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The unprecedented spatial coherence of modern diffraction-limited storage
rings (DLSRs) enables advanced X-ray experimental techniques. A precise
beam characterization will be very helpful to exploit these techniques. Although
X-ray grating interferometry (XGI) is widely used for this purpose, our previous
work showed that the XGI-measured visibility width is significantly smaller than
the coherence length (defined by the width of the local complex coherence
function) for highly coherent beams [Lu et al. (2025), Opt. Lett. 50, 6746—-6749].
To clarify what XGI actually probes, we present here a theoretical analysis. We
show that, under the assumption of a global quadratic phase profile for the
incident beam, XGI measures the normalized integrated cross-spectral density
(ICSD), which represents a global correlation function of the beam. Based on
this, we derive an analytical formula for exact coherence length measurement
for ideal Gaussian Schell-model beams. Despite this difference from the
coherence length, XGI yields reliable source size estimates. To explain this
interesting fact, we use the ICSD to show that XGI can measure the source size
within an acceptable error, even for DLSRs, provided the cross-spectral density
of the source satisfies the Schell-model condition in mean and difference
coordinates.

1. Introduction

The advent of diffraction-limited storage rings (DLSRs)
represents a significant advance in X-ray science. By deli-
vering beams with extremely low emittance and high spatial
coherence, these sources enable coherence-demanding tech-
niques such as coherent diffraction imaging (Chushkin &
Zontone, 2025), X-ray photon correlation spectroscopy
(Narayanan et al., 2025), and ptychography (Pfeiffer, 2017). To
fully exploit the potential of DLSRs, precise characterization
of spatial coherence and source size is indispensable, as these
parameters directly reflect the underlying electron beam
emittance and guide beamline optimization (Trebushinin ez al.,
2024; Shi et al., 2025; Samadi et al., 2020).

Several approaches have been developed to characterize
beam parameters. Young’s double-slit method is the textbook
standard, but its scanning nature makes it inefficient for multi-
directional or routine diagnostics (Leitenberger et al., 2001;
Takayama et al, 1998). Coded apertures such as uniform
redundant arrays (URAs) (Nugent & Trebes, 1992; Lin et al.,
2003) and non-redundant arrays (NRAs) (Skopintsev et al.,
2014; Duarte et al., 2021), as well as speckle-based methods
like heterodyne near-field speckle (HNFS) (Alaimo et al.,
2014; Bagschik et al., 2016; Siano et al., 2022), have been
proposed to overcome these limitations. In parallel, X-ray
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grating interferometry (XGI) has emerged as a practical and
widely adopted technique, largely due to the availability of
high-quality commercial gratings and its compatibility with
existing beamlines (Bagschik et al., 2020; Marathe et al., 2014;
Pfeiffer et al., 2005). Recently, theoretical studies have inves-
tigated how these grating structures affect the spatial coher-
ence of highly coherent beams (Khubbutdinov et al., 2024;
Vartanyants, 2024).

There are several metrics for the spatial coherence of
synchrotron radiation (SR) beams, such as the global degree
of coherence (Bei et al., 2010; Vartanyants & Singer, 2020),
coherence area (Goodman, 2015; Vartanyants & Singer, 2020),
and coherent flux (Khubbutdinov et al., 2019; Geloni et al.,
2015). Apart from these metrics, the spatial coherence of the
SR beam is normally described by the coherence length. It can
be defined by the width of the modulus of the local complex
coherence function (CCF), which is the normalized cross-
spectral density (CSD) (Goodman, 2015). Previous works
often interpret the visibility curve measured by XGI as the
modulus of the local CCF (Pfeiffer et al., 2005; Marathe et al.,
2014; Qi et al., 2014; Zhang et al., 2023). Thus, the coherence
length of the beam can be derived by the width of the visibility
curve. However, our recent study (Lu ez al., 2025) shows that,
when applied to DLSRs, the visibility width inferred from
XGI becomes more than 30% smaller than the CCF width
obtained from reference measurements such as Young’s
double-slit method. Interestingly, XGI remains a valuable tool
for source size characterization [see equation (19) in this
paper] (Shi et al., 2025; Zhang et al., 2023; Li, 2025) despite this
difference between the measured width of the visibility curve
and the width of the local CCF. This raises a fundamental
question: why do the source sizes inferred from the same
interferograms remain reliable while the widths of the visibi-
lity curves appear unexpectedly small? To answer this, it is
essential to explain exactly what physical quantity XGI
measures. In this paper, we revisit the physics of XGI. We
show that XGI measures the normalized integrated cross-
spectral density (ICSD) if the phase of the beam can be
approximated by a quadratic polynomial. We will define ICSD
later in this paper. The ICSD represents a global CSD over the
entire beam. It differs from the local CCF. This deviation will
be apparent when the beam size is small, or the CCF is not
shift-invariant.

The remainder of this article is as follows. In Section 2, we
focus on the general theory of XGI. We derive the ICSD and
use it to find a simple analytical correction for the ideal
Gaussian Schell-model (GSM) beam (Friberg & Sudol, 1982;
Coisson & Marchesini, 1997) and the real SR beam. The
analytical correction is validated by numerical simulation. In
Section 3, we discuss the XGI for source size measurement
based on the ICSD. We find that, if the source CSD satisfies
the Schell-model condition in mean and difference coordi-
nates, XGI can yield a reliable source size measurement. We
establish a link between the measured visibility curve and
the source size. We reveal the physical limitation of XGI
in a deeply diffraction-limited region. Section 4 summarizes
this work.

2. General theory of XGlI
2.1. XGI under general conditions

We begin by describing the basic physics model of XGI as
shown in Fig. 1. The grating is illuminated by an X-ray beam
with arbitrary spatial coherence. For simplicity, we restrict the
analysis to a single transverse coordinate x. Let Wi, (x;, x5)
denote the CSD of the incident beam at positions x; and x,.
The one-dimensional periodic grating is described by its
transmission function 7(x). For a grating with period d, T(x)
can be expressed as a Fourier series (Munro ef al., 2010; Tang
et al., 2023),

T(x) =) _c,exp(i2nnx/d), (1)

n

where ¢, is the nth Fourier coefficient of the grating. Imme-
diately after the grating, the CSD is modulated as (Goodman,
2015)

W/ (xy,x,) = Wi (xy, x,) T (x) T(x;,) 2

2
= Z €€y Win(x1, X,) exp [% (nx, — mux, )i|

The modulated field then propagates a distance z to the
detector plane. Under the paraxial approximation, this
propagation is described by the Fresnel diffraction integral.
The CSD at the observation plane, W, (11, 15, z), is given by
(Goodman, 2015; Vartanyants, 2024; Khubbutdinov et al.,
2024)

exp [i(mr/Az)(u} — u3)]
AZ

x / W' (x;. %) exp [if(x% - xé)]
Z

Woul(ul’ U, Z) =

2
X exp|:—i)t—7t(u1x1 — u2x2)i| dx, dx,, (3)
z

where A is the wavelength and u is the coordinate on the
detector plane. The intensity at the detector is obtained from
the CSD, I,u(u, z) = Wou(u, u, z). Substituting equation (2)
into equation (3) yields the general expression for the
diffracted intensity,

Grating plane |
W, (x15x,)

Detector plane | Intensity
W 5y, 2) |2 1, (1, 2)

i
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Fourier
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Figure 1

Schematic layout of XGI and the physics model for beam characteriza-
tion. A partially coherent X-ray beam illuminates a grating with period d.
After free-space propagation over a distance z, the interference between
the diffraction orders produces a modulated intensity pattern I, (u, z) at
the detector plane. The fringe visibility is obtained from Fourier analysis.

20f9

Yujie Lu et al. -

Spatial coherence and source size characterization

J. Synchrotron Rad. (2027). 34



research papers

1 *
lou.2) = -l [ Watwiox)
27 LT, .,
X exp|i— (nx, — mx,) | exp| —i—(x] — x3)
d AZ
2mu
X exp _lk—z(xl —x,) | dx, dx,. 4

To extract the information of spatial coherence, it is conve-
nient to analyze the recorded intensity in the spatial-frequency
domain (Cloetens et al., 1997; Guigay et al., 2004). The Fourier
transform of I, (u, z) with respect to u is Iy (f., z) =
JIow(u, z) exp(—i27f,u)du. By substituting the expression of
I, (u, z) and applying the scaling property of the Dirac delta
function, we obtain

~ _
Faa(f2) = explimnz £7) 3, enp 127255

x / Wi(ts — 32, x3)

n—m

X exp[—i27rx2 (fu — T)] dx,. 5)

In XGI setups, the recorded pattern is dominated by inter-
ference between diffraction orders separated by a specific
order difference n — m = p, where n, m and p are all integers.
For example, the interference patterns of binary-amplitude
and 7r/2 phase gratings are formed by neighboring diffraction
orders (p = 1), while 7 phase gratings are dominated by the
+1st and —1st orders (p = 2) (Pfeiffer et al., 2005; Marathe et
al.,2014). The fringe visibility V(z) is thus proportional to the
ratio of the first-order and zeroth-order Fourier components
of the diffracted intensity, given by V(z) = |2I,/1,| (Pfeiffer et
al., 2005; Marathe et al., 2014; Yashiro et al., 2018; Takeda et
al., 1982). To derive an analytical expression for the visibility,
we therefore evaluate equation (5) at these two spatial
frequencies.

For the zeroth-order, f,, = 0, only terms with n = m contri-
bute. Other terms vanish during the integration due to the
oscillatory phase. Therefore, the corresponding Fourier
transform equals the total incident power weighted by the sum
of the diffraction efficiencies of all orders,

(b)

1,0, 2) ~ <Z|cm|2> f I, (x)dx, (6)

where [;,(x) = Wi, (x, x) is the incident intensity distribution.
The first-order harmonic carries the information of inter-
ference, which originates from the diffraction orders with n =
m + p. Assuming that the incident light field possesses a global
quadratic phase profile with a radius of curvature R along x,
the wavefront divergence causes a geometric magnification of
the interference pattern. This results in a modified fringe
period, given by d’ = d(1+z/R)/p. Consequently, the first-order
harmonic is located at the modified spatial frequency, f,, = 1/d’.
Specifically, for an ideal plane wave (R — 00), the magnified
period reduces to d’ = d/p, and this harmonic is simply located
at f,, = p/d. By substituting f,, = 1/d" and n = m + p into equation
(5), the complex phase of the CSD and that related to the
grating within the integral cancel each other out. This removes
the rapid oscillations and leaves the modulus of the CSD. The
corresponding Fourier transform can be written as
Az
2

~ , . N C2mmAz
1,(1/d', z) ~ exp(z 7 >;cmcm+p exp<z 2 )

A
X /‘Wm<x—z,x>
d/

The integral term in equation (7) is of central importance. It
represents a line integral of the CSD modulus over the whole
beam cross-section for a fixed transverse separation Ax =
Az/d’. We now define this quantity as the integrated cross-
spectral density (ICSD),

dx. @)

G(Ax) = / |[Wi,(x — Ax, x)| dx. 8)

G(Ax) is a global correlation across the entire beam cross-
section. Fig. 2 elaborates on the meaning of the ICSD. The
value of the ICSD at a specific Ax is equal to a line integration
across the two-dimensional CSD modulus [Fig. 2(a)] along the
diagonal path defined by x, = x; + Ax. The red line in Figs. 2(a)
and 2(b) represents the special case when Ax = 0 um. The
CSD along this line is the intensity profile. Fig. 2(b) shows the
normalized CSD modulus profiles for different Ax. Fig. 2(c)
shows the normalized ICSD. It can be obtained by integrating
the CSD modulus profiles shown in Fig. 2(b) over different

(©)

[
>

—o— Ax=0pm

x2 (nm)

e
=

—— ICSD
® Selected points

7

IG(Ax)/IG(0)]
/ !

Normalized |Wj,(x—Ax, x)I
L
N

Figure 2

0. . :
0 50 100
Ax (pm)

150

(a) The modulus of a two-dimensional CSD. The dashed lines represent the integration paths for different Ax in equation (8). (») The normalized CSD
modulus along the respective dashed lines in (a). (¢) The resulting modulus of the normalized ICSD curve |G(Ax)/G(0)|. G(Ax) is obtained by

integrating the CSD profiles shown in (b).
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values of Ax. The ICSD represents the global coherence
property of the beam. It is different from the conventional
local CCF, which only evaluates the correlation between a
specific pair of points (Goodman, 2015).

As discussed above, the fringe visibility is proportional to
the ratio of the first-order harmonic amplitude to the zeroth-
order, V(z) = |2I,/I,|. Substituting equations (6)—(8) into the
definition of fringe visibility, we have

G(Ax)
C. G(0)

Az

) A = 9
=2 ©)

V(z) >~

where C, = 2exp(iniz/d'?) Y, ¢k cm+pexpli2nmiz/(dd’)] /
>om lem)? is a factor that depends on the Fourier coefficient
and the Talbot distance. Equation (9) shows that XGI probes
the normalized ICSD.

To validate the theory proposed above, we also compare the
analytical results from the theory with numerical simulations.

2.2. Numerical simulation scheme

We perform the numerical simulations based on wave
optics. Among the available tools (Chubar & Elleaume, 1998;
Tanaka & Kitamura, 2001; Klementiev & Chernikov, 2014;
Chubar & Celestre, 2019; Siano et al., 2023; Glass & Sanchez
del Rio, 2017; Sanchez del Rio et al., 2011), we use the
coherent mode decomposition (CMD) method (Glass &
Sanchez del Rio, 2017; Gori et al., 2003) to model the real SR
sources. The CMD method can efficiently simulate partially
coherent SR and avoid the high computational cost of directly
sampling a large ensemble of random wavefronts. A sum of
orthogonal coherent modes represents the SR wavefield. We
use the COMSYL package (Glass & Sanchez del Rio, 2017)
to compute the SR produced by storage rings. Within the
COMSYL workflow, the radiation from a single electron is
first calculated using the integrated SRW code and then
backpropagated to the virtual source plane. Based on the
brightness convolution theorem, the CSD from the source is
then constructed by convolving the reference radiation from a
single electron with the electron bunch phase-space distribu-
tion, which is determined by the beam emittance and finite
energy spread (Kim, 1986; Glass, 2017; Sanchez del Rio et al.,
2022). Subsequently, a custom-defined number of dominant
eigenmodes are computed. The sum of the retained eigen-
values accounts for over 99% of the total intensity (Glass,
2017). Achieving this typically requires tens to hundreds of
modes for highly coherent sources, and up to thousands for
less coherent ones.

Next, we use WOFRY (Sanchez del Rio et al., 2022) to
simulate the propagation from the source to the grating plane.
Each coherent mode propagates independently over the
distance from the undulator to the grating. The interaction of
the beam with the grating and the subsequent propagation to
the detector are modeled within the framework of Fourier
optics (Goodman, 2017). We implement the free propagation
between two planes with the fast Fourier transform (FFT) in
an in-house-developed Python script. It allows us to simulate
both Talbot self-imaging and interference between diffraction

orders for each coherent mode. The intensity at the detector is
obtained by summing the contributions from all propagated
modes. After computing the fringe visibility at each propa-
gation distance using the formula mentioned in Section 2.1,
the smooth envelope is extracted from the oscillatory curve by
connecting its local maxima. All large-scale simulations are
carried out on the high-performance computing facilities of
the USTC Supercomputing Center.

2.3. Application of the theory to special cases
2.3.1. The GSM beam

We first consider a GSM beam, for which both the intensity
and the CCF are Gaussian. We use this well studied model to
verify the theory proposed in the above section. The CSD of
the incident beam can be written as (Goodman, 2015)

2 2 _ . 2
Win(x1, 5,) = Iy exp <— sty x2) exp (M)

2 2
4Uin 2 in

X exp <—i71(x§ _ Xﬂ), (10)

AR

where oy, is the r.m.s. beam width of the incident beam, &;, is
its spatial coherence length, and R is the radius of curvature
of a Gaussian beam. Throughout this paper, the coherence
length is defined as the r.m.s. width of the CCF, which is
extracted by Gaussian fitting of the simulated curve. For
profiles that deviate significantly from a Gaussian shape, the
coherence length is alternatively evaluated using its width at
0.6 of the peak intensity. As a theoretical benchmark, &;, is
calculated using the simulation method detailed in Section 2.2.
Substituting equation (10) into the definition of the ICSD,

G(Ax) = 10\/2‘7; 0y, €Xp <_AX2> exp <_AX2>. (11)

2 2
2 in 80in

Equation (11) demonstrates that for a GSM beam the visibility
curve measured by XGI remains Gaussian. Let &,..s be the
r.m.s. width of this measured visibility curve. We have the
relationship linking the measured visibility width, the beam
coherence length, and the beam size,

1 1 1
2" i

meas

(12)

This equation indicates that the XGI-measured visibility width
is always smaller than the coherence length (&,cqs < &in). This
difference becomes significant when oy, is comparable with or
smaller than &;,. In our previous work (Lu et al, 2025), we
attributed this difference primarily to the breakdown of
spatial shift invariance. In this paper, we reveal that the finite
beam size also affects the measurement.

A fully coherent Gaussian beam is a limiting case of the
GSM. Its CCF is a constant of 1, |u;,| = 1. Equation (11) then
reduces to

—Ax?
G(Ax) = I,V 27 0, exp <2 ) (13)

in
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(a) Incident intensity profiles of two fully coherent Gaussian beams. The r.m.s. widths are o;, = 50 um (blue solid line) and o;, = 100 pum (red dashed line).
(b) Visibility curves extracted from simulated XGI interferograms (blue circles and red triangles) and analytical prediction based on equation (13) (blue

solid and red dashed lines).

According to equation (13), the XGI-measured r.m.s. width of
the visibility curve &,c.s = 20;,. It is affected by the finite size
of the beam-intensity profile. Fig. 3 illustrates the numerical
simulation results for this extreme case, which is only for
theoretical validation purposes rather than a physical experi-
ment. The XGI-measured visibility still exhibits a pronounced
drop even for a fully coherent incident beam, rather than a
horizontal line of constant 1. However, the visibility curve
extracted from the simulated interferograms matches the
analytical prediction [equation (13)] very well. We simulate
two cases in Fig. 3. The fitted visibility widths agree with the
theoretical value (20;,) as expected.

We also run numerical simulations for general GSM beams
to validate our theory (Fig. 4). The visibility curves extracted
from the simulated XGI interferograms (blue open circles)
agree well with the theoretical curve calculated via the ICSD
formulation (red solid lines) for all cases. Crucially, as the
beam coherence increases from Fig. 4(a) to Fig. 4(¢), the XGI-
measured visibility deviates more from the theoretical CCF
(gray dashed lines). This distinction becomes particularly
important for DLSRs, in which X-ray beams possess high
spatial coherence, &, > oj,. In these cases, the XGI-measured
visibility curve clearly becomes significantly narrower than the
theoretical CCE.

2.3.2. The real SR source

We simulate these real sources using the CMD method
described in Section 2.2. The source parameters are from the
Hefei Advanced Light Facility (HALF) (Sun & Feng, 2024; Lu
et al., 2025) at typical photon energies of 250 eV, 400 eV, and
1000 eV. As shown in Fig. 5, the simulated visibility curves
agree with the theoretical ICSD curves for all three cases.

It should be noted that equation (12) is derived under the
GSM approximation. We compared the visibility widths
measured by XGI (&,,,..s) With the corrected coherence lengths
(€corr) by equation (12) in Table 1. As the photon energy
decreases from 1000 eV to 250 eV, the source approaches the
diffraction limit. The initial relative difference (A&/€) between
the XGI-measured visibility width and the theoretical coher-
ence length ranges from 17.2% to 33.7%. By applying equa-
tion (12), the difference is reduced to below 10% for both the
400 eV and 1000 eV cases.

However, for 250 eV, the difference remains 16.8%. For
further investigation, we introduced an extreme case by
decreasing the electron beam to 0.1 x its initial size at 400 eV.
The beam divergence and lattice parameters were kept
constant, and the emittance was scaled proportionally. As
shown in the last line of Table 1, it yields a remaining differ-

= (a) Oin > é:in (b) (i éin (c) Oin < éin

= 1.0 —o— Grating I —o— Grating I —o— Grating

208! ——1CSD ——1CSD ——1CSD

§ : - = - Theory CCF - = = Theory CCF . - - - Theory CCF

o 06 Epeas =50.2pum & =51.5pm v Epee =533pm

N0.4; & =51.8um & =58.7um '\ &, =68.6um

£ 0.2} & =51.7pm N Goore = 57.3pm & =65.6pm

= - o

20.0-. ; ; : = K ; ; il 1 b ; ; —o—5
0 50 100 150 200 O S50 100 150 200 O 50 100 150 200

Ax (um) (num) (jum)

Figure 4

Validation of the ICSD under different conditions at the grating plane: (a) oy, > &, (b) iy = &in, and (¢) 01, < & The blue open circles represent XGI-
measured visibility curves from simulations. The red solid lines denote analytical predictions based on the ICSD. The gray dashed lines show the
theoretical CCF for reference. The extracted visibility width &,,..s, the theoretical input coherence length &;,, and the corrected coherence length &,
calculated via equation (12) are annotated.
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Validation of the ICSD using real SR sources. Panels (a), (b), and (¢) show visibility curves of HALF corresponding to photon energies of 250 eV, 400 eV,
and 1000 eV, respectively. The blue open circles represent the visibility extracted from the full wave optical simulations of the XGI. The red solid lines

denote the normalized ICSD for each photon energy.

Table 1

Coherence lengths from XGI before and after the correction.

Source Initial Remaining
condition Ein (UM)  Epeas (Um)  difference & (Um)  difference
250 eV 1837.1 1218.9 33.7% 1528.8 16.8%

400 eV 11733 8843 24.6% 1059.0 9.7%

1000 eV 5124 424.4 17.2% 463.6 9.5%

400 eV, 0.1 x-size 2080.8 1033.9 50.3% 1349.9 35.1%

ence of 35.1% after correction. The underlying reason
becomes clear when recalling that equation (12) relies on the
Schell-model assumption. As demonstrated in our previous
work (Lu et al., 2025), deeply diffraction-limited sources can
significantly violate the Schell-model condition at the grating
plane. Consequently, this correction becomes insufficient for
these extreme conditions.

3. XGI for source size measurement

Recent commissioning results from DLSRs, such as the
Advanced Photon Source-Upgrade (APS-U) (Shi et al., 2025)
and the High Energy Photon Source (HEPS) (Li, 2025; Jiao
et al., 2018), have highlighted an interesting phenomenon.
Although the visibility width measured by XGI is significantly
smaller than the coherence length, XGI can still measure the
source size with tolerable error. We will use our theory to
explain this observation. As in the previous section, we start
with the well studied GSM source. The GSM source can help
us find a clue to a satisfactory explanation when discussing the
real SR source.

3.1. The GSM source
In the source plane, the CSD of the GSM can be written as

Ws(alv aZ) =V Is(al)ls(C(Z) ,U,(OlZ - al)’ (14)

where the source intensity is I(a) = Iexp[—a?/(20,%)], and
the CCF is uy(ax — ;) = exp[—(ax — a;)*/(2&,%)]. Here, o
denotes the r.m.s. source size and & is the source coherence
length. It is convenient to express the CSD in terms of the
mean coordinate & = (a, + «)/2 and difference coordinate
Ao = oy, — ay,

W (@, Aa) = I (@) u(Aa), (15)

where we define an effective CCF u/(Aa) = exp{—Aa’/
2[1/(40?) + 1/(£)]). Equation (15) reflects a Schell-model
separability condition in mean and difference coordinates.

After propagating a distance D, the CSD at the grating
plane relates to the CSD from the source via the far-field
approximation, which assumes that the propagation distance is
approximately equal to the wavefront radius of curvature
(D ~ R) (Goodman, 2015),

Wiy (x, Ax) ~ w / / W(&, Aa)

2
X exp [% (xAa + &Ax)] dadAa, (16)

where ¥ = m(x,> — x,°)/(AD) is a phase factor. By substituting
equation (15) into equation (16) and separating the integrals
over & and Ac, the propagated CSD factorizes as

W, (%, Ax):exp(—iw)F{zs(&)}) MG, a7

f=Ax/
where M(x) = 1/(AD) [ w.(Ac)expli2nkAa/(AD)]dAc.
Substituting equation (17) into the definition of the ICSD,
we obtain

G(Ax) = K‘F{Is(o?)}‘ , (18)

f=Ax/)D

where K = | [ M(X)dx| is independent of Ax, F denotes the
Fourier transform, and fis the spatial frequency.

Equation (18) shows that the normalized visibility curve
measured by XGI is equivalent to the normalized Fourier
transform of the source intensity profile. The Fourier trans-
form of a Gaussian source intensity /(o) is also Gaussian.
Denoting the r.m.s. width of the XGI-measured visibility curve
as &eas €quation (18) leads to

D
o, =
21,

. (19)
meas

Equation (19) is identical in form to the formula used in the
recent study (Shi et al., 2025). It implies that the Schell-model
separability condition in mean and difference coordinates
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Table 2
Key parameters of the storage rings and undulators for the numerical
simulations.

Parameter HEPS APS-U
Electron beam energy (GeV) 6.0 6.0

Current (A) 0.20 0.05
Horizontal emittance (m rad) 2728 x 10~ 4368 x 107"
Vertical emittance (m rad) 276 x 1072 3.36 x 10712
Energy spread 1.1 x107° 1.56 x 1077
Undulator period (m) 0.0199 0.027
Undulator length (m) 4 2.349
Propagation distance D (m) 44.326 36.5

Grating period (pm) 1.2 34

determines the validity of XGI for measurement of a
conventional coherence length.

3.2. The real SR source

We performed numerical simulations using the design
parameters of APS-U at 11.3 keV, HEPS at 13.8 keV, and
HALF at 400 eV. The key simulation parameters of HEPS and
APS-U are summarized in Table 2 (Shi et al., 2025; Jiao et al.,
2018; Borland & Blednykh, 2018), while those for HALF are
the same as in our previous work (Lu et al., 2025). In addition,
we introduced two limiting conditions. We multiplied the
designed HALF electron beam size by factors of 10 and 0.1,
respectively, following the same scaling principle as in Section
2.3.2. The photon energy remains at 400 eV. The 10x-size case
represents a nearly incoherent source. The 0.1 x-size case has
been simulated in Section 2.3.2. We first use equation (18) to
compare the XGI-measured visibility curve with the Fourier
transform of the source intensity for each case [Figs. 6(a)-

(a) 10x size

(b) HALF 400 eV

6(e)]. Then we apply equation (19) to calculate the source
size and evaluate the relative error (Ao/o;), as summarized
in Fig. 6(f).

The simulated visibility curves in Figs. 6(a), 6(b), 6(d), and
6(e) match the Fourier transforms of the source intensities.
However, for the 0.1x-size case [Fig. 6(c)], a significant
discrepancy exists between the two curves. This direct devia-
tion indicates that the theoretical approximation in equation
(18) fails due to CSD non-separability.

To visually evaluate this non-separability property, we
examine the full CSD profiles. If the source satisfies the Schell-
model separability property in mean and difference coordi-
nates, its CSD is separable, as shown in equation (15). To
evaluate the separability for |W (&, A«)|, we examine the
normalized CSD profiles extracted at any arbitrary position ¢.
If [Wy(&, Aa)| is a separable function of @ and Aq, these
profiles should be independent of « and overlay perfectly.
Fig. 7 shows the results for the same five cases in Fig. 6. In
each case, the left panel shows the vertical CSD modulus
|Wo(@, Aca)|. The right panel displays the corresponding
normalized CSD profiles extracted at various positions & in
the range [—1.50, 1.50], where o is the r.m.s. width
of [Wy(&, 0)|.

As shown in Fig. 7(a), the normalized CSD profiles have the
same shape at all evaluated « positions for the 10x-size
source, indicating the separability of the CSD and leading to
a negligible relative error of 0.1% [Fig. 6(f)]. For real SR
sources [Figs. 7(b), 7(d), and 7(e)], the extracted profiles still
largely overlay in the central region, indicating that the
separability condition is approximately maintained for the
three sources. As a result, equation (19) remains effective,

(c) 0.1x size

Figure 6

E 1.0l Fil.) 1.0 F{l.) 1.0 7: — F{I}
_g 0.8 O  Grating 0.8 O  Grating 0.8 O  Grating
=] L
= 0.6 0.6 0.6
2 !
N o04f 0.4} 0.4}
[ 5
§ 0.2} 0.2} 0.2}
Y S ... s () — [ .- 0.0 B
200 400 600 800 1000 2000 3000 4000 1000 2000 3000 4000
Aa (pm) Aa (pm) Aa (pm)
(d) HEPS 13.8 keV (e) APS-U 11.3 keV (f) Relative error of measurement
1.08 1.0
8 — F{Is}. —— F{Is}. a0k 38.2%
_g 0.8 O  Grating 0.8 O  Grating
S e
= 0.6 0.6F &0
= 5
S 04f 0.4f <20}
s =
E 0.2} 0.2} i
s 1 6.0% 4.0% 3.0%
Y ... 00F ., , 0.1%
200 400 600 800 1000 200 400 600 800

Aa (pm)

Aa (pm)

0
100077 e SZOERS ALK \pS- 4 size

Comparison between the simulated XGI visibility curves (blue open circles) and the modulus of the theoretical Fourier transform of the actual source
intensity (red solid lines) for (a) 10x-size source, (b) HALF at 400 eV, (c) 0.1 x-size source, (d) HEPS at 13.8 keV, and (e) APS-U at 11.3 keV. (f) The
relative error of the source size measurement (Ao/o) using equation (19) for each corresponding case.
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(a) 10x size

(d) HEPS 13.8 keV
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Figure 7

(a)—(e) Vertical CSD modulus |W(&@, A«)| in the source plane (left) and the corresponding normalized profiles extracted at various positions & in the
range [—1.50, 1.50] (right). Here, o denotes the r.m.s. size of the profile at Ax = 0. Cases: (a) 10x-size source, (b) HALF at 400 eV, (c) 0.1 x-size source,

(d) HEPS at 13.8 keV, and (e) APS-U at 11.3 keV.

yielding acceptable relative errors of 4.0% for HALF, 6.0%
for HEPS, and 3.0% for APS-U.

However, for the 0.1x-size limiting case [Fig. 7(c)], as
the evaluation position moves away from the center, the
normalized profiles transit from a single peak at the center to a
split bimodal structure at the outer edges. This variation and
the large error of 38.2% show that the Schell-model separ-
ability approximation fails. The simple formula in equation
(19) becomes inadequate for such a deeply diffraction-limited
source. It is worth noting that this extreme case is close to the
radiation from a single electron, a theoretical bound that real
storage rings will rarely reach in practice.

4. Conclusion

In this paper, we have explained the physical mechanism of
XGI using the framework of wave optics. We have shown that,
under the assumption of a global quadratic phase for the
incident beam, the XGI-measured visibility is the normalized
ICSD. The ICSD is a global metric for spatial coherence. It
differs from the local CCF. This distinction determines the
discrepancy between the XGI-measured visibility width
and the coherence length conventionally defined in DLSR
measurements. As an example, we showed a simple correction
for the ideal GSM beams. Furthermore, by clarifying the exact
physical quantity the XGI measures, we explained why the
XGI yields a reliable characterization of source size.

Overall, the theoretical insights provide a foundation for
the applications of the XGI method. The proposed correction
and the analysis of source size characterization offer practical
tools for evaluating the electron beam emittance. They will
help to optimize and utilize next-generation SR facilities. The
theoretical results proposed in this paper are not limited to the
XGI. There are many other experimental methods that can be
used to measure the conventional coherence length and the
source size. Many of them rely on interferometry. Usually,
they assume the Schell-model separability of the CSD from
the source. The theoretical results in this paper show that, for
DLSR, these methods should be revisited, especially when the
electron beam size or divergence is much smaller than the
intrinsic emission of a single electron. Besides, the longer the
wavelength emitted from the electron beam, the more care
is needed. Therefore, the question raised and the results
obtained in this paper are also helpful for other interfero-
metric methods.
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