To mitigate this we use a different unfolding of
the data so that a row of the new dataset physically corre-
sponds to a spatial row of the sample. This is then used to
determine a good index set for the columns of D using an
adaptive leverage score sampling strategy.

In the previous section we discussed how to determine an
importance distribution on the energies. Assume we have
selected a small number of energies, and that we have taken
full raster scans at these energies. This will correspond to a few
full rows of D. These XRF scans provides us with an initial
idea of the spatial layout of the sample, which will help us
determine an approximate importance subsampling distribu-
tion. Denote the XRF scans with F;,..., F, € R™x
measured at respective energies Ej,, ..., Ej,.

Next consider a different unfolding of the data. Define
F € R a5 the matrix with individual XRF images
stacked horizontally (see Fig. 6 for an example). That is, F =
F;,, ..., F,.. A row of F now corresponds to a spatial row of
the sample. As a result, we can look at row selection for F to
directly determine good sample positions.

If we wish to sample sz spatial rows, we first compute the
rank-sg truncated SVD of F = U;X;V;. The dominant column
space U; € R™*°% is used to approximate the leverage scores
associated with the spatial rows. We then use the adaptive
leverage score sampling algorithm ARP to select sz spatial
rows to sample from. The adaptive strategy allows us to assign
smaller sampling probabilities to the areas of the sample that
we have already sampled from, so increasing the probability to
observe all important spatial areas.

Fig. 6 shows an example distribution on the spatial rows
using three XRF scans. The peaks of the distribution corre-
spond to rows with high levels of variation in spectral make-
up.

We have described methods to determine importance
sampling distributions on the energies and spatial columns.
In the next section we propose two different data-driven
subsampling strategies for spectro-microscopy based on these
ideas.

3. Experimental approaches

Armed with strategies for determining importance distribu-
tions on the energies and spatial rows, we propose two data-
driven subsampling schemes. The first is a raster subsampling
scheme similar to the scheme proposed by Townsend et al.
(2022). The difference is that we use the importance distri-
butions to sample from, rather than using uniform distribu-
tions. We call this approach Raster Importance Sampling for

Spectro-microscopy (RISS). The second scheme is CUR-
based, where the completion method is naturally the CUR
approximation. We call this approach CUR Importance
Sampling for spectro-microscopy (CURISS).

Both schemes start in the same way: (1) A spectral
dictionary Myictionary, if available, is used to determine a
spectral importance distribution (as in Fig. 5), (2) sample a few
energies from the spectral importance distribution and take
full XRF scans at those energies, and (3) use these scans to
determine a spatial importance distribution (as in Fig. 6). The
spectral dictionary can be formed from XAS standards, from
fully sampled scans taken previously during the experiment or
a fusion of both. Otherwise, we can resort back to uniformly
random sampling for the energies. We display the process in
pseudocode in Appendix A. In this algorithm we take the
subsampling ratio as input, and then choose the number of
sampled energies sz and the number of sampled spatial rows
Sr as approximately equal.

Note that small changes of temperature or mechanical
movement of the equipment in the experiment can lead to
spatial drifts in the specimen during the experiment. When a
full scan is available, this can be compensated for during the
stacking process via an alignment procedure using cross-
correlation (Lerotic et al., 2014). In general, for subsampled
scans, spatial registration to correct drifts cannot be performed
in the same way. However, in our method, full raster scans
at selected energies are available, thus various alignment
methods can be still used to deal with drift. Although we do
not implement it here, one can easily incorporate an alignment
procedure into our method. Moreover, even if there is a small
drift in the spatial rows, it is reasonable to assume that close by
entries have similar importance, neglecting the effect of small
drifts in our approach.

3.1. RISS

RISS is a data-driven variant of the raster subsampling
method of Townsend ef al. (2022). In this method, for each
energy a small number of spatial rows is measured. These
spatial rows are selected using a uniform random distribution
at each energy. The adaptation we propose is to replace the
uniform distribution with the spatial importance distribution.

The measured dataset will have a small number of rows
measured fully; these correspond to the full raster scans at the
sampled energies. All other measurements will be column-
wise blocks as in Fig. 3. These blocks will be concentrated
around spatial rows with high sampling probabilities. The
structure of the missing entries forces us to use a matrix
completion algorithm. We choose the LoopedASD algorithm
introduced by Townsend et al. (2022). See pseudocode in
Appendix A.

3.2. CURISS

CURISS is a CUR-based approach that makes use of the
importance sampling strategies previously described and the
CUR approximation as the completion method. The main
steps are collected as in the beginning of this section.
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Firstly, given a subsample ratio we calculate the number of
full XRF scans and spatial rows that is possible to measure.
Then, when possible, we determine the importance distribu-
tion of the XRF scans using the leverage scores associated
with a dictionary of absorption spectra Mgictionary, as described
in Section 2.2. Alternatively, the spectral importance distri-
bution is defined uniformily. We use these scores to select sz
XREF scans to measure. These scans correspond to sz rows of
D. As explained in Section 2.3, in order to determine spatial
importance distribution we reshape the measured data into an
ny x s.ny matrix F. We can now obtain importance scores for
the rows of F, corresponding to spatial rows of the sample
using the ARP algorithm.

The difference between RISS and CURISS is that we
sample from this distribution just once, and measure these
spatial rows for all remaining energies. As a result, the
observed entries of the dataset D are full rows and blocks of
columns. This allows us to employ the CUR decomposition
as a tool for completion, rather than a gradient descent or
other matrix completion algorithm. See the pseudocode in
Appendix A.

3.2.1. Adaptive approaches and stopping criteria

In this subsection, we suggest a few approaches for adap-
tiveness and stopping criteria, which we explore empirically in
Section 4.2.1. In Section 3, we describe our proposed algo-
rithms, where we assume a subsampling ratio is given a priori,
i.e. sampling budget, and it determines the stopping criteria for
the number of full XRF scans and number of spatial rows to be
sampled. Furthermore, the spectral importance distribution
and the spatial importance distribution are set in advance as
described in Section 3, and do not change as in the previous
subsections.

However, the approaches above lead to the following two
questions: how many measurements are needed to obtain a
good enough completion, ie. can the subsampling ratio
depend on some stopping criteria, apart from the given
sampling budget; how can we refine our sampling set and
select full XRF scans and spatial rows in an adaptive manner.
To address these questions, we propose the following Adap-
tive CURISS (ACURISS) approach: estimate the accuracy of
a small CUR approximation, and, if needed, refine it. This
process has two main components: the refinement steps, and
the stopping criteria. The algorithm is detailed and explained
in the following paragraphs.

First, we provide further details on adding new scans.
Suppose that we have performed the CURISS method for an
initial subsampling ratio, p, to obtain ﬁo. Then, we refine the
approximation by including more XRF scans. To avoid a
significant increase in the dead time needed to mechanically
change energy, we propose to only add XRF scans while
updating the CUR approximation after each new sample. That
is, we only use the spatial rows already included in D,. At each
step, for a new XRF scan, we can use the available leverage
scores of Myictionary and set to zero the scores of the already
selected XRF scans, thus ensuring the selection of new ener-

gies. Afterwards, we update the CUR approximation with the
newly scanned XRF to obtain ﬁl, and compute the corre-
sponding subsampling ratio p;. We repeat the process until
some stopping criteria are satisfied. Finally, D and p are
obtained.

In addition, we propose two options for stopping criteria.
After each refinement of the CUR approximation is done via
the additional sample, we suggest using the change between
refinements, inspired by the error metrics used for the
experiments [equations (4)) and (5)], and using only the
sampled entries. Note that, in practice, we cannot compute
equations (4) and (5), as they require having a full scan
available. In addition, while the change in the completion
error can be measured in the sampled entries, the spectral
error requires access to the full matrix. Thus, we resort to
comparing the completed matrix in the current refinement
step, D;, with the one obtained in the previous refinement step
IA)l»,l. We define completion variation as a stopping criteria
relating to the completion error. For i > 1, stop when
successive updates are sufficiently close,

Completion variation = ||AD;|| := IIIA)L» — ]A)H le < np, (2)

where || ... | denotes the Frobenius norm, and np > 0 is a
user-prescribed tolerance parameter.

After each refinement step, we can perform a clustering
analysis as described in Section 1.3 and obtain approximations
to the spectra, Mcluster(f),-). We compare these with those from
the previous refinement step, Mcluster(f)i,l), and consider the
magnitude of the update. The spectral variation stopping
criteria for i > 1 is met when

Spectral variation = 3)
||AMZ|| = ”Mcluster(f)i) - Mcluster(f)i—l)”F = Uive

where ny > 0 is again a tolerance parameter.

We remark that for both equations (2) and (3) the average
variation of several refinement steps can be used as alternative
stopping criteria, rather than using a variation between only
two refinment steps. As we demonstrate in Section 4.2.1,
equation (3) gives us an indicator of the accuracy of the
completion process. See the pseudocode in Appendix A.

4. Experiments
4.1. Experimental method

The measurements were conducted on 114, the Hard X-ray
Nanoprobe beamline at Diamond Light Source. The 114
endstation, high stability scanning stages, room and beam
stability control measures are described elsewhere (Quinn et
al., 2021a; Kelly et al., 2022; Cacho-Nerin et al., 2020; Quinn et
al., 2021b), but, in brief, the experiment was conducted in a
temperature controlled hutch using a nano-focusing Kirk-
patrick-Baez (KB) mirror, with the sample rastered through
the beam, in atmospheric conditions, using a voice coil actu-
ated stage with interferometric control of the stage position,
but no relative or differential control between the stage and
KB. The X-ray fluorescence signal (XRF) was collected using
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Table 1

The dimensions of each of the datasets used in Section 4.

Datasets DS1-DS5 are identical to DS1-DSS5 from Townsend et al. (2022).

Name Ny X Ny ng Name Ny X Ny ng
DS1 101 x 101 149 DS5 80 x 80 152
DS2 92 x 79 150 DS6 76 x 79 152
DS3 101 x 101 149 DS7 86 x 73 151
DS4 40 x 40 152 DS8 85 x 84 250

a four-element silicon drift detector and energy changes and
sparse scan motions were implemented using Diamond’s
acquisition software (Basham et al., 2018).

The sample consisted of Fe,Oz (hematite) and Fe;O,
(magnetite) powders, ground, mixed and drop cast on a silicon
nitride membrane to provide different mixtures and a well
known reference. While simulated spectra could have been
used, experimental data capture realistic sample drift, beam
artifacts such as top-up and other artifacts which allow us to
test the approaches against real conditions. The XRF maps at
each energy were collected in fly scanning mode. The dwell
time per point over the absorption edge was constant (15 ms).

Sample areas scanned ranged from 3 pm x 3 pm to
10 pm x 10 pm using 50, 75 or 100 nm steps. The step size and
area were chosen to keep the scanning time to a reasonable
level during the time available for the overall experiment,
rather than being a limit in resolution or size.

We summarize the dimension of the datasets in Table 1.
Each of the datasets are obtained at 114 as described above.

4.2. Results

We use two different measures to determine the quality of
the sampling strategies and the completion. The first is the
distance between the completed dataset, say D, and the full
dataset D. We define

ID — Dl

Dl @

Completion error =
It is important to note that the size of this error is lower
bounded by the error with respect to the optimal low-rank
approximation (Eckart & Young, 1936). Fundamentally, when
approximating a matrix of full rank by a matrix that has
significantly smaller rank, the error is controlled by the trailing
singular values. As a result this error will likely not be less
than, say, 0.01, because it will now correspond to 1% noise
present in the data.

Secondly, we define an error related to the further analysis.
As described in Section 1.3, the most common way to analyze
spectro-microscopic data is to perform cluster analysis on the
eigenimages and use average absorption spectra per cluster
as estimates for the true absorption spectra M. Denote the
cluster spectra resulting from this analysis on the full dataset
by Myster(D) and on the completed dataset by Mcluster(ﬁ)~
We define

”Mcluster(D) - Mclusler(D)”F
” Mcluster (D) ” F

The completion errors for eight different datasets are shown in
Fig. 7 (note the log-scale). We observe that RISS and CURISS
generally perform well for subsampling ratios as small as 5%,
where random raster sampling is generally unable to provide
a satisfactory completion at this subsampling ratio. In most
cases, CURISS outperforms RISS for subsampling ratios
smaller than approximately 8%, after which RISS is the most
successful technique. We note that the subsampling ratio is the
percentage of total measurements that are measured; for
CURISS that includes the necessary full XRF scans.

The spectral errors for the same datasets are displayed in
Fig. 8, with a close-up of small subsampling ratios provided in

®)

Spectral error =
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Figure 7

The completion error [defined in equation (4)] associated with each of the discussed algorithms: random raster sampling, data-driven raster sampling
(RISS) and data-driven CUR raster sampling (CURISS). The data shown for random raster sampling and RISS are the average of ten trials, whereas
the data shown for CURISS are the average of 100 trials. LoopedASD is set to maximum rank 5 and tolerance 10™°. If LoopedASD fails, the error is
set to equal 1.
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Figure 8

The spectral error [defined in equation (5)] associated with each of the discussed algorithms: random raster sampling, data-driven raster sampling (RISS)
and data-driven CUR raster sampling (CURISS). The experimental set-up is the same as in Fig. 7. We provide a close-up of the results for subsampling

ratios less than 10% in Fig. 9.

Fig. 9. It is even more evident in these figures that CURISS
leads to good results for ratios as small as 3%. The CUR
completion apparently captures the leading singular vectors
and values (which are used for the cluster analysis) very well.
RISS outperforms random raster sampling by at least an order
of magnitude for these small subsampling ratios.

Because the methods, and consequently the experiments,
are random in nature, the reported completion and spectral
error curves represent averages over multiple trials. As a

subsampling ratio, and the small oscillations observed in some
of the plots are a natural consequence of this randomness. To
better illustrate the variability of the discussed methods, in
Fig. 10 we show the average error in log scale across trials
together with shaded regions representing =+1 standard
deviation across runs for the dataset DS2.

We note furthermore that either of the methods that
employ LoopedASD (random raster sampling and RISS) take
considerably more computational effort, due to the optimi-

result, they are not strictly monotonic with increasing zation steps that they require.
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igure

A close-up of Fig. 8 to observe subsampling ratios smaller than 10%. We see that, for many of the datasets, CURISS performs exceptionally well even for
very small subsampling ratios. The best possible accuracy is approximately attained at ratios as small as 2%, and consistently attained for 6%
subsampling. RISS is comparable in performance, except for the smallest subsampling ratios. Both methods outperform random raster sampling

considerably.
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Figure 10

The completion and spectral errors for DS2 associated with each of
the discussed algorithms: random raster sampling, data-driven raster
sampling (RISS), and data-driven CUR raster sampling (CURISS). Solid
lines show the mean across 100 trials for CURISS and 10 trials for random
raster sampling and RISS. Shaded bands represent % 1 standard deviation
in the log-scale. The standard deviations show that the variance is low and
the probability that RISS or CURISS fails is very small.

Selecting an appropriate subsampling ratio remains a
challenge. However, based on the previous experiments, a
subsampling ratio of 6% appears to be a reliable rule of thumb
when using the proposed methods in practical settings,
consistently yielding satisfactory accuracy.

4.2.1. Adaptive approaches

As described in Section 3.2.1, the CURISS method allows
for an adaptive counterpart that, starting with a small
subsampling ratio, refines the CUR approximation by
including new XRF scans as described in Section 3.2.1. We

perform experiments on different datasets to compare the
accuracy —measured in completion error—of CURISS versus
ACURISS. We begin by running ACURISS for a fixed number
of iterations. At each step, we store the used subsampling
budget, p;, and use it to compute the corresponding CURISS
completed matrix. The choice of the initial subsampling ratio
Po is crucial for the success of the adaptive strategy. We have
observed that for most of the analyzed datasets py = 0.02 is
good enough. However, for other datasets a larger pg is
needed to obtain completion errors competitive with the one
obtained by CURISS. Specifically, DS3 needs p, = 0.04, while
po = 0.1 is necessary for DS8. Fig. 11 shows, for some datasets,
that, with suitable p,, the completion errors of the two stra-
tegies are comparable. This motivates further investigation
of this technique.

As mentioned, an adaptive strategy requires a stopping
criteria. Thus, we analyze how the two proposed techniques
perform on different datasets. Since the considered variations
(2) and (3) are absolute measures, we compare them with the
respective absolute errors. Specifically, we compute refined
approximations via the ACURISS and measure their
completion absolute error. We then compute the completion
variation [equation (2)] and the spectral variation [equation
(3)]. For analysis purposes, we also compute the spectral
approximations attainable with the full matrix D. In Fig. 12, we
present the main scenarios that may occur. In the best cases,
the spectral variation is really close to the spectral error, e.g.
for DS2 and DS3. Otherwise, the variations exhibit similar
behavior to the actual errors but at different magnitudes. In
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Comparison of completion errors for CURISS (orange) and ACURISS (blue). Displayed is the the mean error of 100 trials. The analyzed dataset shows
that ACURISS’s adaptivity can yield better approximation quality at very low subsampling ratios. However, beyond a certain point its performance

plateaus, whereas futher improvements would be achievable using CURISS.
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Figure 12
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Study of the proposed stopping criteria for the ACURISS strategy. After 100 trials, the means of the completion absolute error for ACURISS (blue
triangles), the completion stopping criteria (blue crosses), the spectra approximation absolute error computed from the full matrix (orange open circles),
and the spectral stopping criteria (orange asterisks) and are presented. We observe that the behavior of the stopping criteria can mirror that of the actual
errors, but with potentially different magnitudes, suggesting that their stagnation may serve as a useful indicator that little further improvement in

ACURISS is achievable.
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Figure 13

The spectral error [defined in equation (5)] associated with each of the discussed algorithms, as well as RISS and CURISS without the use of a spectral

dictionary Mdiclionary (NO dICt)
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Figure 14

Spectra obtained from DS6 at 6% subsampling for different sampling strategies. The right figure shows the spectra obtained from the full data.
The spectral errors are, from left to right, 0.006, 0.006 and 0.004. The spectra from RISS without a dictionary were significantly more noisy with spectral

error 0.043.

both cases, it is clear that both stopping criteria can be used as
indicators of the correspondent true errors. We note that
the computational effort involved with updating the CUR
decomposition and computing the stopping criteria is negli-
gible. A similar scheme using LoopedASD would be more
challenging, because the necessary time is much greater.

4.2.2. No a priori spectral knowledge

One might be concerned that the quality of RISS and
CURISS depends on the availability of a good dictionary of
the spectra Mgictionary- We show here that we obtain compar-
able results if we do not have access to a spectral dictionary.

For each dataset, the quality of the completion for the
algorithms with or without a dictionary is indistinguishable for
subsampling ratios greater than 10%. The results for ratios
smaller than 10% are shown in Fig. 13. For subsampling ratios
smaller than 6%, RISS without a dictionary suffers from
considerably larger errors, while CURISS is more robust to
this deficiency.

We also show a visualization of the spectral errors in Fig. 13
on obtained spectra. Fig. 14 shows the recovered spectra for
DS6 at 6% subsampling for CURISS without a dictionary
(spectral error 0.006), RISS with a dictionary (spectral error
0.006), and CURISS with a dictionary (spectral error 0.004),

and shows the spectra obtained from the full data. The errors
and the visualization of the reconstructed spectra show that
CURISS without a dictionary performs similar to RISS with a
dictionary and slightly worse than CURISS with a dictionary.
Fig. 14 shows that CURISS without a dictionary cannot fully
reconstruct the yellow spectrum. As Fig. 13 also displays,
without a dictionary, slightly larger subsampling ratios are
required for similar results; say 9% instead of 6%. None-
theless, Figs. 13 and 14 demonstrate a robustness of our
method with respect to incomplete or absent spectral
dictionaries.

5. Conclusions

We have proposed several data-driven approaches to
subsampling during a spectro-microscopy experiment. The
goal of these experiments is to determine bond length varia-
tions in materials with nanoscale spatial resolution. These
experiments are generally limited by long acquisition times
and radiation damage, as they require a raster XRF scan for
various energy levels. Subsampling approaches to spectro-
microscopy aim to mitigate this by omitting various
measurements in a way that fits the raster acquisition of
measurements, without changing the (spatial or spectral)
resolution. Missing measurements are in-painted with low-
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rank matrix approximation methods using the available
observations, e.g. matrix completion with LoopedASD, and
matrix factorization with CUR. This is possible because of the
low-dimensional nature of a spectro-microscopic dataset; the
underlying dimension is equal to the number of spectro-
scopically different materials up to measurement noise.

The question that might arise when considering subsam-
pling approaches is to what degree can spatial subsampling be
applied and what are the limits of the approach. Fundamen-
tally, the approaches depend on the information content in the
measurements being representative of the full measurement
A, i.e. to recover A, the chemical states in A must be repre-
sented in the sample set, otherwise it would not be recovered.
Methods based on uniform randomly (raster) subsampling
measurement, such as LoopedASD (Townsend et al., 2022),
suffer from the aforementioned drawback. We built on
Townsend et al. (2022) by making the random sampling data-
driven. In the data-driven scheme, entries that contain more
information are measured with higher probabilities. This data-
driven approach allows us to measure very small amounts of
data while still retaining much of the relevant information. In
particular, we find that, for the available datasets, data-driven
approaches can reach subsampling levels of 2-5% whereas
uniform random sampling would need 10-20% subsampling
ratios.

We note especially the efficacy of the CUR-based approach.
The interpretability of this approach, combined with the
simplicity and speed of its corresponding completion, suggests
potential for its application in different experiments with low-
dimensionality. As far as the authors are aware, this is the first
time that the CUR decomposition has been used as a tool
for experiment design. Especially in the context of costly
experiments, we believe this approach has great potential to
speed up acquisition times and even improve resolution
beyond current mechanical limits.

From the numerical experiments presented in the previous
sections, it is possible to draw practical recommendations for
the use of these approaches. In particular, a subsampling ratio
of 6% emerges as a reliable guideline, consistently yielding
accurate results across the datasets considered.

Future work includes further investigation of adaptive
approaches and stopping criteria, as the adaptive strategy has
shown promise as a viable alternative to the 6% guideline, but
still requires further development to fully establish its relia-
bility and effectiveness. Once an initial completion was
performed for an initial subsampling ratio, adaptively adding
a new XRF scan can be done via other criteria, such as
restarting the leverage scores from each new completion. As
for other stopping criteria, apart from testing the change
between iterations via the error metrics, other approaches can
be leveraged from numerical linear algebra, e.g. testing the
singular values and numerical rank differences between
iterations. In addition, our work can be generalized to the
tensor framework, as done by Townsend et al. (2025), by using
tensor generalizations for the notions of leverage scores and
CUR decomposition. We leave it for future work as well.

APPENDIX A
Algorithms

In this section, we provide details and write in pseudocode
form our proposed algorithms, which we explain in Section 3.

We begin with our algorithm to determine spectral and
spatial importance distributions (Algorithm 1). The spectral
importance distribution is based on the leverage scores of a
dictionary of ground-truth spectra. In practice, this is achieved
by performing a QR factorization of Mgictionary = QR, followed
by computing the row norms of Q. Using these leverage scores
as sampling weights, we then select sz out of the nz XRF scans
to be measured. For the spatial importance distribution, we
choose to apply Adaptive Randomized Pivoting (ARP) to the
horizontally stacked XRF maps, F = Fy, ..., F;,. ARP is an
algorithm that adapts leverage scores while selecting rows to
sample. The process begins similarly to standard leverage
score sampling by computing the matrix U; of dominant left
singular vectors of F and using the row norms of U as initial
sampling probabilities. The first index i; is randomly selected
according to these normalized leverage scores. Next, U; is
updated to remove the selected column U (:, i1), resulting in
a new matrix Uj. This is achieved via orthogonal projection
implemented by Householder reflectors. The second index is
then sampled based on the updated leverage scores of Uj. This
process repeats until all indices are selected and U; has been
fully reduced. Note that this process is able to pick at most
r indices when applied to an n x r matrix. Thus, we cannot use
it for the previous step, where from the ngp X S dictionary
Myictionary» W€ want to obtain importance scores to select
Sg > S XRF scans.

Algorithm 1 Importance Sampling for Spectro-microscopy: determining spectral and spatial im-

portance distribtions.

Input: subsampling ratio p, number of spatial rows n, and columns nx of the sample, number of

energies np, and a dictionary of absorption spectra M gictionary (Optional).

Output: a small number of full XRF scans, a spectral importance distribution, and a spatial

importance distribution

: Set sp = ["I’—Z‘;’;'L‘;“ and sp = L—n‘/(n’;"f;;"‘)f

: Use the dictionary M gictionary to estimate the leverage scores on the energies and define the
corresponding spectral importance distribution. If a dictionary is not available, define the
spectral importance distribution as uniform.

: Sample sg energies E,, ..., E&E from the spectral importance distribution.

: Measure full raster scans at energies Esl,.H,EhE. Name the corresponding XRF maps
Fi,...,Fy,.

: Horizontally stack the XRF maps as F = [Fl
importance distribution.

[

B ow

o

FSE] and use F' to determine a spatial

Next, we present pseudocode for the presented strategies.
That is, RISS (Section 3.1) in Algorithm 2, CURISS (Section
3.2) in Algorithm 3, and ACURISS (Section 3.2.1) in Algo-
rithm 4.

Algorithm 2 RISS: Raster Importance Sampling for Spectro-microscopy.

Input: subsampling ratio p, number of spatial rows n, and columns nx of the sample, number of
energies np, and a dictionary of absorption spectra M gictionary (Optional).

Output: an approximation to the dataset D using subsampling ratio p.

1: Use Algorithm 1 to measure a small number of full XRF scans at energies E,, ..., ESSE and
determine a spatial importance distribution.

2: for all energies E in {Ex,..., Eny}\{Esy, ..., By, } do

3 Set the beam energy to E.

4; Sample sp spatial rows from the spatial importance distribution: T.E‘E), . ,rg?
5: Measure the sampled spatial rows: r‘gfj), Lo, Ts R)

6: end for

7: Complete the measured dataset using Looped ASD.
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Algorithm 3 CURISS: CUR Importance Sampling for spectro-microscopy

Input: subsampling ratio p, number of spatial rows n, and columns nx of the sample, number of
energies npg, and a dictionary of absorption spectra M gictionary (Optional).

Output: an approximation D to the dataset D using subsampling ratio p.

: Use Algorithm 1 to measure a small number of full XRF scans at energies Ej,,..., Es,, and
determine a spatial importance distribution.
Sample sp spatial rows from the spatial importance distribution.
for all energies E in {E1, ..., Eng \{Es,,..., Es,,} do
Set the beam energy to E.
Measure the sampled spatial rows
end for
Complete the measured dataset using CUR.

Algorithm 4 ACURISS: Adaptive CURISS

Input: initial subsampling ratio po, 7p > 0 and nas > 0 are tolerance parameters for the stopping
criteria, number of spatial rows ny and columns nx of the sample, number of energies np, and a
dictionary of absorption spectra M gictionary (Optional).

Output: an approximation D to the dataset D, and its corresponding subsampling ratio p.

: Use CURISS (Algorithm 3) to obtain Dy.

i=0

: while ||AD;||> np or |AM;|> nas do

Set to 0 the leverage scores of the previously selected energies.
Sample one additional energy using the refined spectral importance distribution.
Seti=1i+1.

Update the subsampling ratio p;.

Update CUR with the additional XRF scan to obtain ﬁ,.

Set sp =sp+ 1.

: end while

: return D = ﬁ1 and p = p;.

[ A I O

APPENDIX B

Mathematical foundations

In the following, we provide more details, mathematical
background and implementation specifics about observations
and statements in the main text.

B1. Further motivations on the use of a dictionary of true
spectra

In Section 2.2 we have introduced the idea of using a
dictionary of true spectra Myictionary t0 Obtain approximate
leverage scores of the matrix D. This idea is based on the
observation that, since Deyaeq = MT, the leverage scores of
Dexact are the same as the leverage scores of M. We elaborate
here.

Let Degaet = U121V1T be the (reduced) singular value
decomposition of Deyxae. That is, U; € R™ xS and
V; € R™™>S are matrices with orthonormal columns corre-
sponding to the leading singular vectors of Dexae, and
X, € R¥*S is a diagonal matrix containing the first S singular
values of Dey,er. Then, by definition, the leverage scores of
Dexact are

7= 10,3, )3

Now, let M = QR, with Q € R"*S, R e R®*, and T" = QR,
with Q € R™"*S R e RS, be the QR-factorizations of M
and TT. Then, we have

D... = MT = QRR"Q". (6)

exact

Considering the (full) singular value decomposition RR” =
UXVT and using it in (6), we obtain

D, = QUEV'Q" = UL, V],

exact

and, thus, Uy = Qﬁ. Finally, since Uis a square orthogonal
matrix, and the Euclidean norm is invariant under orthogonal
transformations, we have

7 =1U,G)I° = 11QG )OI = 11QG, I,

i.e. the leverage scores of Dexact are the same as the leverage
scores of M.

When we turn our attention to D, the situation is slightly
different. Since D is only approximately low-rank, its leverage
scores will no longer coincide with those of M. However,
because we have D = MT + G, where G represents relatively
small noise (i.e. |G| is small), we can reasonably expect the
leverage scores of D to remain close to those of M.

B2. Theoretical guarantees on the quality of the CUR
decomposition

In Section 2.1 we provided a technical introduction to CUR
decomposition. In this subsection, we provide some theore-
tical guarantees from the vast literature on CUR. In Goreinov
et al. (1997) and Boutsidis & Woodruff (2017), it is stated that
if A is exactly rank-k, then there exists a CUR decomposition
that exactly recovers A. Drineas et al. (2008) show that there
exists a CUR of rank k that provides, with high probability
(1 — §), the following,

|A—CUR|; < (1+6)IA — Al ™

where Ay is an optimal rank-k approximation of A, via the
truncated SVD, and € > 0 is an error parameter. The number
of columns, ¢, that are selected from A using statistical
leverage scores is ¢ = O[k*log(1/6)/€*] exactly or ¢ =
Olklog (k)log(1/8)/€?] in expectation, and the number of
rows, r, that are selected from A using statistical leverage
scores is r = O[c*log(1/8)/€*] exactly or r =
Ol[clog(c)log(1/8)/€%], respectively. Boutsidis & Woodruff
(2017) provide a deterministic (not probabilistic) bound
similar to equation (7) with the number of selected rows and
columns reduced to O(k/e).
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